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Vectors 
 

 
 

Vector is defined to be a directed line segment. 

𝑉 = (𝑣1, 𝑣2) 

 
 
 
 
 
 
 
 
 

Theorem: Let V = (𝑣1, 𝑣2, 𝑣3) and W = (𝑤1, 𝑤2, 𝑤3) are two vectors, then: 

1. V + W = (𝑣1+ 𝑤1, 𝑣2+ 𝑤2, 𝑣3+ 𝑤3) 

2. kV = (𝑘𝑣1, 𝑘𝑣2, 𝑘𝑣3), k is any constant. 

 

Example: If V = (1, -3, 2), W = (4, 2, 1) then 

V + W = (5, −1, 3), 2V = (2, −6, 4) 

-W = (-4, -2, -1), V – W = V+(-W) = (-3, -5, 1) 
 

 
Remark: 

If 𝑃1 (𝑥1, 𝑦1, 𝑧1), 𝑃1(𝑥2, 𝑦2, 𝑧2) be any two points in the space, then: 

 

𝑃1𝑃2 = (𝑥2 - 𝑥1, 𝑦2 - 𝑦1, 𝑧2 - 𝑧1) 



V e c t o r s | P a g e 3  

Length of the vector: 

The length of the vector V is usually denoted by |V| such that: 
 

If V = (𝑣1, 𝑣2) then |V| = √𝑣2 + 𝑣2 
1 2 

 

If V = (𝑣1, 𝑣2, 𝑣3) then |V| = √𝑣2 + 𝑣2 + 𝑣2 
1 2 3 

 

|𝑃1𝑃2| = √(𝑥2 − 𝑥1)2 + (𝑦2 − 𝑦1)2 + (𝑧2 − 𝑧1)2 
 
 
 
 

 

Properties of vectors: 

Let 𝑣, 𝑢, 𝑤 be any vectors and let 𝑘, 𝑙 scalars, then 

1. 𝑢 + 𝑣 = 𝑣 + 𝑢 

2. (𝑢 + 𝑣) + 𝑤 = 𝑢 + (𝑣 + 𝑤) 

3. 𝑢 + 𝑜 = 𝑜 + 𝑢 = 𝑢 

4. 𝑢 + (−𝑢) = 𝑜 

5. 𝑘 (𝑙 𝑢) = (𝑘𝑙) 𝑢 

6. (𝑘 + 𝑙) 𝑢 = 𝑘 𝑢 + 𝑙 𝑢 

7. 𝑘 (𝑢 + 𝑣) = 𝑘𝑢 + 𝑘𝑣 

 
 

 
Unit vectors: 

Any vector 𝑢 whose length is equal to the unit length is called a unit vector, the 

vector 𝑖, 𝑗 and 𝑘 are unit vectors 

𝑖 = (1, 0, 0), 𝑗 = (0, 1, 0), 𝐾 = (0, 0, 1) 
 

|𝑖| = √12 + 02 + 02, |𝑗| = √02 + 12 + 02 = 1 
 

|𝑘| = √02 + 02 + 12 = 1 
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( ( 

Direction: 

The direction of non a zero vector V to be the unit vector obtained by dividing v 

by its length 

Direction of V = 𝑉 
|𝑉| 

 

Example: 

The direction of V = 3i – 4j is: direction of 
 

 
 

 
 

 

 

To check length 
 

  

| 3 𝑖 − 
5 

4 𝑗 | = 
5 

√ 
3
)2 

5 
+ 

−4
)2 

5 
= √

25 

25 
= 1 (unit vector) 

 

Note: We can write any vector 𝑉 in terms of 𝑖, 𝑗, 𝑘 

 
 

𝑉 = (𝑣1 + 𝑣2 + 𝑣3) = (𝑣1, 0, 0) + (0, 𝑣2, 0) + (0, 0, 𝑣3) 

= 𝑣1(1, 0, 0) + 𝑣2(0, 1, 0) + 𝑣3(0, 0, 1) = 𝑣1 𝑖 + 𝑣2 𝑗 + 𝑣3 𝑘 

 

Example: 𝑉 = (2, 1, 3) = 2𝑖 + 𝑗 + 3𝑘 

 

Definition: Two vectors are said to be parallel if they are either positive or 

negative scalar multiples of an another. 

