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\Vectors

Vector is defined to be a directed line segment.

V= (Ul, UZ)

Theorem: Let V = (vq, vy, v3) and W = (w4, wy, w3) are two vectors, then:
1.V+W-= (U1+ W1, U2t Wy, v3t+ W3)

2. kV = (kvq, kvy, kvs), K is any constant.
Example: If V =(1, -3, 2), W= (4, 2, 1) then
V+ W= (5-1,3),2V=(2,-6,4)

W = (-4,-2,-1), V- W = V+(-W) = (-3, -5, 1)

Remark:

If Py (x1, Y1, Z1), P1(x2, y2, z2) be any two points in the space, then:

P1Py = (x2 - x1, Y2 - Y1, Z2 - Z1)
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L_enqgth of the vector:

The length of the vector V is usually denoted by |V| such that:
IV = (vq, v2) then |V| = \/ﬁﬂl—rvi‘;

itV = (v1, V2, v3) then |V| = \/ﬁl—-lﬁv“z—-lﬁv?

|P1P2| = \/(xz —x1)%2+ (y2 —y1)2 + (22 — z1)2

Properties of vectors:

Let v, u, w be any vectors and let k, [ scalars, then
lLu+v=v+u

2. (u+tv)+w=u+w+w)

3.u+0 =0 tu=u

4du+(—u)=o

5 k(lu)=(kDu

6.(k+Du =ku+lu
l.k(u+v)=ku+kv

Unit vectors:

Any vector u whose length is equal to the unit length is called a unit vector, the
vector i, j and k are unit vectors

i =(1,0,0),j = (0,1,0),K = (0,0,1)

li| =V12 4+ 02 + 02, |j| =V02 + 124+ 02 =1
k| =v02+02+12=1
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Direction:

The direction of non a zero vector V to be the unit vector obtained by dividing v
by its length

Direction of V = ﬁ
14

Example:

The direction of V = 3i — 4j is: direction of

4 3i—4j  3i—4j

_ _ 3. 4.
Tl J@rrca? Vs s s
To check length

5i—4j1=vD2 4 (2 =2 = 1 (uni
|Sl 5J| (5) + () \/225 1 (unit vector)

Note: We can write any vector V in terms of i, j, k

V=W +v,+v3)=(v1,00)4+ (0,v,0) 4+ (0,0,v3)
=v1(1,0,0) +v,(0,1,0) + v3(0,0,1) =vii+vyj+v3k

Example: V =(2,1,3) =2i+j+ 3k

Definition: Two vectors are said to be parallel if they are either positive or
negative scalar multiples of an another.

U and V are parallel if U = kV, (k any scalar)

Example: The vectors U =2i+4j+ 3kand V = 6i+ 12 j + 9k are parallel
since V =3U where k=3

Dot product (Scalar product)

The scalar product (or dot product) of the two vectors u and v is the number
u.v = |u| |v| cos@ where 6 is the angle between them.
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Now from above we can find the angle between u and v which is:

u.v
cosl =

|ullv|

Note:i-i = |i|lilcos0=1-1-1=1
i‘i=j-j=k-k=1
i-j=j-k=k-i=0

u-v = (Ul + uyj + uzk) - (vii + vyj + v3k) = uvy + UV, + uzvs.
Example: Find the 6 betweenu =i — 2j — 2k and v = 6i + 3j + 2k

u-v=(1)(6) +(=2)(3) + (-2)(2) = —4

u.v = |4]| |v| cosb

lul=vV1i+4+4=3and|v|=V36+9+4=7 @
uv —4 =

cosO = 6 = cos—1(—) = 101
21

[ullv] 21

Definition: Two vectors whose scalar product is zero are said to be orthogonal.

u and v are orthogonal (perpendicular) if u-v =0

Example: The vectors A = 3i — 2j + k and B = 2j + 4k are orthogonal because
A-B=3)0)+ (=)@ +M@ =0
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Vector projections and scalar components
1. Vector projections of B onto A is denoted by V = projf1 =" 4

A-A

2. Scalar projection of Bonto A = 4B

|A] @

, A-B
|Proj§| = W Note: A- A = |A?|

Example: If A = 2i — j + 3k and B = 4i — j + 2k then find Proj% and

|Projl.
_ A-B 8+1+6 . . 15 . .

