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Partial derivative:

The partial derivative of f(x, y) w.r.t. its independent variables x and y given

by:

1. = f = lim fOG+Axy)—f(xy)
Ox x Ax—0 Ax

The calculating by diff. f(x,y) w.r.t. y and dealing y as a constant.

2. Y o i SOyHAY)—f(xy)
»=k AI;I—T}O Ay

The calculating by diff. f(x, y) w.r.t. x and dealing x as a constant.

af d

Example: Find a,% for f(x,y) = x%y + sin(xy)

of
55 = Jx = 2xy +ycos(xy)
X

d
é = f, = x* + x cos(xy)

Example: Find ﬁ,zfor f(x,y) = 3x3 + 5x2y — 2y2,

Ox 0dy
fx =9x2+ 10xy
fy =5x%2—4y

. dw d
Example: Find %,——Efor w =+ eX* + eX¥

dy
_ 1 ) ?2 N
ow 1. ., 1 , _ (Zx ex’ +yexy)
— — —(px xyy) 2. X<, xy . —
Py (e + e ) (e 2x +e y) 5 —exz —
ow 1 —1. x e™Y
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3
Example: Find 2f %7 for flx,y) = tanGeH )

— ) —

ox 0y x2y—6y2
af _ (x2y — 6y?) - sec?(x® + 4y) - 3x% — tan(x® + 4y) - 2xy
0x (x2y — 6y?)?
af _ (x2y — 6y2) - sec?(x® +4y) - 4 —tan(x® + 4y) - (x2 — 12y)
dy (x2%y — 6y2)?

Example: Find 2%,% % for w = sin(x2 + 3y) - (23 + 4xy)?
dx 0y 0z

ow
T sin(x2 + 3y) - 2(z3 + 4xy) - 4y + (23 + 4xy)? - cos(x? + 3y) - 2x
X

ow
3 sin(x2 + 3y) - 2(z3 + 4xy) - 4x + (23 + 4xy)? - cos(x2 + 3y) - 3
y

ow

P sin(x2 + 3y) - 2(z3 + 4xy) - 322 + (23 + 4xy) - zero
Z

Chain Rule:

1. If w=f(x,y)and x = g(t),y = h(t)

dw dx dy
w I wthy g
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Example: Let w = f(x,y) = x2y, x =cost,y =sint, find &at ¢ = Z

fr = 2xy ,%=—sint
= x?2 Y = cost

fy dt

dw dx dy

@ at
= (2xy)(—sint) + (x2?)(cost)
= (2cost-sint)(—sint) + (cos2 t)(cost)

Att=%
dw__z(l)(l)(1)+1(1)_—1
dt V2 V2 V2 22 22

Example: Find C;_Wfor w=x%+2xy, x =2t? y=23t
t

dw ow dx N ow dy
dt 0J0x dt Jdy dt
= (2x+2y)4t+ 2x-3

= (2(2t2) + 2(31)) - 4t + 2(2t2) - 3

dt

= (4t2 + 6t) - 4t + 12t2 = 16t3 + 24t2 + 12t2 = 16t3 + 36t2

2. Ifw = f(x,y,z) and x = g(s,t), y = h(s,t), z = k(s,t)
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Then:

ow
ngx'xs+fy'ys+fz'zs

_af_ax+af_ay+af 0z

~dx ds dy 0s 0z Os

ow
Ezfx'xt‘l'fy'yt"'fz'zt
of ox adf oy adf 0
=_f__+ f Y, f oz
Ox ot Jdy ot 0z 0t
Example: Find % and z—i of f(x,v,z) =x + 2y + z*
t
X =—, y=t?+Ins, z=2t
S
of
Ezfx'xt+fy')’t+fz'zt
1 1
=M+ +@22)(2) = -+ 12t
S S
of
&zfx'xs'*'fy'}%‘*'fz'zs
—t 1 -t 2
=MD+ DD+ = o+ -
Example: Let w = cos(uv), u=xyz, v= , find 2w
4(x%+y2) 0x

aw_aw 6u+6W ov
Ox OJu dx Ov x

adw _
F¥a —v sin(u v)
ow _
— = —u sin(u v)
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du v —1(2x) —TX
ox O 0x A@ Ty 262+
ow X

o5 =~V sin(uv) yz +u sin(uv) 2(x% + y?)?