𝑈 and 𝑉 are parallel if 𝑈 = 𝑘𝑉, (𝑘 any scalar) 

Example: The vectors 𝑈 = 2𝑖 + 4𝑗 + 3𝑘 and 𝑉 = 6𝑖 + 12 𝑗 + 9𝑘 are parallel 

since 𝑉 = 3𝑈 where 𝑘 = 3 

 
 

 
Dot product (Scalar product) 

The scalar product (or dot product) of the two vectors 𝑢 and 𝑣 is the number 

𝑢. 𝑣 = |𝑢| |𝑣| 𝑐𝑜𝑠𝜃 where 𝜃 is the angle between them. 
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Now from above we can find the angle between 𝑢 and 𝑣 which is: 

𝑐𝑜𝑠𝜃 = 
𝑢.𝑣

 
|𝑢||𝑣| 

 
 
 

Note: 𝒊 ∙ 𝒊 = |𝒊||𝒊| 𝒄𝒐𝒔𝟎 = 𝟏 ∙ 𝟏 ∙ 𝟏 = 𝟏 

𝒊 ∙ 𝒊 = 𝒋 ∙ 𝒋 = 𝒌 ∙ 𝒌 = 𝟏 

𝒊 ∙ 𝒋 = 𝒋 ∙ 𝒌 = 𝒌 ∙ 𝒊 = 𝟎 
 
 

𝑢 ∙ 𝑣 = (𝑢1𝑖 + 𝑢2𝑗 + 𝑢3𝑘) ∙ (𝑣1𝑖 + 𝑣2𝑗 + 𝑣3𝑘) = 𝑢1𝑣1 + 𝑢2𝑣2 + 𝑢3𝑣3. 

 

Example: Find the 𝜃 between 𝑢 = 𝑖 − 2𝑗 − 2𝑘 and 𝑣 = 6𝑖 + 3𝑗 + 2𝑘 

𝑢 ∙ 𝑣 = (1)(6) + (−2)(3) + (−2)(2) = −4 

𝑢. 𝑣 = |4| |𝑣| 𝑐𝑜𝑠𝜃 

|𝑢| = √1 + 4 + 4 = 3 and |𝑣| = √36 + 9 + 4 = 7 

𝑢 ∙ 𝑣 −4 
𝑐𝑜𝑠𝜃 = 

|𝑢||𝑣| 
= 

21 
 
 
 

Definition: Two vectors whose scalar product is zero are said to be orthogonal. 

𝑢 and 𝑣 are orthogonal (perpendicular) if 𝑢 ∙ 𝑣 = 0 

 

Example: The vectors 𝐴 = 3𝑖 − 2𝑗 + 𝑘 and 𝐵 = 2𝑗 + 4𝑘 are orthogonal because 

𝐴 ∙ 𝐵 = (3)(0) + (−2)(2) + (1)(4) = 0 

𝜽 = 𝐜𝐨𝐬−𝟏(
−𝟒

) = 𝟏𝟎𝟏 
𝟐𝟏 



V e c t o r s | P a g e 6  

𝐴 

𝐴 

𝐴 

Vector projections and scalar components 

1. Vector projections of 𝐵 onto 𝐴 is denoted by 𝑉 = 𝑝𝑟𝑜𝑗𝐵 = 
𝐴∙𝐵 

𝐴 

2. Scalar projection of 𝐵 onto 𝐴 = 
𝐴∙𝐵

 
|𝐴| 

𝐴 𝐴∙𝐴 

|𝑃𝑟𝑜𝑗𝐵| = 
𝐴 ∙ 𝐵 

 

|𝐴| 
 

Example: If 𝐴 = 2𝑖 − 𝑗 + 3𝑘 and 𝐵 = 4𝑖 − 𝑗 + 2𝑘 then find 𝑃𝑟𝑜𝑗𝐵 and 

|𝑃𝑟𝑜𝑗𝐵|. 
 