ProjB = A= 2i—j—3k)=_(2i—j+3k)
A4  A-A 44+1+9 14

~ A-B 15
|Proj?| = =

4 Al V14

Cross product:

AX B = |A||B|siné n

Where n is a unit normal vector to the plane containing A and B

Note: B X A =—(A X B)

Note:iXi=jXj=kXk=0

ixXj=k
jxk=i
kxi=j

If A = ail + Clzj + ask and B = bii + bz] + b3k then

AX B = (a1l + azj + azk) X (b1i + byj + bsk) = a1b1 i Xi+abyiXj+
arbs i X k+azb1jXi+axbyjXj+aybsjXk+asbikXi+azbykXj+
Cl3b3 kxk= (azbg — Clgbz)i + (Clgbl — albg)j + (a1b2 — azbl)k
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From above we can get that

i j k
a; a; as
by by b3

AXB~=

Example: FindAx BandBx AifA=2i+j+ kB =-4i+3j+k.

{
2
—4

Sol: AX B =

j ok
1 1| =
3 1

2 1

‘|; 1|_j|—24 :1I|+k—4 3| = TG0k

BxA=—-(AXB)=2i+6j—10k.

Note: The area of the parallelogram is |A x B| of base |A| and |B]| | sin 8 | the
height.

Area = |A x B| = |A||B| |sin8]|n| = |A||B] | sin6 |

and the area of the triangle = L |A X B|
2

Example: Find the area of the triangle whose vertices are A (1, -1,0), B (2,1, -1)
and C (-1,1,2).

The area of the triangle is = . |AB x AC|

2
AB=2-1)i+(1+1)j+(-1-0k=i+2j—k
AC=(-1-1)i+(1+1)j+2—-0)k=-2i+2j+ 2k
i j k

1 2 -1

AB X AC = :£|§ _1|—j|_12 _21|—l—k|_12 §|:6f+6k.

2

Thus, the triangle’s area 1s % |6i + 6k| = % 72 = 3+/2.
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The triple scalar or box product:

The product (A4 X B) - C is called the triple scalar product of A, B and C, such
that.

(AXB)-C=|AXB||C| cosb

The above product is the volume of the parallelepiped, the number |A X B| is the
area of the base parallelogram and |C| cos 8 is the height.

Now we canseethat (A X B)-C=(BXC)-A=(CxA)-Band(AXB)-C =
A-(BxC)

a; d; as
by by bs
€1 Co Cq

Note: A- (B x C) =

Example: Find the volume of the box (Parallelepiped) determined by
A=i+4+2j—kB=-2i+3kandC =7j — 4k.

1 2 -1
Sol: The volume is the absolute valueof A- (B xC)=|-2 0 3 |=
0 7 —4
0 3 -2 3 -2 0] . o

Triple vector product:
(AXB)XC+AX(BxO0)
[AXB)XC=(A-C)B—(B-(C)A]and
[Ax (BxC)]=(A-C)B—(A-B)(]

Example: LetA=i—j+2k,B=2i+j+kC=i+2j—k,
find (A X B) X C

(AXB)XC=(A-C)B—(B-0)A
A-C=-3, B-C=3
(A-C)B— (B-C)A = —3B — 34 = —9i — 9k.
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The direction cosines:

251
cosa = ___
|ul
u
cosf = _2
|ul
us
cosy =_"
|ul

Example: Find the direction cosine of u = 2i — 4j + 4k.

lul=v4+16+16 =6
uq 2 2

cosa=_ = sa= (=705
lul  cos-16 6
u, —4 e
cosﬁzm:?iﬁ:ms (?)—1318
u; 4 P
cosy:m:E:‘w Y = COS (E) — 48.1

Equation for lines in 3-spaces:

A point P lies on the line through P_parallel to v if and only if P P is a scalar
multiple of V.