Example: If w = f(u,v), u=x+7y, v=x—1y prove that

dw ow _ w2y
dx Jdy  Nou v
ow dw du + ow ov

dx oJdu dx OJv O0Ox

ow du Jdw Jdv
ow _ + _

: +
ox 0dy du OJv dv

=(6W)2_6W.0W+6W.6W dw_2
ou du dv OJdv Odu v

0w ? dw_2

_(5) —(%) :

Total differential:
The total differential of w = f(x, y) is given by:

0 0
dW=df=£-dx+£-dy
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Example: Let f(x,y) = x2y + y2and x = t2, y = 2t + 1 find df.

0 0
_f=2xy, _f=x2+2y

d0x dy

) of
dfzé'dx+@-dy
df =2xydx+ (x2+2y)dy
But:
dx = 2t dt
dy = 2dt

df = 2xy(2tdt) + (x2 + 2y) (2dt)
= (10t* + 4t3 + 8t + 4) dt.

Remark: Let w = f(x,y,2), x = g(s,t), y = h(s,t), z = k(s,t) then

dw=df=%dx+%dy+% dz
dx 0x
dx=gds+a dt
dy=%ds+% dt
0z 0z
dZ:a_st-l_E dt

Example: Let f(x,y,z) = x2y + y2 + 22, x =rt3, y =rt, z = r? find the
total differential of f .

df =fxdx+fydy+f,d,
= (2xy)dx + (x2 4+ 2y) dy + (2z) dz
But: dx = x, d,, + x¢ d; = t3dr + 3rt2 dt
dy =y, d, + y: dt = tdr + rdt
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dz = z,d, = 2rdr

~df = Qred)(rt) (B3dr + 3rt2dt) + (rt3)? + 2re)(tdr + rdt)
+ (2r2)(2rdr) .

Homework: Find the total differentiation dw for the function
w=In(x2+y2+2z)wherex =r+s, y=r—s, z=2rs.

Higher order partial derivatives:

L |
572 = 0z (37) = 3 0 = o
Zy’; -~ (&) = () = v
aigy B aax (35) = aax (y) = fyx
ggx - aay (SD N aay () = foy

Example: If f(x,y) = xy? + sinh(xy), find frx, fxy, fyy, fyx-
fx =y%+y cosh(xy)

fy = 2xy + x cosh(xy)

frxx =0+ y2 sinh(xy)

fyy = 2x + x? sinh(xy)

fxy = 2y + xy sinh(xy) + cosh(xy)

fyx = 2y + xy sinh(xy) + cosh(xy)
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Example: Find frx, fyy, fxy, fyx OF function f(x,y) = e* siny + ycosx.
fx=e*siny —ysinx

fy =e* cosy + cosx

fxx =€* siny —ycosx

fxy =e€* cosy —sinx

fyx =e* cosy —sinx

fyy = —e* siny

Example: Show t O%v 2w 2w _ . ~
p w that —— + oy T o7 = 0 ifv=(x*+y*+2z9"2

dv 1 5 3 3
F —E{x +y2+z2)2-2x = —x(x*+y*+2z%)72
d*v -3 5 3
m=—x-?{x +y2+z3)zZ-2x+ (2 +y2:+2%)2- -1
5
=3x%(x*+y*+z3) 2 - (a2 + i+ 32]_3
dv 1, 5 3 3
gy = Y I 2y =y 4y 42
d%v 3, 5 3
ayz = Y T3 Y2y + Pyt 428
3
— 3}?2[:_1:2 I },2 + EZJ_E _ {1.:2 + }_,2 + 32:}_3.
dv 1 5 3 3
Fr —E{x +yi+z23)2-2z2=—z(x*+y*+2%)2
d%v -3 5
@=—E'?(I +y*+z2)2-2z+ (k2 +y° _|_32j_:._1