𝑃𝑟𝑜𝑗𝐵 = 
𝐴 ∙ 𝐵 

𝐴 = 
8 + 1 + 6 

(2𝑖 − 𝑗 − 3𝑘) = 
15 

(2𝑖 − 𝑗 + 3𝑘) 
   

𝐴 𝐴 ∙ 𝐴 4 + 1 + 9 14 
 
 
 
 
 

 

|𝑃𝑟𝑜𝑗𝐵| = 
𝐴 ∙ 𝐵 

=  
15

 

 
Cross product: 

𝐴 × 𝐵 = |𝐴| |𝐵| sin 𝜃 𝑛 

𝐴 |𝐴| √14 

 

Where 𝑛 is a unit normal vector to the plane containing 𝐴 and 𝐵 

 
 

Note: 𝑩 × 𝑨 = −(𝑨 × 𝑩) 

 
 

Note: 𝒊 × 𝒊 = 𝒋 × 𝒋 = 𝒌 × 𝒌 = 𝟎 

𝒊 × 𝒋 = 𝒌 

𝒋 × 𝒌 = 𝒊 

𝒌 × 𝒊 = 𝒋 

If 𝐴 = 𝑎1𝑖 + 𝑎2𝑗 + 𝑎3𝑘 and 𝐵 = 𝑏1𝑖 + 𝑏2𝑗 + 𝑏3𝑘 then 

𝐴 × 𝐵 = (𝑎1𝑖 + 𝑎2𝑗 + 𝑎3𝑘) × (𝑏1𝑖 + 𝑏2𝑗 + 𝑏3𝑘) = 𝑎1𝑏1 𝑖 × 𝑖 + 𝑎1𝑏2 𝑖 × 𝑗 + 

𝑎1𝑏3 𝑖 × 𝑘 + 𝑎2𝑏1 𝑗 × 𝑖 + 𝑎2𝑏2 𝑗 × 𝑗 + 𝑎2𝑏3 𝑗 × 𝑘 + 𝑎3𝑏1 𝑘 × 𝑖 + 𝑎3𝑏2 𝑘 × 𝑗 + 

𝑎3𝑏3 𝑘 × 𝑘 = (𝑎2𝑏3 − 𝑎3𝑏2)𝑖 + (𝑎3𝑏1 − 𝑎1𝑏3)𝑗 + (𝑎1𝑏2 − 𝑎2𝑏1)𝑘 

𝑵𝒐𝒕𝒆: 𝑨 ∙ 𝑨 = |𝑨𝟐| 
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From above we can get that 
 

 

 

 

Example: Find 𝐴 × 𝐵 and 𝐵 × 𝐴 if 𝐴 = 2𝑖 + 𝑗 + 𝑘, 𝐵 = −4𝑖 + 3𝑗 + 𝑘. 
 

 
 

 

 

 

𝐵 × 𝐴 = −(𝐴 × 𝐵) = 2𝑖 + 6𝑗 − 10𝑘. 

 

Note: The area of the parallelogram is |𝐴 × 𝐵| of base |𝐴| and |𝐵| | sin 𝜃 | the 

height. 

Area = |𝐴 × 𝐵| = |𝐴||𝐵| |sin 𝜃||𝑛| = |𝐴||𝐵| | sin 𝜃 | 

and the area of the triangle = 
1

 
2 

|𝐴 × 𝐵| 

 
 

Example: Find the area of the triangle whose vertices are A (1, -1,0), B (2,1, -1) 

and C (-1,1,2). 

The area of the triangle is = 
1

 
2 

|𝐴𝐵 × 𝐴𝐶| 

𝐴𝐵 = (2 − 1)𝑖 + (1 + 1)𝑗 + (−1 − 0)𝑘 = 𝑖 + 2𝑗 − 𝑘 

𝐴𝐶 = (−1 − 1)𝑖 + (1 + 1)𝑗 + (2 − 0)𝑘 = −2𝑖 + 2𝑗 + 2𝑘 
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The triple scalar or box product: 

The product (𝐴 × 𝐵) ∙ 𝐶 is called the triple scalar product of 𝐴, 𝐵 and 𝐶, such 

that. 

