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Differential Equations

Differential equations are the equations which contain derivatives.

Classification of D.E.

1. Ordinary D.E.
Example: a) % = e* + sinx b)y —2y +y =cosx

2. Partial D.E.

0%u  du
Example — + 7 = E

Def: the order of a D.E. is the order of the highest order derivative which appears
in the equation.

122 order ordinary D.E.

It can be written as M (x, y)dx + N(x,y)dy =0

Example: y + xy = sinx

dy .
— 4+ xy =SInx
dx y

dy + (xy —sinx)dx =0 = M(x,y) = xy —sinx
N(x,y)=1

1. Separable variable

This has the form of M(x)dx + N(y)dy = 0

Example: solve the D.E. x(2y — 3)dx + (x> + 1)dy = 0
divided by (2y — 3)(x% + 1)

X

d
> X+—==0
x2+1 2y-3

%lnlx2 + 1| +%ln|2y -3l =c
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Example: solve the D.E.

(x+1)%=x(y2 +1) +(x+D@%*+1)

dy _ xdx
y241  x+1
f dy  xdx
y2+41 Y x+1
x+1-1
tan"ly = dx
y=J50
dx
tan"ly = [dx— [—
y=J vy

tanly=x—In|lx+1|+¢
y =tan(x — In|x + 1| + ¢)

d _
Example: solve d—z — ¥y = &
& _ k.
dx

d
—_y = e*dx
e~y

[eYdy = [e*dx=>eY =e*+c >y =In(e* +¢)

Example: solve Inx v _x
dx y
Inx . ﬂ
[ " dx—fy
2
(Inx) _ lny+c

2
(Inx)2 =2Iny+2c=> (Inx)2=Iny?+2c=>Iny? = (Inx)? + 2¢

yz — e(lnx)2+20 >y = \/_

x%+1

dx

Example: solve xeYdy = —

o —(x%+1)
Jye¥dy = [—— dx 1
yey—feydy=—f2(x+;)dx

X
:»yey—ey=—(7+lnx)+c
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Example: solve x2y Z—z = (1+x)cscy

y d _14x

cscy Y ?dx

. si — -2 41
[y-siny dy—f(x +x)d_x1
y(—cosy)—f—cosydy=x_—1+lnx+c
—ycosy+siny=—i+lnx+c.

2. Homogeneous Equations
A first order differential equation is homogeneous if it can be put into the

following form [ﬂ =F (X)] R
dx X
Assume v=%=>y=vx
ay av
ax Y : X
e.q ......* becomes v+xd—Z=F(v)
dv
v—F() = —X—
dx _  dv
x v—F(v)
dx dv
[7 + F) O] separable D.E.

Now, we can solve the equation by integrating with respect to x and v, we can

then return to x and y by substituting v = %

Example: solve (x* + y?) dx + xy dy = 0
(x2+y?)dx+xydy =0

x%+y? d
Y+ 2 =0

Xy dx
d x2+y2
—y=—( y),assume v=2
dx Xy X
d X
Y _(242)
dx y X
@ _ _ (l )
dx 1 TV
dy (1+v2) _
dx 1% B F(v)
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dx dv dx dv
- = O = — + 2
X v—F(v) X pa ¥V
v
dx dv
— > = 0
x 14+2v
v
dx f vdv _
x 14+2v2

In|x| +i In|1 + 2v?| =¢

1+2(§)2 =

In|x| + Z1n
4

Yy
Example: solve (er + y) dx = x dy

(xe¥+y) dx —xdy =0

Y
xex+y dy_o
X dx
4 y

xex
d—y=—+z Clet v==2
x X x x

F(v) =e"+v

dx dv —0
X v—F(v)_
dx dv .
X v—(e"+v)_
dx dv dx _ _ Y
7+_ev=0=>f7+f—e”dv=0=>ln|x|+e”=c=>ln|x|+ex=c.