5
=3z2(x* +y2+zH) 2 - (k2 +y% + zz)_g
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0%v N 9%v N 0%v
dx? 0y? 0z2
5 3
=3x%(x?+y*+2z*) 22— (x*+y*+2z%)2

5 3
+3y3(xt+y*+z2) 2 - (x*+y? +2z%)72
5 3
+3z%(x*+y*+z8) 2 — (x*+y?+2z%)2
5 3
=3(x*+y*+z4)2-(x*+y*+2z?)—-3(x*+y*+2z%)2

3 3
=3(x2+y2+2z9)2-3(x*+y2+2z9)72=0

Example: If w = f(x,v) and x = et, y = 2t — 1 then find dz_w
2w d sdw at’
acz dt(dt)
dw dx dy
dt =g dt rn dt

=€ fx + zfy

d*w d sdw d
dc2 =dt(dt) e fx”f-"”)__(e f) + o (zf'-")

d
=€ _(fx) +fxe +2_(fy)

. dx dy . dx dt
lfxx E"‘ fxy E] +fx€ +2[fyx E‘l'fyy E]

= et[fxx et + fxy (2)] + fr et + z[fyx et + fyy (2)]

. d?w
" dt2

= et fo. t4el fi, +4f,, +e' f,.
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Jacobian determinate:

The condition where the independent variables x and y can be regarded as
x=x(uv), y=yv) is:

dx
Jdu
ay
du

IE®)-

dx
dv
dy
dv

=0

Ji (ﬂ) is called the Jacobian of x,y with respectto u, v
u,v

Example: x =r cos@, y =r sinf

Jdx OJx
g o L ) ,
x,y)_ ar 6| _ |cosf9 r sinf : _
—_) = 1= =rcos B+rsin 6 =r+0
j(?‘ﬁ dy ady sin@ 1 cos@
dr 26

Therefore, we can regard r, 8 as a function of x,y.

r=\/x23Fy2, 6 = tan—1 (Z)
X

Example: Let x =u2+v+3, y=3u2+3v-10

dx Ox
xy\ _lou av| _|2u 1] _ _ .
J(E)‘a_y |~ lou 3‘_6“’ ou=0
Ju dv

Therefore, we can’t regard u, v as a function of x,y .
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Maximum, minimum and saddle points

To find points of local max. and local min. and saddle point for the function
w = f(x,y) we have two cases.

Case (1): If the region over whole xy — plane.

Case (2): If the region R is specified in the xy — plane.

For case (1) to find the points of local max. , local min. and saddle point of w =
f(x,y), then:

} solving equation (1) and (2) to get the critical points

of
3y = 0. (2)
say (a, b)

1. If fir |> 0 and (fxx oy — (fxy)z )I(ab) > 0 then f has local min. at
(a,b).

2. If fir |< 0 and (fxx fyy = (fx.y)z )|(a ” > 0 then f has local max. at
(a,b).

B3 I |(Foxfyy — (fxy)z)l( b < 0 then f has a saddle point at (a, b) .

2

. 2 . .
and if |(fxxfw — (fey) )|(a,b) = 0 then this test fails.
N 2_fxx fyx"lldhd' . £th
Note fifyy — (fx_y) = for oy is called the discriminate D of the

function f(x,y).
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Example: Find local max., local min. and saddle point of

flx,y)=x3+y3—-3xy+15.

of . o
a—fx = 3x2 3:}7— ......... (1)
g,

%=fy=3y2—3x= ......... (2)

From (1) = y = x? and sub. in (2).

y2—x=0=2x*—-x=0=2>x(x3>-1)=0

Either x = 0 x=1
or
y=0 y=1

Then (0,0), (1,1) are critical points

fox = 6x,  fyy =6y,  fry =3

D = furfyy — (foy)” =36xy — (=3)2 = 36xy — 9

at (0,0) = Dl(o’()) =-9<0
Then f has a saddle point at (0,0)

at (1,1) = D[y =36 —9 = 27 > 0

fxxl(l,l) =6>0
=~ f has a local min. at (1,1)

w=f(x,y) =x3+y3—-3xy+15

at (1,1) = (1)3 + (1)3 = 3(1)(1) + 15 = 14
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Example: Find local max., local min. and saddle point of
f(x,y) = x? —4xy + y? + 5x — 2y.