(𝐴 × 𝐵) ∙ 𝐶 = |𝐴 × 𝐵| |𝐶| cos 𝜃 

The above product is the volume of the parallelepiped, the number |𝐴 × 𝐵| is the 

area of the base parallelogram and |𝐶| cos 𝜃 is the height. 
 

Now we can see that (𝐴 × 𝐵) ∙ 𝐶 = (𝐵 × 𝐶) ∙ 𝐴 = (𝐶 × 𝐴) ∙ 𝐵 and (𝐴 × 𝐵) ∙ 𝐶 = 

𝐴 ∙ (𝐵 × 𝐶) 
 

 

 

 

Example: Find the volume of the box (Parallelepiped) determined by 

𝐴 = 𝑖 + 2𝑗 − 𝑘, 𝐵 = −2𝑖 + 3𝑘 and 𝐶 = 7𝑗 − 4𝑘. 
 

 
 

 
 
 

 

Triple vector product: 

(𝐴 × 𝐵) × 𝐶 ≠ 𝐴 × (𝐵 × 𝐶) 

[(𝐴 × 𝐵) × 𝐶 = (𝐴 ∙ 𝐶)𝐵 − (𝐵 ∙ 𝐶)𝐴] and 

[𝐴 × (𝐵 × 𝐶)] = (𝐴 ∙ 𝐶)𝐵 − (𝐴 ∙ 𝐵)𝐶] 
 
 

Example: Let 𝐴 = 𝑖 − 𝑗 + 2𝑘, 𝐵 = 2𝑖 + 𝑗 + 𝑘, 𝐶 = 𝑖 + 2𝑗 − 𝑘, 

find (𝐴 × 𝐵) × 𝐶 

(𝐴 × 𝐵) × 𝐶 = (𝐴 ∙ 𝐶)𝐵 − (𝐵 ∙ 𝐶)𝐴 

𝐴 ∙ 𝐶 = −3, 𝐵 ∙ 𝐶 = 3 

(𝐴 ∙ 𝐶)𝐵 − (𝐵 ∙ 𝐶)𝐴 = −3𝐵 − 3𝐴 = −9𝑖 − 9𝑘. 
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The direction cosines: 

cos 𝛼 = 
𝑢1

 

|𝑢| 

cos 𝛽 = 
𝑢2

 

|𝑢| 

cos 𝛾 = 
𝑢3

 

|𝑢| 
 
 

Example: Find the direction cosine of 𝑢 = 2𝑖 − 4𝑗 + 4𝑘. 

 
 

|𝑢| = √4 + 16 + 16 = 6 
 

cos 𝛼 = 
𝑢1

 

|𝑢| 
= 

2 
⇒ 𝛼 = 

cos−1 6 

2 
( ) = 70.5 
6 

  
 
 
 
 
 

 

 

 

 

 

Equation for lines in 3-spaces: 

A point 𝑃 lies on the line through 𝑃˳ parallel to 𝑣 if and only if 𝑃˳𝑃 is a scalar 

multiple of 𝑉. 

We find 𝑃˳𝑃 = (𝑥 − 𝑥˳)𝑖 + (𝑦 − 𝑦˳)𝑗 + (𝑧 − 𝑧˳)𝑘 

∴ 𝑃˳𝑃 // 𝑣 then 𝑃˳𝑃 = 𝑡𝑣 

(𝑥 − 𝑥˳)𝑖 + (𝑦 − 𝑦˳)𝑗 + (𝑧 − 𝑧˳)𝑘 = 𝑡(𝑎𝑖 + 𝑏𝑗 + 𝑐𝑘) 

(𝑥 − 𝑥˳)𝑖 + (𝑦 − 𝑦˳)𝑗 + (𝑧 − 𝑧˳)𝑘 = 𝑡𝑎𝑖 + 𝑡𝑏𝑗 + 𝑡𝑐𝑘 
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𝑥 − 𝑥˳ = 𝑡𝑎 