Example: solve (x + y)dy + (x —y)dx = 0.
x+y)dy+ (x—y)dx=0

dy | (x—y) dy _ _ &=y

dx = (x+y) — =>dx (x+y)

1+v
dx dv
—_ — 0
X v—F(v)
dx dv
—+—5=0
x oy
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dx dv

X + 2 t1-v 0
1+v

dx 1+v dx dv v
—t+—dvs—+—+—dv=0
X v4+1 X 1+v 1+v

dx dv vdv

—+/ J—%5=0

x 1+v2 1+v2

[<

In|x| + tan"1(v) +%ln|1 +v?|=c=putv = -

: dy _ ¥ Y _
Example: solve —, = - tcos (x 1)
Let v=%=>F(v) =v+cos(v—1)
@ dv _

x v—(v+cos(v—1)) a
@ dv —0
X —cos(v—-1) -

f%—fsec(v—l)dv=0
In|x| —In|sec(v —1) +tan(v —1)| =
put v = %

3. Exact D.E.

A D.E. of the form Mdx + Ndy = 0 is called the exact D.E. if 9 _ 9N .4
dy 0x

solution is of the form f(x,y) = c.
The solution is performed by the following steps:
1. Find the basic formula for solution by f = [ Mdx = f(x,y) + 8(y) .
2. Find the value of @(y) by:
L =p+o0)=N
3. Substitute value of @(y) in basic formula.

Example: solve (i + 1—33') dx — x—lzdy =0

x2
1, 2y 1
M—E-l‘F,N——;
oM 2 AN _ 2

E—;, EZE Exact

flx,y) =fde=f(x—12+2—y)dx

x3
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fCuy) = [x72+2yx 3 dx = === 2+ 9(y)
af_ 1 ’ _ 1

- TmtP =0

() =0=>0@)=c
“fley) = -t

Example: solve (x2 + y?)dx + (2xy + cosy)dy = 0

M =x?+y?, N=2xy+cosy

oM ON
E = Zy — Zy Exact

' ox

fl,y)=[Mdx = [x*>+y?dx

flxy) = %3+y2x +0()

g—; = 2xy + @'(y) = 2xy + cosy

@'(y) =cosy = @(y) = [cosy dy =siny + ¢
.-.f(x,y)=x?3+y2x+siny+c

Example: solve (x +y)dx+ (x +y?)dy =0

M=x+y, N=x+y?

oM ON
— =1, — =1 Exact
dy 0x

f(x,y)=fde=f(x+y)dx=x72+yx+(Z)(y)

of _ (v — 2
ay—x+®(y)—x+y

3
0’0 =y*=>00) = [y dy="+c
2 3
.'.f(x,y)=x7+yx+y?+c :

Example: solve (2xy + y?) dx + (x?2 +2xy —y)dy =0

M=2xy+y?, N=x%+2xy—y
oM N

E—2x+2y, £—2x+2y Exact
fle,y)=[Mdx =[xy + y*) dx

fl,y) =x*y +y*x + 0(y)
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Z—£=x2+2xy+®’(y)=x2+2xy—y

') =-y=>00)=[-ydy=—-">+c
~ f(xy) =x2y+y2x—y72+c

H.W. solve the following D.E.
2 — — —
L(x+y2+1)dx (y \/y_+> dy =0

2. (ex+lny+§) dx+(§+lnx+siny) dy =0

Integrating factor

An equation which is not exact can be made exact by multiplying it by a suitable
factor, which is called an integrating factor.

aM_0ON

Case 11 if 22 = f(x), then I.F.= F(x) = e/ /X dx
oM_oN

Case 2: if 22 = g(y), then I.F.= F(y) = e~/ 90

Example: solve the D.E. (2 cosy + 4x?) dx — xsiny dy = 0

a—M——Zsin a—N——sin
ay - y ) - y
oM
a—i— not exact
oM ON
9y ox __ —2siny+siny 1_
N - —xsiny _x_f(x)
I.F.=F(x)=eff(x)dx=ef7—e =x

x[(2cosy +4x?) dx — xsiny dy] =0

(2xcosy + 4x3) dx —x?siny dy =0

oM : oM
— = —2xsiny , —

2y o —2x siny exact.
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fo,y)=[Mdx = [2xcosy + 4x® dx = x*cosy + x* + 8(y)
T~ —x?siny +@'(y) = —x*siny