af
a:zx—4y+5:0 ......... (1)
af
@=—4x+2y—2=0 (2)

4x —8y+10=0
—4x+2y—2=0}

8 4

1 4\ . .. :
“\zg) s critical point

fxx=2
fyy =2
fry=—4

D = fxxfyy - (fxy)z =4-(—4)=-12<0

=~ f has a saddle point at (% ,g)

Example: Test the following surface for minima, maxima and saddle points
z=x2+xy+3x+2y+5.

Zy=2x+y+3=0
Zzy=x+2=0=>x=-2
2(=2)+y+3=0=>y=1=point (—2,1)
Zyx = 2, Zyy =0, Zyy =1

Zux " Zux — Zxy” = (2)(0) — 12 = —1 < 0 saddle point.

Homework: Locate all relative extrema and saddle points of
floy) = 4xy —xt —y*.
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Case (2): in this case the region R in xy — plane is specified to find absolute
max. and absolute min. , the solution is divided into two steps.

Step (1): testing the point inside the region R this is done a similar manner as in
case (1) keeping in mind the point obtained must be inside R, otherwise any point
outside R is ignored.

Step (2): testing the points on the boundary of R by using the equation specifying
the bounding and substituting its inside the equation f(x, y), then maxim. or
mini. is done again any point not a bounding must be ignored.

Example: Find the absolute maximum and minimum of the function
f(x,y) = x2 + y2 on the closed triangular plate bounded by the lines x = 0,
y =0, y+ 2x = 2 in the first quadrant.

flry) = x2 +y2

a. Interior point y+2x =2
fx=2x=0=>x=0 .?C=U:’y=
fy=2y=0=>y=0 y:[}:}x:l

Point (0,0) f =0
fxx=2: fyy=2; fxy=0

2
fechyy = (fxy) =(2)(2)—0°=4>0

fxx =2 >0 minima.

b. At boundary points
1.x=0=>f=x24+y2=024+y2=> f =y2

fy=2y=0=>y=0 ~f=024+02=0
aty=2=f=y2=22=4
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2.y=0=>f=x24+0%2=> f = x2
fx=2x=0 ~x=0 f=02+02=0

atx=1=f=x2=12=1

oaty+2x=2=>y=2-2x
f=x2+4+(2—2x?) — x> + 4 — 8x + 4x?
f=5x2—-8x+4

4
fr=10x—8=0>x=—= - FYy=2-2()=
2 4. 2 2
at i;—; = - E :22i
p(5 5) f (5) +O =2=1.
f=041"
5

Minima f = 0 at p(0,0)
Maxima f =4 at p(0,2)

Example: Find the absolute maxima and minima of the function

5

T(x,y) = x2 + xy + y> — 6x on the rectangular plate 0 <x <5,-3<y<0.

a. Interior point
Ty=2x+y—-6=0
Ty=x+2y=0

Subtraction
0-3y—6=0
—3y=6>2y=-2=>x=4%

T =(4)2+ (4)(=2) + (-2)2—6(4) = —12.
Ty =2, Tyy =2, Tyy =1

(2)(2) —12=3 >0, Ty =2>0

=~ the point (4,—2), T = —12 is minima
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b. Boundary points
l.y=0=>T =x%—6x
T,=2x—6=0=>x=3=>T=(3)2—-6(3)=-9
at x=5=>T=(5)2-6(5)=-5
at x=0=>T=(0)2-6(0)=0

2.y=—3=>T=x2-9x+9
T,=2x—-—9=0=>x=45
~T=(45)2-9(45)+9=-11.25
at x=5=>T=(52-905)+9=-11
at x=0=T=(0)2-9(0)+9=9