 
𝑦 − 𝑦˳ = 𝑡𝑏 ⇒ 

 
𝑧 − 𝑧˳ = 𝑡𝑐 

 
𝑥 = 𝑥˳ + 𝑡𝑎 
𝑦 = 𝑦˳ + 𝑡𝑏} 
𝑧 = 𝑧˳ + 𝑡𝑐 

 

 
Are the parametric 

equations of the line 

in 3-space 

 

 

𝑥 − 𝑥˳ 
( = 

𝑎 

𝑦 − 𝑦˳ 
= 

𝑏 

𝑧 − 𝑧˳ 
 

 

𝑐 

 
= 𝑡) 

 

 

Example: Find the parametric equations for the line through the point (-2,0,4) 

parallel to the vector 𝑉 = 2𝑖 + 4𝑗 − 2𝑘. 

Sol: with 𝑃˳(𝑥˳, 𝑦˳, 𝑧˳) = (−2,0,4) and 𝑎𝑖 + 𝑏𝑗 + 𝑐𝑘 = 2𝑖 + 4𝑗 − 2𝑘 

𝑥 = −2 + 2𝑡, 𝑦 = 4𝑡, 𝑧 = 4 − 2𝑡 
 

𝑥 + 2 𝑦 
= 

2 4 

𝑧 − 4 
= 

−2 
= 𝑡 

 

 

Example: Find the parametric equations for the line through the points 

𝑃1(−3,2, −3) and 𝑃2(1, −1,4). 

Sol: 𝑃1𝑃2 = 4𝑖 − 3𝑗 + 7𝑘 with the points (−3,2, −3) 

𝑥 = −3 + 4𝑡, 𝑦 = 2 − 3𝑡, 𝑧 = −3 + 7𝑡 
 
 

 
The distance from a point to a line: 

To find the distance from a point P to a line L, we carry out the following steps: 

1. Find the point Q on L closest to P. 

2. Calculate the distance from P to Q. 
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Example: Find the distance from the point 𝑃(1,1,5) to the line 𝑥 = 1 + 𝑡, 

𝑦 = 3 − 𝑡, 𝑧 = 2𝑡. 

Sol: Assume 𝑄(𝑥, 𝑡, 𝑧) as a point so that (𝑃𝑄 ⊥ line) 

𝑃𝑄 = (1 + 𝑡 − 1)𝑖 + (3 − 𝑡 − 1)𝑗 + (2𝑡 − 5)𝑘 = 𝑡𝑖 + (2 − 𝑡)𝑗 + (2𝑡 − 5)𝑘 
 

𝑥 − 1 
 

1 

𝑦 − 3 
= = 

−1 

𝑧 
= 𝑡 

2 

𝐴 = 1, 𝐵 = −1, 𝐶 = 2, 𝑉 = 𝑖 − 𝑗 + 2𝑘 

𝑉 ∙ 𝑃𝑄 = (𝑡 × 1) + ((2 − 𝑡) × −1) + ((2𝑡 − 5) × 2) 

0 = 𝑡 − 2 + 𝑡 + 4𝑡 − 10 

0 = 6𝑡 − 12 ⇒ 6𝑡 = 12 ⇒ 𝑡 = 2 

𝑃𝑄 = 2𝑖 + (2 − 2)𝑗 + (2 × 2 − 5)𝑘 = 2𝑖 − 𝑘 

|𝑃𝑄| = √(2)2 + (−1)2 = √5 

Or 

𝑥 = 1 + 2 = 3 
𝑦 = 3 − 2 = 1} Coordinate of Q 

𝑧 = 2 × 2 = 4 
 

𝑑(𝑃, 𝑄) = √(3 − 1)2 + (1 − 1)2 + (4 − 5)2 = √5 
 
 

Equations for planes: 

If we have a plane through 𝑃˳(𝑥˳, 𝑦˳, 𝑧˳) and perpendicular to the vector 

𝑁 = 𝐴𝑖 + 𝐵𝑗 + 𝐶𝑘 then the equation of this plane can be written as the 

following formula: 

[𝐴𝑥 + 𝐵𝑦 + 𝐶𝑧 = 𝐷] where 𝐷 = 𝐴𝑥˳ + 𝐵𝑦˳ + 𝐶𝑧˳. 

