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Complex Numbers 1.1:

One of the advantages of dealing with the real numbers instead of the rational
numbers is that certain equations which do not have any solutions in the rational
numbers have a solution in real numbers. For instance, x? = 2 is such an
equation. However, we also know some equations having no solution in real
numbers, for instance x? = —1 , or x? = —2 . We define a new kind of number
where such equations have solutions. The new kind of numbers will be called
complex numbers.

Definition 1.2:

A complex number is an expression of ordered pairs (x, y) of real numbers. The set
of all complex numbers are denoted by C or C. That is;

C={z=(x,y) ER XR}.

1-Two complex numbers are equal only when there are actually the same. That is;
(x,¥) = (u,v) precisely when x =uand y = v.

2- We define the sum (subtract) and product of two complex numbers:

sum: (x,y) + (w,v) = (x + w,y + v).
Subtract: (x,y) - (w,v) = (x - w,y - v).
Product : (x,y).(w,v) = (xu- yv,xv + yu).

Now let’s consider the arithmetic of the complex numbers with second coordinate
0:
(x,0) + (1,0) = (x + u,0),and (x,0).(u,0) = (xu,0).
We simply use x as an abbreviation for (x, 0) and there is no danger of confusion:
x + wisshort-hand for (x,0) + (u,0) = (x + u,0)and xu is short-hand for
(x,0).(u,0).
Next, notice that
x.(w,v) = (u,v).x = (x,0). (u,v) = (xu,xv). Now then, any complex
number z = (x, y) may be written

z=(xy) =0+ O0y)=x + y(0,1).
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I- Whenwe let i = (0,1), then we have

i> = (0,1).(0,1) = (—1,0), and we have agreed that we can safely abbreviate
(—1,0)as —1.Thus,i?= —1andi=+-1.

ii- z =(x,y) =x+ y(0,1) =x +iy.

The real number x is called the real part denoted by R(z) and real number vy is
called the imaginary part of z, and denoted by Im(z).
Now, suppose z = (x,y) = x + iyandw = (u,v) = u + iv. Then we have
zw = (x + iy).(u + iv)
= xu—yv + i(xv + yu).
3- Let z= x + iy. Define the conjugate of the complex number by Z by
Z=Xx+1iy=x—1y.

I
rF 9 ) .
F=X+1
A% Y
r/
‘! N
rN
__1||.-" I_ )
Z=X—I1V

4- Division: Letz =a+ib, w=c+id and ¢2 + d%? # 0. Then
- a -+ bt (e + &)(c— dr)

W et di (¢ +di)(c— di)
(ac+ bd) + £(bc — ad)
¢t + d*
ac+bd  bc— ad
¢t + d° —H-:rz—l—dE
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5- The modulus(absolute value) of a complex number z = x + iy is defined to
be the nonnegative real number r=|z| =x?+ y2.

If we think of z as a point in the plane (x, y), then r = |z| is the length of the
line segment from the origin to z.

4
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6- Distance: the distance between two complex numbers z; = (x1,y1), 2, =
(x2,y>) is defined as follows:

d(zy,2;) = \/(x1 — %)%+ (V1 —¥2)% = |71 — 2.

Example 1.3:

1- Leta=2+3iandf =1 —1.
aff =2+ 3i)(1 —i)=2(1 — i)+ 3i(1 — i)
=2—2i+3i— 3

=2+4+1i—3(—1)
=243 +i
=5+1i
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2- Write z = % in the form a + ib.

Solution:
1 + 3z
2 — Ha
1 +3i 24+ 54

2 — 51 2+ 5

2+ 5i + 6i + 1547 2 4+ 11d + 1542

A4+ 10 — 108 — 2542 4 — 2542
_ 24 11i—15 13 4+ 114
4425 29
_—13 114
=759 T a9

3-Write z = 3_—Sl in the form a + ib.
249i

Solution:
3—5;2—0;_5—2ﬂ—1m—4m2
249{ 2-—-0;i 4— 18+ 18i — 8142

6 — 37i — 45
 4+81
=39 —3Ti
- 35

39 a7
~ 785 85

4-Write (24 3i).(1 — i)inthe forma + ib

Solution:
(243)(1-8) = 2-14+2-(-O)+3-143i - (-4
= 2-2+3f -3¢
= 2-A+3-3-(-1)
= 541

5
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Polar Coordinatesl.4:

Letz = (x,y) = x + iy be a complex number. We know that any point in
the plane can be represented by polar coordinates (r, 6).