3.x=0=>T =y2
T,=2y=0 ~y=0=>T=(0)2=0

4. x=5=>T=y2+5y—5
Ty=2y+5=0=>y=-25
o~ T =(=25)2+5(—25)—-5=-11.25
~T=-12,-9,-5,0,—-11.25,—-11,9
~ T =-12 atp(4,—2) is minima
T =9 at p(0,—3) is maxima

Gradient Vector

Let f(x,y, z) be a scalar function, then the gradient of this scalar function is
denoted and given by:

o) s

L here V= 242 ip 2
Vf=grad f =f, i+ f, ]+ f; k where ?—axi-l—ayj—l—ﬂz
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Example: The temperature at any point (x, y, z) is given by
T(x,y,z) = xye=37 find the gradient of T at p(2,1,0).

Ty=ye 3 T =1

T, =xe¥ } at p(2,1,0) i
T, = —3xye=3z Ty=2
T, =—6

VI =T, i+T,j+T,k
VT|, =i +2j — 6k

Example: Show that V(fg) = fVg + gVf where f, g are scalar functions.

) ) )
V(fg) = E™ (fi+ 3y f9)j + 3, (fPk.

= (fxg + 9+ (fyg + 9y + (fz9 + gk
zf(gxi+gyj+gzk) +g(fxi+fyj+fzk)
=~ V(fg) =fVg+gVf.

Divergency of a vector field

Let F(x,y,z) be avector field, such that:
F(x,y,z) = M(x,y,z)i+ N(x,y,2)j + P(x,y,2)k .

Then the divergence of F denoted by
V-F = (ii +ij +ik) - (Mi + Nj + Pk) = My Ny ai(scalar)
0x dy 0z 0x dy 0z
Then div(F) =V-F =M 4V L 9
0x ay 0z

Homework: Let F = (xyz)i + cos(xyz) j + (xy?z3)k , then calculate div(F)
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Directional derivative

The directional derivative of the function w = f(x,y) at P+(x-, y-) towards
P1(x1,y1) is given by:

[Du f = (Vf)p. - u], where u is a unit vector
PoP4

,and (Vf) . isgrad f at P- .

|1-D P1l

Example: Find the directional derivative of f(x,y) = x2y + y3 at Po-(—1, —1)
in the direction of P1(1,1).

fx = 2xy } felp. = 2
at P:(—1,—1) =
e e A S
Vilp. = 20 +4j .
PPi=2i+2j, |PPi=V4+4=V8=2Vv2
PP 1 1
u= = Ri+2))=—(>(+]
N ﬁ( J)
1 1 6

(Du f)p. = Vflp.-u = (2i + 4j) - \/_(l+])_\/_(2+4)—\/7 .

Example: Find the directional derivative of the function f(x,y,z) = x3y + xyz
at P-(—1,1,1) in the direction of the vector A = 2i — 3j + 6k.

fx=3x%y + yz2 _
fX|Po - 4
fy=x3+xz2 }at P-(—1,1,1) =
fr=2xyz fylp. = =2
lePo = -

(VP)p, = 4i —2j — 2k
A=2i—-3j+6k

|A|=V4+9+36=7
A 1
u = m__(ZL 3j + 6k)
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(Du fp. = (V)p.-u= (4i — 2j — 2k) -%(21’ — 3j + 6k) :%(8 +6—12)
2

7 -

Example: The directional derivative of w = f(x, y) at P-(1,2) in the direction
of P1(2,3) is 2v/2, the directional derivative of f at P- in the direction of P2(1,0)
Is —3, find the directional derivative of f at P- in the direction of the origin.

PP i+
PPl V2

U4

1
Uy = \/_E(I +J)
(Duy f)pa = (Vf)p. " us
1
2V2 = (fy L+ fy D) =)

5

4= fo+ fy e e e (1)
_ PP, 72)

e PPyl VA -

(Duz f)p. = (Vf)p. - uz
=3=(xi+fy)) (=)

~(Vf)p. =1+3j
PP, —i—2 1

B Y R S A
D v 3 L (=i — 2)) _1( 1-6) -’
, = )" = (i + 3j) - —1—=27j) = -1 — =

Is the directional derivative at P- in the direction of the origin.
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Method of Lagrange multipliers

Suppose that f(x, y, z) and g(x, y, z) and their first partial derivatives are
continuous. To find the local maximum and minimum values of f subject to the
constraint g(x, y, z) = 0, find the values of x, y, zand A that satisfy the
equations.