Example: Find an equation for plane through the point 𝑃˳(0,2, −1) and 

perpendicular to vector 𝑁 = 3𝑖 − 2𝑗 − 𝑘. 

Sol: 𝐷 = 𝐴𝑥˳ + 𝐵𝑦˳ + 𝐶𝑧˳ = 3 × 0 + (−2) × (2) + (−1) × (−1) = −3 

𝐴 = 3, 𝐵 = −2, 𝐶 = −1 

𝐴𝑥 + 𝐵𝑦 + 𝐶𝑧 = 𝐷, 3𝑥 − 2𝑦 − 𝑧 = −3. equation of the plane 
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Example: Find an equation for the plane through (1, -1,3) and parallel to the 

plane 3𝑥 + 𝑦 + 𝑧 = 7. 

Sol: 𝑁 = 3𝑖 + 𝑗 + 𝑘 (A=3, B=1, C=1) 

𝐷 = 3 × 1 + 1 × −1 + 1 × 3 = 5 

3𝑥 + 𝑦 + 𝑧 = 5. equation of the plane 

 

 

 
Example: Find an equation for the plane through the points 𝑃1(1,1, −1), 

𝑃2(2,0,2), 𝑃3(0, −2,1). 

Sol: 𝑃1𝑃2 = (2 − 1)𝑖 + (0 − 1)𝑗 + (2 − (−1))𝑘 = 𝑖 − 𝑗 + 3𝑘 

𝑃1𝑃3 = (0 − 1)𝑖 + (−2 − 1)𝑗 + (1 − (−1))𝑘 = −𝑖 − 3𝑗 + 2𝑘 

 
 

  
 
 

 
 

 
 
 

 
𝑁 = 7𝑖 − 5𝑗 − 4𝑘. 

 
 

𝑃1(1,1, −1), 𝐴 = 7, 𝐵 = −5, 𝐶 = −4 

7𝑥 − 5𝑦 − 4𝑧 = 6. equation of the plane 
 

Example: Find an equation for the plane through 𝑃˳(2,4,5) and perpendicular to 

the line 𝑥−5 = 
𝑦−1 

= 
𝑧

 
1 3 4 

Sol: 𝐴 = 1, 𝐵 = 3, 𝐶 = 4 𝑁 = 𝑖 + 3𝑗 + 4𝑘 

𝐷 = 1 × 2 + 3 × 4 + 4 × 5 = 34 

𝑥 + 3𝑦 + 4𝑧 = 34. equation of the plane 

 
 

Example: Find a plane through 𝑃˳(2,1, −1) and perpendicular to the line of 

intersection of the planes 2𝑥 + 𝑦 − 𝑧 = 3, 𝑥 + 2𝑦 + 𝑧 = 2. 

Sol: eq. of 𝑃1 2𝑥 + 𝑦 − 𝑧 = 3 ⇒ 𝑁1 = 2𝑖 + 𝑗 − 𝑘 

eq. of 𝑃2 𝑥 + 2𝑦 + 𝑧 = 2 ⇒ 𝑁2 = 𝑖 + 2𝑗 + 𝑘 
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Example: Find a plane through 𝑃1(1,2,3) and 𝑃2(3,2,1) and perpendicular to the 

4𝑥 − 𝑦 + 2𝑧 = 5. 

Sol: 𝑃1𝑃2 = (3 − 1)𝑖 + (2 − 2)𝑗 + (1 − 3)𝑘 = 2𝑖 − 2𝑘 

𝑉 = 4𝑖 − 𝑗 + 2𝑘 
 

 

 

 

𝑃1(1,2,3), 𝐴 = 1, 𝐵 = 6, 𝐶 = 1 

𝐷 = 1 × 1 + 6 × 2 + 1 × 3 = 16 

𝑥 + 6𝑦 + 𝑧 = 16 eq. of the plane 

 
 

The distance from a point to a plane: 

The normal distance from a point 𝑃 to plane contain a point 𝑄 can be calculated 

as following: 
  

 

 

𝑃𝑄 is the vector from 𝑃 to 𝑄 

𝑁 is the vector perpendicular on the plane, |𝑁| length of vector 𝑁 

 
 

Example: Find the distance from the point 𝑃(1,1,1) to the plane 

2𝑥 − 3𝑦 + 7𝑧 = 1. 
 