Let
r=|z|= Jx2 + y?
If (r, 8) are the polar coordinates of the point (x, y) in the plane, then
X=rcos6 andy=rsin@.
Hence, z = r(cos 6 + i sin 8)=cisf = re®®.
A (x5, ¥)

iyzrsinﬂ

0 .
—=—x = ¥ cosd ——=|

Y

The number 6 is called an argument (angle) of z and we write
6 = arg=arctan() .
Thus a complex numbers has an infinite number of arguments, any two of which

differ by an integral multiple of 2m; that is,
pi(0+2m) — 6

The principal argument of z is the unique argument that lies on the interval
[0,27) (in some books (—m,m]).
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Algebraic Properties of Complex Numbers 1.5:

1- Commutative law for addition:
21 +2,=2,+173.
2- Commutative law for multiplication:
212, = 252;.
3- Associative law for addition:
20+ (22 +23) = (22 + 22) + 23
4- Associative law for multiplication:

21(2923) = (2122)23
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5-Multiplication is distributive with respect to addition:
21(22 + 23) = 425 + 7423

6- The product of two complex numbers is zero if and only if at least one of
the factors is zero. That is; if

z1Z, = 0 then either z; =0 orz, = 0.

7- Additive Inverses:
Any complex number z has a unique negative -z suchthatz + (-2z) =

Ifz = x + yi, the negative -z =- x - yi.

8- Multiplicative Inverses:
. . . 1 -
Any nonzero complex number z = x + yi has a unique inverse -=z Lsuch that

— 1 1 X . =
zz7l =1.Thus, == — == 2+lzy2
z x4y  x2+y x2+y

9- Additive Identity.
There is a complex number w such that z + w = z for all complex numbers z.
The number w is the ordered pair (0, 0).

10- Multiplicative Identity.
There is a complex number w such that zw = z for all complex numbers z. The
ordered pair (1,0) = 1 + 0i is the unique complex number with this property.

11- [z12]= |21 | |22 |.

12- |z2]=VzzZ =|z|.

13-z ¥ 2, =5 F 3.
14zlzl—zlzzand( )— er,tO

15- 7 = z.
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16-Triangle Inequality:
i- |Z,+ Z,| = | Z,| + |Z,| . (Without prove).
ii- |Z, + ZZ| = |2y - |Z,] .
i~ (2,-ZJZ |2 12
Iv- Ly + 2, + Ly < |Z1] + |Z,| + |Zs).
17- 1If z1=r,[(cos(8,) + i(sin(6,)]=e'®: and
Z,= r,[(cos(8,) + i(sin(B,)]=e2 then
212y = rlrg[(COS(91 + 92) + i(Sin(91 + 92)]=I‘1l‘gei(91+92) and

217, = 11/ 1, [(cos(0; — 6,) +i(Sin(8; — 0,)]=ri/ r,ei®1792) » 1, = 0.

18- De Moivre’s Formula. Let z = re'? = r(cos8 + isin8). Then

" = r"(cosnf + isinnf) = rte? .

Example 1.6:
1- Write 1 — i, in the polar coordinate.
Solution:
= I I
I —i (4)+15m(4)

- cos( 4)+fsm( T))

= \E(cos( C)J? ) +15111( 395 ))
efc., efc., efc. Each of the numbers % —» and %

2- Write z = 1 —iv/3 in the polar coordinate.
Solution:

The point is located in Quadrant IV,
x=1and y=—+3

f 1 .
So, sinf@ =7 =—qJIT' and L'L:ngﬂi =— 0<0<2n

r . r

b2 | —

Sm

St

;)

- Sm e i -
I'hen H:T and r =2, so the polar form is z = r(cosf +isin@ ) = ?.[::mTﬂmn—

1s an argument of 1 —i.
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3- Write z = (1 + i)® in the form a + ib.
Solution:
First we write w = (1 + i) in the polar coordinate.

r=|w|=+(1)2+ (1)2 =+2. 6 = arctan G) = arctan(1). Since w lies in the

T

first quadrant, therefore, 6 = T 45°. So, by De Moivre’s Formula

8 T
z=w8 = r8¢is(86) = V2 cis (87) = 2%cis(2m) = 16(1 + 0i) = 16.

Geometry of Arithmetic 1.7:

Since we can picture complex numbers as points in the complex plane, we can
also try to visualize the arithmetic operations “addition” and “multiplication.”

1- To add z and w one forms the parallelogram with the origin, z and w as
vertices. The fourth vertex thenis z + w.

z + w

A

2- To understand multiplication we first look at multiplication with i.
If z = a+ bi, then
iz =1i(a + bi) =ia + bi2 = ai — b = —b + ai.
Thus, to form iz from the complex number z one rotates z counterclockwise by 90
degrees.

10
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=i \-""luljfi; |iL"1in1:.-['| A

2id ir=—b+ai

l'.‘- s :’

=a+ b

£

If a is any real number, then multiplication of w = ¢ + di by a gives
aw = ac + adi,

Y

So, aw points in the same direction, but is a times as far away from the origin. If
a < 0 then aw points in the opposite direction.
Next, to multiply z = a + biandw = ¢ + di we write the product as

zw = (a + bi)w = aw + biw.