WefindPP=(x—x))i+y—y)j+z—-z)k
~PP//v  then PP=tv
x—x)i+(y—y)+z—2z)k=t(ai+ bj+ ck)
x—x)i+(y—y)+(Z—2z)k=tai+thj+tck
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x—x,=ta

X =X,+ta  Arethe parametric

y—y.=th = y =y, + tb} equations of the line
7=7 +tc in 3-space
z—z,=1tcC
x_xo_y_yo_Z_Zo
( = = = t)

Example: Find the parametric equations for the line through the point (-2,0,4)
parallel to the vector V = 2i + 4j — 2k.

Sol: with P (x,,v.,2,) = (=2,0,4) and ai + bj + ck = 2i + 4j — 2k

x=-—2+4+2t, y=4 z=4-12t

x+2 y z—4
= _ = =t
2 4 —2

Example: Find the parametric equations for the line through the points
P1(—3,2,—3) and P,(1,—1,4).

Sol: P1P, = 4i — 3j + 7k with the points (-3,2, —3)
x=—-3+4 y=2-3t z=-3+7t

The distance from a point to a line:

To find the distance from a point P to a line L, we carry out the following steps:

1. Find the point Q on L closest to P.
2. Calculate the distance from P to Q.
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Example: Find the distance from the point P(1,1,5) tothe linex =1 + ¢,

y=3—tz=2t.
Sol: Assume Q(x, t, z) as a point so that (PQ L line)

PO=(1+t—1)i+@B—t—1)j+@Qt—5k=ti+(2—t)j+ (2t — 5k

x—l_y—3_Z_t
1 —1 2

A=1 B=-1 C=2 V=i—j+2k
V-PQ=(tXx1)+(2—-1t)x—1)+ ((2t =5) x 2)

O=t—24+t+4t—-10

O=6t—12=>6t=12=>t=2
PQ=2i+(2-2)j+(2%x2-5)k=2i—k
1PQI =V(2)? + (-1)2 =5

Or

x=1+4+2=3

y = 3 — 2 = 1} Coordinate of Q
Zz=2X2=4

d(P,Q)=V3B-1)2+(1—-1)2+ (4 —5)2 =5

Equations for planes:

If we have a plane through P (x,, y,, z,) and perpendicular to the vector

N = Ai + Bj + Ck then the equation of this plane can be written as the
following formula:

[Ax + By + Cz = D] where D = Ax,+ By, + Cz,.

Example: Find an equation for plane through the point P,(0,2,—1) and
perpendicular to vector N = 3i — 2j — k.

Sol: D =Ax,+ By,+Cz, =3X0+(-2)x2)+ (1) x(-1)=-3
A=3, B=-2 (C=-1
Ax+By+Cz=D,3x —2y—z=-3. equation of the plane
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Example: Find an equation for the plane through (1, -1,3) and parallel to the
plane3x +y+z=7.

Sol: N =3i+j+k (A=3B=1.C=l)
D=3xXx14+1Xx-1+4+1%x3=5
3x+y+z=5. equation of the plane

Example: Find an equation for the plane through the points P1(1,1, —1),
P,(2,0,2), P3(0,—2,1).

Sol: PPy = (2 — )i+ (0—1)j+ (2 — (=1))k = i — j + 3k

PiP3 = (0—1)i+ (=2 —1)j + (1 — (=1))k = —i — 3j + 2k
Lo j 1 3 1 3 1 -1
1 —1 3= i— i+ k
SR TR TR
N = 7i — 5j — 4k.