Sol: 𝑁 = 2𝑖 − 3𝑗 + 7𝑘, |𝑁| = √(2)2 + (−3)2 + (7)2 = √62 
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If 𝑥 = 𝑦 = 0 then 2(0) − 3(0) + 7𝑧 = 1 ⇒ 𝑧 = 
1

 
7 

∴ 𝑄(0,0, 
1
) 

7 

1 6 
𝑃𝑄 = (0 − 1)𝑖 + (0 − 1)𝑗 + ( 

7 
− 1) 𝑘 = −𝑖 − 𝑗 − 𝑘 

7 
6 

𝑃𝑄 ∙ 𝑁 = (−1)(2) + (−1)(−3) + (− 
 

) (7) = −5 
7 

 
 

 
 
 

Angles between planes: 

The angle (𝜃) between intersecting planes can be calculated by the following 

formula: 

[𝜃 = cos−1 
𝑁1∙𝑁2  ] 

|𝑁1| |𝑁2| 

Where: 𝑁1, 𝑁2 are the vectors perpendicular on intersecting planes. 

|𝑁1|, |𝑁2| are the length of vectors 𝑁1 and 𝑁2. 

 

Example: Find the angle between the planes 3𝑥 − 6𝑦 − 2𝑧 = 15 and 

2𝑥 + 𝑦 − 2𝑧 = 5. 

Sol: 𝑁1 = 3𝑖 − 6𝑗 − 2𝑘, 𝑁2 = 2𝑖 + 𝑗 − 2𝑘 
 

|𝑁1| = √32 + (−6)2 + (−2)2 = √49 = 7 
 

|𝑁2| = √22 + 12 + (−2)2 = √9 = 3 

𝑁1 ∙ 𝑁2 = (3 × 2) + (−6 × 1) + (−2 × −2) = 4 

𝜃 = cos−1 ( 
4

 
7 × 3 

) = cos−1 
4

 
21 

 

= 79°. 
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Home Work 
 

 
 

1. Find an equation for the plane through the points 𝑃1(0,0,1), 𝑃2(2,0,0) and 

𝑃3(0,3,0). 
 

 
 

2. Find the point in which the line 

plane 3𝑥 + 2𝑦 + 6𝑧 − 6 = 0. 

𝑥 = 8 + 2𝑡, 𝑦 = −2𝑡, 𝑧 = 1 + 𝑡 
3 

meets the 

 

3. Find the distance from the point 𝑃(1,1,3) to the plane 3𝑥 + 2𝑦 + 6𝑧 = 6. 

 
4. Find a vector parallel to the line of intersection of the planes 

3𝑥 − 6𝑦 − 2𝑧 = 15 and 2𝑥 + 𝑦 − 2𝑧 = 5. 

 
5. Find the point in which the line 𝑥 = 1 + 2𝑡, 𝑦 = −1 − 𝑡, 𝑧 = 3𝑡 meets the 

three coordinate-planes. 

 
 

6. Find an equation of the plane through the point (2, -7,6) which is parallel to 

the plane 5𝑥 − 2𝑦 + 𝑧 − 9 = 0. 

 
7. Show that the line 𝑥 − 4 = 2𝑡, 𝑦 = −𝑡, 𝑧 + 1 = −4𝑡 is parallel to the 

plane 3𝑥 + 2𝑦 + 𝑧 = 7. 
 

 

 

𝑥 + 3𝑦 − 𝑧 + 3 = 0, find the point of intersection 𝑃 and the equation of the 

line 𝐿2 in this plane passes through 𝑃 and ⊥ to 𝐿1. 