11
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aw+biw

biw

aw a+bi

i

- 0 0
‘ | N

Complex Roots of a Number 1.8:
For any given complex number w # 0 there is a method of finding all complex
solutions of the equation

ifn=2,3,4, ...isagiven integer.
To find these solutions you write w in polar form, that is, you find » > 0and 6
such that w = re®®. Then
7z = rl/negif/n — W = wl/n

Is a solution to (1). But it isn’t the only solution, because the angle 8 for which
w = re'? isn’t unique, it is only determined up to a multiple of 2. Thus, if we
have found one angle @ for which w = re'®, then we can also write

w = ret@+2km) =0 F1,7F2, ...
The n"roots of w are then

.0 k
z, = ri/me'GTAm) = p1/n[cos (% + 2715) + isin(% + 2715)].
Here k can be any integer, so it looks as if there are infinitely many solutions.

However, if you increase k by n, then the exponent above increases by 2mi, and
hence z, does not change. In a formula:

Zn = 20y Zn+1= 21y Znt2 = Z2) -0 Zntk = Zk.
Soifyoutake k = 0,1,2,...,n— 1 then you have had all the solutions.
Example 1.9:
1- Find all sixth roots of w = 1.
Solution: We have to solve z® = 1. First we write 1 in polar form.

12
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Then we take the 6™ root and find
2, = 11/8e2Fm/6 — Ghmif3 (k=0,+1,+2,...).

The six roots are

2- Find all cubic roots of w = —1 +i.
Solution:

Let z3 = w. First we write —1 + i in polar form.

r=lwl =D+ 1)2=V2

6 = arctan (_Tl) = arctanif{—1). Since w lies in the second quadrant, therefore,
6 =2=135"
4
.0 k
z, = r1/me'GTEm) = y1/n[cos (% + ZHS) + isin(% + 27‘[%)].
n=3, k =0,1,2.

3
k=0 z5= V2Pl = 21/6[cos G) + isin(%)].
k=1 2z = \/El/gei(%””%) = 21/%[cos (% + 2n%) + isin(% + 271%)
= 2V/[cos (111—;) + isin(lll—zn)].
k=2: Zy = \/El/ 3
= 2V/%[cos (119—;) + isin(llg—zn)].

3 .M, 2 T 2 T 2
e @23 = 21/6[cos <Z + 27t—> + isin(Z + 27‘[§)

13
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k=0

i
NI

3- Find the solution of the equation z° + 32 = 0.
Solution:
First we write w = —32 in polar form.

r=|w| =.(-32)% + (0)2 = 32.

6 = arctan (_%2) = arctan{0). Since w lies in the second quadrant, therefore,

0 =m.

.0 k
z = r/me!a?) = p1mfcos (24 2n ) + isin( + 2m5)].
n=5, k =0,1,2,3,4.

It

: orck ok
(—32)1/5 — 391/5 !{_:os(g-l— . )+isin(§+ . )] . k=0,1,2,3,4

5 5 5 5
that is,
+Imz

k=0: 2 (ms T +isin %) /t i,
k=1: 2((0&, —|—1%1113"r) \\
k=2: =2 k=2 ‘
k=3: 2 (( 0s ™ 1 jsin 7; ) I‘\\
k=4: ‘2((0&—4—5&1119%) \‘_5 /k4

14
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Exercisel.10:
1- Write in polar form re'?, the following:

1) i -2 B)V3+3i (4) —3i 5)1—iv3 (6)1+iV3 (7)4i.

2- Put the following complex numbers in the form x + iy.
(1) e3™ (2) 3e's (3)me 3 (4) e™F (5) ei100T,

3- Put (=1 + )19 in the form x + iy.

4-Letz; =3+ 3i,2, = 1 +iV2, z3 = 4i. Find the following in the form
x + iy.
75 (zf + 25)?

Z1 Zy

) 3
5- Prove that (_11;“/?) = 1.

6- Prove that (1 + )" + (1 — )" = 27 cos(").
7- Prove by polar form that i(1 — iv3)(V3 +i) = 2 +i2V3.

8- Find the modulus of the following:
—2+3i
@) |

3-2i
(2) |1—4i|

4431

9- Find and draw all real complex solutions of the following:

(1) 22 + 7z + 10 = 0. (2) 23 +8=0.

(3) z> — 16z = 0. (4) z>-32=0.

(5) z* +2z2 -3 =0. (6) 3z% = z3 + 2.

(7) z3 — 125 = 0. (8) z2 + 6z + 10 = 0.

10- Compute the following:
(1) |(1 = iV3)2 = (4 — iV3)].
(2) |(3 =25 —iv2)|.