O’y =0=0@)=c
Sol: f(x,y) =x%cosy +x*+c

Example: solve the D.E. (4y + 3x2)dy + 2xy dx =0

oM ON

— = 2x, — = 6x not exact
dy 0x

oM ON

oy ox _ 2x—6x _ =2 _

dy
IF.= F(y) = e J90ay = 215 _ g2lny _ ,ny? _ 12
y? [(4y + 3x2) dy + 2xy dx = 0]
(4y3 + 3x2y?) dy + 2xy3 dx = 0

oM _ 2 ON _ 2

= 6xy“, o = 6xy*“ exact

fO,y) = [Mdx=[2xy>dx =x*y* + 0(y)
Z—f} = 3x%y% + @(y) = 4y> + 3x2y*?

') =4y =20@)=y*+c
~feoy) =x2y3+yt o

4. Linear equations

A differential equation that can be written in the form [%’ + P(x)y = Q(x)]

where P and @ are function of x, is called a linear first order equation. The
solution of this type of equations is performed by two steps:

Step 1: Find I(x) = e/ P dx
Step2: I(x)*y = [1(x) - Q(x) dx
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d i .
Example: solve the D.E. => +> ="~ linear

X

P(x) ==, Q) ==2
I(x) = el P(x)dx — ef% — plnx — 4
x'y=[x-"2dx=>xy=—cosx+c

X

d
Example: solve x—> — 3y = x?

@v_3,= 3
ax xY % P(x)=—;

Qx) =x
I(x) = el PO dx — o/ =2dx _ ,-3Inx _ ,lnx~3 _ -3 .
X
%-y=fx—13-xdx
%y=fx‘2dx=>x—13y=x—_1+c %y=—i+c=>y=—x2+cx3.

H.W. solve the following D.E.
ay _ X
1. T 2y =e

2.coshxdy + (ysinhx +e*)dx =0

Bernoulli’s equation:

y'+ Py =Q)y"
To solve Bernoulli eq. multiply both sides by y=™.
y 'y + Py T = Q(x)

et u=y'"=>u =1—-ny "y =>1lin=y‘”y’

+P)u=0Q0x)>u"+(1—n)P(x)u=01—-n)Q(x) (linear)

ul

1-n
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5
Example: y’ — 5y = —~ xy3
y= 3.y —5y72 =_75 x Letu=y?
! . u' = -2y3y

———-Su=--x
2 2

u ' +10u = 5x (linear)
| = e/ PX)dx — p[10dx — ,10x

el0*y = [el0%.5x dx

5x 5
ele,uz_ewx_ 810x+C
10 100
X 1
eleuz_elox__elox_I_C
2 20

X 1 — -
u=-——+ce 1% y=y72
2 20

—6..1 1 _

y~6y +;y5=x2

Let u=y~°=>u' =-5y7°'

w12,

(_5+xu—x)* 5

u’+__u=_5x2

P(X) =— [ = ef——dx — g 5Inx _ elnx_5 — x5
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274 grder D.E. with a constant coefficient

y" +ay'+ by = f(x), where a and b are constantif f(x) =0, then D.E.
is homo.

D?y+aDy+by=0

(D*+aD+b)y=0

m?+am+b=0 (characteristic equation)
m4, m, roots of this equation

1. If my, m, are different real roots, the solution of ... ... ... 1
y =c¢, e™* 4 ¢, eM2*
2. If m; = m, real, the solution of ... ... ... 1

y = (c; + cpx)e™
3. If m;,m, are complex conjugate
my,m, = axif
then the solution of ... ... ... 1
y = e**(cy cos Bx + ¢, sin Bx)

Example: solve the D.E.
y'+3y'+2y=0
(D?+3D+2)y=0

m?+3m+2=0 (ch.Eq)
m+1)(m+2)=m; =-1, m, =-2
then the sol. is y = ¢; e ™ + ¢, e™2*

Example: solve the D.E.

y'—6y'+9y =0
(D2—6D+9)y=0
m?2—6m+9=0=>(m-3)2=0=m; =m, =3 equal real roots

The solution is y = (¢; + ¢, x) e3*.
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Example: solve the D.E.
y"'—6y' +10y =0