Vf=AVg and g(x,y,z) =0

afj + aaik and A is a variable called Lagrange multipliers
Z

Where Vf = %i + W

Example: Find the gzreategt and smallest values that function f(x,y) = xy

takes on the ellipse *_+?_ = 1, using Lagrange multipliers.
8 2

Vf = AVg we find x, y and A

glx,y) =0
oy BV
L.:;r(_.}:.y)—g—l—2 1=0

Eithery =0 or A=+2

Case (1):if y =0 = x = 0 but the point (0,0) isnoton theellipse 0 + 0 # 1
hencey + 0.
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Case (2):if y#0then A =+2

sub. x = Ay

x =12y andsub.in g(x,y) =0

2)2 2 4y2 2 4y? + 4y?

G N NI Gl
8 2 8 2 8

4y2 +4y2 =882 =8=>y=+1l aty=1=>x =12
y=—1$X=i2

The function f(x,y) = xy take extreme values on the ellipse at the points
(2,1),(—2,1),(2,—1),(—2,—1) and the extreme values are:

Xy =2, Xy =-—2
Max. at (2,1), (—2,—1) and min. at (—2,1),(2,—1).

Example: Use Lagrange multipliers to find maximum and minimum value of
f(x,y) = xy subject to the constraint g(x,y) =x2+y2=1.

Vf=AVg,9(x,y) =0
vi+xj =A2xi + 2yj)
yi+xj=2Axi+21yj
y=21x, X=21y
X =21(2Ax) =442 x
=>x—4A2x=0
x(1—422)=0
Eitherx =0 or 1 —442=0
If x=0=>y=0but 0+0+1 thenx #0

[

1-422=0=>4012=1=1=% _
2

x==ysub.In glx,y) =0

_|_

1
YV +y2—1=0=22 =1=y2 =-2y=1

~l =
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@GR aR w3
~flx,y) =xy = (\%% = (—%—%) :é max.

v v
—=]—\——F=I\F= — = 1.
vV vV V2 2

Homework: Use the Lagrange multipliers to find maximum and minimum
values of f(x,y) = xy subject to the constraint g(x,y) = 4x2 + 8y% = 16.

Tangent plane and normal line to a level surface f(x,y,z) =C

The tangent plane to the surface f(x,y,z) = C at P+(x-, y-, zo) where normal
vector to this tangent plane N = Vf|p. given by:

fleo(x - x°) + fylPo(y - Y°) + lePo(Z - Z°) =0
the equation of the normal line given by:
X =X+ fy|p. t

X—Xe __ y—ye __ Z—Z°

fX|Po f_')/'|Po fZlPo

y=y-+fylp. t

z=2z+fglp. t

Example: Find the tangent plane and normal line to the surface f(x,y,z) =
x2 + 2xy — z2 = 0 at the point P-(1,1,V3).

fr=2x+2y fr—4
fy=2x at(1,1,V3) = fo2
f, = —2z y
fr=-2V3

Vf|p. = 4i + 2j — 2v/3 k , the tangent plane
4x—1)+2(y-1)—-2V3(z=V3) =0

: x—1 y-1 z—/3
The normal line = = — =
4 2 243
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Home Work

i , u dJz oz . :
1. Giventhat z=e", x =2u+wv, y = o find e and > (using chain

rule).

. At what rate is the area of a rectangle changing if its length is 15 ft. and
increasing at 3 ft/sec. while its width is 6 ft. and increasing at 2 ft/sec.

. Find equations of the tangent plane and normal line to the surface z = xy?
at the point (2,1,4).

. Find the absolute maximum and minimum values of
f(x,y) =3xy — 6x — 3y + 7 on the closed triangular region R with
vertices (0,0), (3,0) and (0,5).

. Find the dimensions of a rectangle having perimeter P and maximum area.
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