15
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Polynomial Functions

Definition 2.1: (Polynomial Function)

If n Is a nonnegative integer, a function in one variable that can be written in
the form
Px) = anx™ + ap,_1x" '+ ...+ ax + ay an ¥ 0 --- (1)
is called a polynomial function of degree n. The numbers
a,, an_1,-.--,a1,aq are called the coefficients of P(x).
Remark 2.2:

(i)  We will assume that the coefficients of a polynomial function are
complex numbers, or real numbers, or rational numbers, or integers,
depending on our interest. Similarly, the domain of a polynomial function
can be the set of complex numbers, the set of real numbers, or an
appropriate subset of either, depending on the situation.

(i) Ifn=0anday# 0,then (1) consists only the number a, and its
degree is 0.

(ili)  The polynomial consisting of just the number 0 does not have degree,
and it is called Zero polynomial(function), P(x) = 0.

(iv) The coefficient an is called the leading coefficient.

(v)  The coefficient a is called the constant term.

(vi) Eacha;x' i =0,1,...,nis called a term of the polynomial.

Examples 2.3:

i) f&x) = ax + b, a=+0 (Linear function).
(1) The degree is 1.

(2) The coefficients are a; = a, ay = b.

(3) The leading coefficient is a.

(4) The constant term is b.

(5) The terms are ax, b.

(i) f(x) = ax* + bx + c, a# 0(Quadratic function).
(1) The degree is 2.

(2) The coefficientsarea, = a, a; = b, aqy = c.

(3) The leading coefficient is a.

(4) The constant term is c.

(5) The terms are ax?, bx, c.

15
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(i) f(x) = ax® + bx?*+ cx + d, a =+ 0 (Cubic function).
(1) The degree is 3.

(2) The coefficientsare as; = a, a, = b, a; = ¢, ag = d.

(3) The leading coefficient is a.

(4) The constant termis d.

(5) The terms are ax3, bx?cx, d.

Properties of Polynomials 2.4:
Let p(x) =a,x" +a,_1x" 1+ +ax +ay =21 ,a;xt

and

m
q(x) = b, x™ + b, _1x™ 1+ -+ bx +by= Z b; x’
j=0
be two polynomials. Then
i) px)=qx)en=m and a, =b,,a,_1 =b,_1,...a9 = by.
(i) If m < nthenp(x) + q(x) is a polynomial of degree < n.

p(x) =x?—-2x+1 q(x) =5x —x?+1
p(X)+qx) =1 —-1Dx*>+(-2+5)x+(1+1)=3x+2 (of degree 1).
(iii) p(x) - q(x) is a polynomial of degree n + m.

p(x) =x?—-2x+1 q(x) =5x —x*+1
p(x) q(x) =x?(5x —x>+1) —2x(5x —x2+ 1) + 5Gx —x? + 1)
= —x*+7x3 —10x*> +3x + 1 (of degree 4).
(iv) If p(x)#0 andp(x)-q(x) =0thenq(x) =0andif q(x) # 0 and
f(x)-q(x) =p(x) - q(x) then f(x) = p(x).

Definition 2.5: (Zeros or Roots)
A number r is said to be a zero or root of a function P(x) if P(r) = 0.

The zeros of P(x) are the solutions of the equation P(x) = 0. So if the
coefficients of a polynomial P(x) are real numbers, then the real zeros of P(x)
are just the x intercepts of the graph of P(x). For example, the real zeros of the
polynomial P(x) = x? — 4 are 2 and —2, the x- intercepts of the graph of
P(x) [Fig. (a)]. However, a polynomial may have zeros that are not x - intercepts.
Q(x) = x% + 4, for example, has zeros 2i and —2i, but its graph has no

16



Finite Mathematics 11 Polynomial Functions College of Science\ Dept. of Math.

Chapter Two
x- intercepts [Fig. (b)].
10 10
=Hz-4 BERS
-10
it =1 =i =Y
-10 -10
(a) (b)
Example 2.6:

Graph the polynomial P(x) = x3 —12x — 16, —5 < x < 5. List the real
zZeros points.

Solution: First we construct a table of values by calculating P(x) for each integer
X, =5 <x < 5.

X P(x) X P(x)
-5 —81 1 =27 y
4 -3 2 22 i
-3 —17 3 —25
=2 0 4 0 3 * I
—1 =3 5 49
0 —16 =100

17
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Then we plot the points in the table and join them with a smooth curve. The zeros
are —2 and 4.

Caution 2.7: Finding the real zeros points of a polynomial is usually more
difficult than suggested by the example. In example above, how did we know that
the real zeros were between —5 and 5 rather than between, say, 95 and 105? Could
there be another real zero just to the left or right of —2?

To answer such questions we must view polynomials from an algebraic
perspective. Polynomials can be factored. So next we will study the division and
factorization of polynomials.

Polynomial Division 2.8:
We can find quotients of polynomials by a long-division process similar to the one
used in arithmetic. Example below will illustrate the process.