Thech.eq. m?> —6m+10=10
m = 6+v/36—40 _ 6FV—4 _ 6F 2v/-1

=3+i, a=3
2 2 2

B=1

The solution is y = e3*(c; cos x + ¢, sin x)

274 order linear D.E. with a constant coefficient non homo

y" +ay' +by=f(x)
The solution of this D.E. consists of two parts. The 1% part is homo (y;,) and the
2" part is called the particular (yp) and the general solution will be

Y =Yn T Yp
To find y, , the following method may be used:

1. Variation of parameter:
Let y, = u v, +uv, where u;, u, are the solution of homo particular and

vy, VU, can be found from the equations.

u v +uh v = f(x)
u vy +u, v, =0

Example: solvethe D.E. y"" + 3y’ + 2y =e”*
y'+3y'+2y=0

m?2+3m+2=0
m+2)(m+1)=0=>m; =-2, m, =—1
yh=cre *+c,e™

-2
Yp = UV + UV, , Where Up =e

u, =e”*
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are solution of homo. Part and v, , v, can be found from the equation.

uy vy +uh v = f(x)
ul vll + uZ vlz - 0

—2e ¥y —e v, =e¥ ... 1
e 2y +e v, =0.... 2
—e ¥y =e* v = —e3*
1
v1 = _g 63x + kl

—e*+e Xy, =03V, =e?*

1
UZZE 82x+k2

. _Fj‘.] — E—E.'II' '(_% EEI’ +k1) +_E—_'I:'(

the general solution is y =y, + y,

Example: solve the D.E.

y'+2y'—3y=6
m?+2m—-3=0
(m+3)(m—-1)=0
m =-3,m,=1
yp=c¢ e 3% + ¢, e¥
u; = e 3%, u, = e”*
Yp = UV H U Uy

u'y v+ U vy = f(x)
Uy v’y +u, v, =0
—3e 3y +e*v', =6
e 3y +e*v, =0

_ 3
—4e 3y =60 = - e3x

3 3 _
—stev, =0=3v, =2
3 1
v1=f—5 e3xdx=—5 e3* + k,

3 _ 3 _
v2=fze Ydx=—>e "tk

yp = e~ (—% e3* + kl) + e* (—% e ™  + kz)

Yy=YntYp .
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H.W. solve the D.E.

d !/ !
—Oy) - [0 —4y*] = ysec2x .

2. Method of undetermined coefficients
Let vy +ay’ + by = f(x)
To find y,, then chosen y, according to the type of f(x) given:

f(x) chosen y,,
1. e?* k e%*
2. sinax or cosax C cosax + D sinax
3. ax®*+bx+c Ax?> +Bx +C

Example: solve the D.E. y" + 3y’ + 2y = 2e?* + 3x + 1

to find y,

m?+3m+2=0

(m+2)(m+1)=0=>m; =-2, m, =-—1

yn = cie 4+ ce

yp =ke* +Bx+C

y', =2k e?* + B

y", =4k e

4k e?* + 32k e?** +B) + 2(ke** +Bx +C) = 2e** +3x + 1

Ak e?* + 6k e** + 3B+ 2ke** +2Bx +2C =2e** 4+ 3x+ 1

1

12ke®* =2 5 12k =2k =

23x=3x=>23=3=>3=§
SB+ZC=1=>§+ZC=1=>C=_T7
1

3 7
.‘.yp=g€2x+5x—z and }’:}’h‘l‘Yp
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Example: y"" —y' = 2sinx
m —m=0=>m(m-1)=0
Yh=C¢C1tcer

Yp = Ccosx + Dsinx

y'p = —Csinx + D cosx

y'"'y =—Ccosx — Dsinx

(—Ccosx —Dsinx) — (—Csinx + Dcosx) = 2sinx
—Ccosx —Dsinx+Csinx —Dcosx = 2sinx

C—D=2
—C—-D=0

—2D=2= D =-1
cC=1

Yp = COSX — sinx
Y=Ynt¥

H.W. solve the D.E.

1.y" —y' =5e* —sin2x
2.y" =3y"+2y=5¢*
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