N — P1P2 X Plpg —

Pl(llll _1); A = 7) B = _5, C - _4‘
7x — 5y —4z = 6. equation of the plane

Example: Find an equation for the plane through P_(2,4,5) and perpendicular to
y—1 z

3 4

the line %=

Sol:A=1,B=3,C=4 N=i+3j+4k
D=1%x2+3%X4+4x5=34
x+ 3y + 4z =34. equation of the plane

Example: Find a plane through P (2,1, —1) and perpendicular to the line of
intersection of the planes 2x +y—z=3, x+2y+z=2.

Sol:eq.of Py 2x+y—z=3=>N1=2i+j—k
eq.of P, x+2y+z=2=>N,=i+2j+k

Vectors |Pagel2



I j k
2 1 -1
1 2 1
of the planc1s 3x — 3y +3z =0

N=N; XN, = = 31 — 3] + 3k, with P(2,1, —1) then the equation
1 2 ] .

Example: Find a plane through P1(1,2,3) and P2(3,2,1) and perpendicular to the
4x —y + 2z =5,

Sol: P1P, = (3—1i+(2—-2)j+(1—-3)k=2i—2k

V=4i—j+2k
i Kk
4 -1 2

P1(1,23), A=1B=6,C=1
D=1x1+6%X2+1x3=16
x+6y+z=16 eq.ofthe plane

The distance from a point to a plane:

The normal distance from a point P to plane contain a point Q can be calculated
as following:
PQ-N
T

d:

PQ is the vector from P to Q

N is the vector perpendicular on the plane, |N| length of vector N

Example: Find the distance from the point P(1,1,1) to the plane
2x—3y+7z=1.

Sol: N =2i —3j + 7k, |N| = V(2)2 + (=3)2 + (7)2 = V62
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Ifx=y=0then2(0)—30)+7z=1=>z= -
7

% 0(0,0,
7

1 6
PQ=(0—1)i+(0—1)j+(;—1)k=—i—j—;k

6
PQ-N=(-D@)+ (D) + (- D=~

g— PQ-N| _|—=5] 5
INl | ezl ez

Angles between planes:

The angle (6) between intersecting planes can be calculated by the following
formula:
N1'N;

—

IN1| [N2|

[6 = cos~

Where: N1, N2 are the vectors perpendicular on intersecting planes.

|N1|, |N,| are the length of vectors N, and N,.

Example: Find the angle between the planes 3x — 6y — 2z = 15 and
2x+y—2z=05.
Sol: Ny=3i—6j—2k, N,=2i+j—-2k

IN1| = V32 4+ (—6)2 + (=2)2 =49 = 7

IN2| = V22 + 12 4+ (=2)2 =9 = 3

Ni-N,=3%x2)+(-6x1)+(—2%x-2)=4

4
6 = cos™1( ) =cos7l_ _ g0

7 X3 21
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Home Work

1. Find an equation for the plane through the points P1(0,0,1), P»(2,0,0) and
P3(0,3,0).

2. Find the point in which the line x = §+ 2t,y = —2t,z = 1 + t meets the
plane 3x + 2y + 6z — 6 = 0.

3. Find the distance from the point P(1,1,3) to the plane 3x + 2y + 6z = 6.
4. Find a vector parallel to the line of intersection of the planes

3x — 6y —2z = 15and 2x + y — 2z = 5.

5. Find the point in which the line x =1 + 2t,y = —1 — t, z = 3t meets the
three coordinate-planes.

6. Find an equation of the plane through the point (2, -7,6) which is parallel to
the plane 5x — 2y +z -9 =0.

7. Show that the line x — 4 = 2t,y = —t,z + 1 = —4¢t is parallel to the
plane 3x + 2y +z=7.

8. The line Lq: 1;2x = 2;;)6_—1 = 0.5z intersect the plane

x + 3y — z + 3 = 0, find the point of intersection P and the equation of the
line Lz in this plane passes through P and L to L.
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