Example 2.9: (Polynomial Long Division)
Divide P(x) = 3x3 — 5 +2x* —x by (2 + x).

Solution: First, rewrite the dividend P(x) in descending powers of x, inserting 0
as the coefficient for any missing terms of degree less than 4:

P(x) = 2x*+3x3 +0x? —x — 5.

Similarly, rewrite the divisor (2 + x).in the form (x + 2). Then divide the first
term x of the divisor into the first term 2x* of the dividend. Multiply the result,
2x3, by the divisor, obtaining 2x* + 4x°. Line up like terms, subtract as in
arithmetic, and bring down 0x®. Repeat the process until the degree of the
remainder is less than the degree of the divisor.

18
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W-x+h-5 Quotient
Divisor X t 252:::4 +W+ 0 -1 -5 Dividend
it + 4y Subtract
- + 0
—I3 - 2,‘{‘2 Subtract
w0 - x
2w+ Ay Subtract
== 3
=5 — 10 subtract
5 Remainder
Therefore,
2w+ -y -5 5

=0 -xX+h-5+—
x+2 v : x+2

CHECK You can always check division using multiplication:

¥+ -+ -5+
( ] x+2
=@+ -+ -5 +5
=0+ —x -3
The procedure illustrated in example above is called the division algorithm. The

concluding equation of example may be multiplied by the divisor (x + 2) to give
the following form:

Multiply and
collect like terms

Dividend =  Divisor - Quotient + Remainder

2P +3 —x—5=x+2)2° —x*+2x—5)+5

This last equation is an identity: it is true for all replacements of x by real or
complex numbers including x = —2. Theorem below, which we state without
proof, gives the general result of applying the division algorithm when the divisor
has the form (x —r).

19
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Theorem 2.10: (Division Algorithm)

For each polynomial P(x) of degree greater than 0 and each number r, there exists
a unique polynomial Q (x) of degree less than P(x) and a unique number R such
that

P(x) = (x — r)Q(x) + R.

The polynomial P(x) is called the dividend, Q (x) is the quotient, (x - r) is the
divisor, and R is the remainder. Note that R may be 0.

Synthetic Division 2.11:

Divide P(x)= 3x3 — 5 +2x*—x by (2+ x).
synthetic division for the long division of P(x). First write the coefficients of the
dividend and the negative of the constant term of the divisor in the format shown
below at the left. Bring down the 2 as indicated next on the right, multiply
by —2, and record the product —4. Add 3 and —4, bringing down their sum —1.
Repeat the process until the coefficients of the quotient and the remainder are
obtained.

Dividend coefficients Dividend coefficients

23 0 -1 -5 23 0 -1 -5

—4‘ 2‘ —4‘ 10

" - , : ‘
2/~ /=50
Negative of constant ‘ e
term of divisor Quotient Remainder

coefficients

20
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KEY STEPS IN THE SYNTHETIC DIVISION PROCESS
To divide the polynomial P(x) by x —

Step 1. Arrange the coefficients of P(x) in order of descending powers of x. Write
0 as the coefficient for each missing power.

Step 2. After writing the divisor in the form x — », use r to generate the second
and third rows of numbers as follows. Bring down the first coefficient of

the dividend and m.altiply it by »; then add the product to the second coef-
ficient of the dividend. Multiply this sum by r, and add the product to the
third coefficient of the dividend. Repeat the process until a product is added
to the constant term of P(x).

The last number to the right in the third row of numbers is the remainder.
The other numbers in the third row are the coefficients of the quotient,
which is of degree less than P(x).

Example 2.12: Use synthetic division to divide
P(x) = 4x> —30x3 —50x —2 by (x + 3).
Find the quotient and remainder. Write the conclusion in the form
P(x) = (x —r)Q(x) + R
of Division Algorithm Theorem.
Solution: Because x +3 = x — (—3), we haver = =3 and

4 0 =30 0 —50 =2
—-12 36 —-18 54 -—12
314 —12 6 —I18 4 —14
The quotient is 4x* — 12x° + 6x> — 18x + 4 with a remainder of —14. So
b’ — 300 —S0x — 2 =(x + 3)dx* — 120 + 6x° — 18x + 4) — 14

Major Problems 2.13:
(i)  Given that P(x) is a polynomial and r is a number, find P (7).
(i)  Given that P(x) is a polynomial and M is a number, find the solution set
of the polynomial equation P(x) = M.

21
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Theorem 2.14: (Remainder Theorem)

If R is the remainder after dividing the polynomial P(x) by ( x - r), then
P(r) =R.

Example 2.15: If P(x) = 4x* + 10x3 + 19x + 5, find P(=3) by
(i) Using the remainder theorem and synthetic division.

(if) Evaluating P(—3) directly.

Solution:

(1)  Use synthetic division to divide P(x) by x — (=3).

4 10 0 19 5
i3 & =g -3
~3 4 =9 6 1 2 =R=P=3)

P(=3) = 4(=3)* +10(=3)® + 19(—3) + 5=2.

Theorem 2.16: ( Factor Theorem)

If r is a zero of the polynomial P(x), then (x - r) is a factor of P(x). Conversely,
If (x — r)isafactor of P(x), then r is a zero of P(x).
Proof:
The remainder theorem shows that the division algorithm equation,

P(x) = (x —r)Q(x) + R
can be written in the form where R is replaced by P(r):

P(x) = (x —m)Q(x) + P(r)

Therefore, x-r is a factor of P(x) if and only if P(r) = 0, that is, if and only if
r is a zero of the polynomial P (x).

Example 2.17: J

Use the factor theorem to show that x + 1 is a factor of P(x) = x™ + 1 but is not a factor

of O(x) = x> — 1.

SOLUTION?

Because
P =(-1)"+1=-1+1=0

x —(—1)=2x + 1 is a factor of x> + 1. On the other hand,
o-H=(-DHP-1=—-1-1=-2

and x + 1 is not a factor of x*° — 1. o
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Example 2.18:
Find the remainder when f(x) = 2x* — 3x3 + 7x is divided by (x + 2).
Solution:

(i)  Remainder Theorem. Since (x —r) = (x + 2), it follows that

r = —2. Thus,

R=f(=2)=32+24—14 =42,
(i)  Long Division.
2x3 — 7x%® + 14x — 21
(x+2)| 2x*=3x3+0x*+7x+0
F2x* F 4x3
—7x34+0x% +7x+ 0

+7x3 + 14x2

14x2 +7x+ 0

F14x% F 28x

—21x+0

+21x + 42

+42

This division shows that not only that the remainder is 42 but also that quotient
q(x)is q(x) = 2x3 — 7x% + 14x — 21.

(ili)  Synthetic substitution.
2 =3 +0 +7 +0

—4 +14 —28 +42
—2[ 2 —7 +14 —21 +42=R=f(-2)

Now compare the other number in line three with the coefficient in g(x); they are
identical.
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Example 2.19: Find the quotient and remainder when f(x) = 2x3 —3x% + 4 is
divided by (x — 2).

Solution:

Here, x —a = x — 2, and hence a = 2. Using synthetic division, we obtain

2 -3 40 +4

+4 +2 +4
2 2 +1 +2 +8=R=f(2)

Thus, q(x) = 2x?>+x+2and R = 8.
We can check this result by long division.

Example 2.20: Determine whether (x — 2) is a factor of f(x) = x® — 64.

Solution:

(i)  Factor theorem. a =2, f(2) = 2% — 64 = 64 — 64 = 0.
Thus, x — 2 is a factor of f(x).
(i)  Synthetic division.

1 +0 +0 +0+0+ 0 —64

+2 +4 +8 +16 +32 +64
2 1+2+4 +8 +16+32 +0=R = f(2)

Hence, x — 2 is a factor of f(x) = x® — 64 and the second factor is

x° + 2x* + 4x3 + 8x%2 + 16x + 32. That is,

f(x) =x%—64=(x—2)(x>+2x* + 4x3 + 8x% + 16x + 32).
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Example 2.21: Determine whether (x — 1) is a factor of

f(x) =x3+7x% —3x — 4.
Solution: Synthetic division gives
1 +7 -3 —4

+1 +8 +5
1|1 +8 +5 +1=R=f(1)

Since f(1) =1 # 0,then x — 1 is not a factor of the given polynomial.

Theorem 2.22: (Zeros of Polynomials)
A polynomial of degree n with real coefficients has at most n real zeros.

Example 2.23:

(i) f(x)=x%-—1=(x+1)(x— 1) hastwo real roots 1 and -1.
(i)  f(x) = x% + 1 has no real roots.
(i) f(x)=x3+x*2+x+1=(x+1)(x*+ 1) has one real roots -1.

Let P(x) = anx™ + a,,_1x" '+ ...+ ax + ay an * 0

(i) a; arecomplex coefficients — Complex zeros(Imaginary zeros).

Pure real zeros
Pure complex zeros
Real zeros and complex zeros

(ii) a; are real coefficients _

Real Zeros 2.24:

The real zeros of a polynomial P(x) with real coefficients are just the x- intercepts
of the graph of P(x). So an obvious strategy for finding the real zeros consists of
two steps:

(1) Graph P(x).

(2) Approximate each x- intercept.
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We emphasize the approximation of real zeros in this section; the problem of
finding zeros exactly, when possible, is considered later.

Theorem 2.25: (Descartes Rule of Signs)

Given a polynomial P(x) with real coefficients:

(1) Positive Zero: The number of positive zeros of P(x) is never greater than the
number of variations in sign P(x) and if less than always by an even number.

(2) Negative Zero: The number of negative zeros of P(x) is never greater than the
number of variations in sign P(—x) and if less than always by an even number.
Example 2.26: Construct a table showing the possible combination of positive,
negative and imaginary zero of the following polynomials:

(1) P(x) = 3x* — 2x3 + 3x — 5.

(2) Q(x) = 2x% + x* — x + 3.

Solution:

(1) P(—x)=3x*+2x3—-3x—5. (2)Q(—x) =2x° +x*+x+3
+ - I + — I
3 1 0 2 0 4
1 1 2 0 0 6

Theorem 2.27: (Upper and Lower Bound Theorem)

Let P(x) be a polynomial of degree n = 0 with real coefficients, a, = 0:

. Upper bound: A number » > 0 is an upper bound for the real zeros of P(x) if,
when P(x) is divided by x — r by synthetic division, all numbers in the
quotient row, including the remainder, are nonnegative.

2. Lower bound: A number » < 0 is a lower bound for the real zeros of P(x) if,
when P(x) is divided by x — r by synthetic division, all numbers in the
quotient row, including the remainder, alternate in sign.

[Note: In the lower bound test, if 0 appears in one or more places in the quotient
row, including the remainder, the sign in front of it can be considered either positive
or negative, but not both. For example, the numbers 1, 0, 1 can be considered to
alternate in sign, whereas 1, 0, —1 cannot.]
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Example 2.28:

Let P(x) =x"—2x> —10x* + 40x — 90. Find the smallest positive integer and the
largest negative integer that, by Upper and Lower Bound Theorem, are upper and
lower bounds, respectively, for the real zeros of P(x).

Solution:

We perform synthetic division for r = 1, 2,3, ... until the quotient row turns
nonnegative;

then repeat this process for r = —1,—2,—3, ... until the quotient row alternates
in sign.

We organize these results in the synthetic division table shown below. In a
synthetic division table we dispense with writing the product of 7 with each
coefficient in the quotient and simply list the results in the table.

[ -2 =10 40 -90
Ly -1 =1 29 -6l
2010 =100 20 =50

9 -3

LA ]

—

—
I

411 2 -2 3 40
T N N {_c[This quotient row is nonnegative;
UB ) : . 63 233 [SisaﬂLI|J|JEI'bt}LII1E|:UBj.
-1 =3 =T 4T =13 ; / 5
=201 -4 -2 4 -7 LTI P &
el B N A i (X
411 -6 14 -6 -26 20

[This quotient row alternates in sign;

B 511 -7 25 -8 335

| =5 is a lower bound (LB).

The graph of P(x) =x" —2x* —10x* + 40x — 90 for —5 < x < 5 is shown in the
above Figure. Upper and Lower Bound Theorem guarantees that all the real zeros
of P(x) are between —5 and 5. We can be certain that the graph does not change
direction and cross the x- axis somewhere outside the viewing window in the
Figure.
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Example 2.29:

Let P(x) =x3 —30x? + 275x — 720. Find the smallest positive integer multiple
of 10 and the largest negative integer multiple of 10 that, by Upper and Lower
Bound Theorem, are upper and lower bounds, respectively, for the real zeros of
P(x).

Solution: We construct a synthetic division table to search for bounds for the
zeros of P(x). The size of the coefficients in P(x) indicates that we can speed up
this search by choosing larger increments between test values.

=30 275 =720

1
10 |11 =20 75 30
20 11 =10 75 780
UB 30 |1 0 275 7,530
LB 10 11 —40 675 —7470

Therefore, all real zeros of P(x) = x* — 30x* + 275x — 720 must lie between —10 and
30, as confirmed by in the figure below. .

N

Theorem 2.30: (Location Theorem)

If P(x) is a polynomial with real coefficients and if P(a) and P(b) are of
opposite sign, then there is at least one real zero between a and b.

Example 2.31: Show that there is at least one real zero of

P(x) =x*—2x3—6x2+6x+9

between 1 and 2.
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Solution: It is enough to show that P(1) and P(2) have opposite signs.
1 -2 -6 6 9 1 -2 -6 6 9

1 -1 -7 -1 2 0 —12 —12

1/11 -1 -7 —1 8=P1) 2|1 0 -6 —6 —3=P(2)

Complex Zeros and Rational Zeros of Polynomials 2.32:

(1) The Fundamental Theorem of Algebra.
(i)  Factors of Polynomials with Real Coefficient.
(ili)  Rational Zeros of Polynomials with Real Coefficient.

Theorem 2.33: (Fundamental Theorem of Algebra)
Every polynomial of degree n > 0 with complex coefficients has a complex zero.

Theorem 2.34: (n Linear Factors Theorem)
Every polynomial of degree n > 0 with complex coefficients can be factored as a
product of n linear factors.
Proof:
If P(x) is a polynomial of degree n > 0 with complex coefficients, then by
Fundamental Theorem of Algebra it has a zero ry. So (x - ry) is a factor of P(x) by
Factor Theorem, and

P(x) = (x — )Q(x), degQ(x)= n- 1.
Now, if deg Q(x) > 0, then, applying the Fundamental Theorem to Q(x), Q(x)
has a root r, and therefore a factor (x — r, ). (It is possible that r, is equal to r;.)
By continuing this reasoning we obtain a proof of the theorem.

Definition 2.35: The number of linear factors that have zero r is said to be the
multiplicity of r.

Example 2.36: The polynomial

P(x) = (x — 5)3(x+ 1?(x — 6i)(x + 2+ 3i) has degree 7 and is written
as a product of seven linear factors. P(x) has just four zeros,

namely 5,—1, 6i,and —2 — 3i.

Because the factor (x — 5) appears to the power 3, we say that the zero 5 has
multiplicity 3.
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—1 has multiplicity 2,

6i has multiplicity 1

(—2 — 3i) has multiplicity 1.

A zero of multiplicity 2 is called a double zero, and a zero of multiplicity 3 is
called triple zero.

Note that the sum of the multiplicities is always equal to the degree
of the polynomial: for P(x) 3+2+1+1=17.

Factors of Polynomials with Real Coefficients 2.37:

Theorem 2.38: (Imaginary Zeros of Polynomials with Real Coefficients)
Imaginary zeros of polynomials with real coefficients, if they exist, occur in
conjugate pairs.

Proof: The prove is given for quadratic polynomial ( polynomial of degree 2). By
same way for degree > 2.

[f p+giisazeroof Px) = ax’ + bx + ¢, where a, b, ¢, p, and ¢ are real numbers, then

P(p +qi)=10
alp + qf}z +b(p+gi)+ ¢ =0 Take the conjugate of both sides
ap+qif +b(p+q)tc=0 Trw=i+wm-7w
E(p+qf}2+5(p+q:')+E=ﬁ I=zifzisreal, p+qi=p-qi
a(p = qiy + b(p = gi) + ¢ =0

P(p—qi)=0

Therefore, p — gi 1s also a zero of P(x). This method of proof can be applied to any poly-

nomial P(x) of degree n > ( with real coefficients,

Theorem 2.39: (Linear and Quadratic Factors Theorem)

If P(x) is a polynomial of degree n > 0 with real coefficients, then P(x) can be
factored as a product of linear factors (with real coefficients) and quadratic factors
(with real coefficients and imaginary zeros).
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Proof:
If a polynomial P(x) of degree n > 0 has real coefficients and a linear factor of
the formx — (p + qi) where g # 0, then, by Imaginary Zeros of Polynomials
with Real Coefficients Theorem, P(x) also has the linear factor x — (p — qi).
But

[x — (p +q)][x —(p —qi)] =x"—2px +p° - ¢’
which is a quadratic factor of P(x) with real coefficients and imaginary zeros.

Example 2.40:

Factor P(x) =x° + X% + 4x+ 4 in two ways:

(1)  Asaproduct of linear factors (with real coefficients) and quadratic factors
(with real coefficients and imaginary zeros)

(i)  Asa product of linear factors with complex coefficients

Solution:

(1) Note that P(—1) = 0, so —1 is a zero of P(x). Therefore, (x + 1)isa
factor of P(x). Using synthetic division, the quotient is x* +4, which has
Imaginary roots. Therefore,

P(x) = (x+1)(x" + 4)

An alternative solution is to factor by grouping:

X2+ X2+ 4AX + 4 = X3(x + 1) +4(x +1)
= (X + 4)(x + 1).
(ii) Because x* + 4 has roots 2i and -2i,
P(X) = (x +1)(x - 2i )(x + 2i ).

Theorem 2.41: (Real Zeros and Polynomials of Odd Degree)
Every polynomial of odd degree with real coefficients has at least one real zero.

Example 2.42: Let P(x) be a third-degree polynomial with real coefficients. Are
the following statements is false?

(1) P(x) has at least one real zero.

(2) P(x) has three zero.

(3) P(x) can have two real zero and one imaginary zero.

Solution:

(1) True

(2) True.

(3) False.
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Example 2.43: What are the possible combinations of real and imaginary zeros
for the polynomial ~ P(x) = 3x® — 2x* + x% — V2x — 5.

Solution:
Real Imaginary
1 4
3 2
5 0

Rational Zeros 2.44:
First note that a polynomial with rational coefficients can always be written as a
constant times a polynomial with integer coefficients. For example,

P( L J
x)—zx 3X T X

P(x) = %(6x3 —8x2+21x + 60).

Because the zeros of P(x) are the zeros of 6x3 — 8x2 + 21x + 60, itis
sufficient, for the purpose of finding rational zeros of polynomials with rational
coefficients, to study just the polynomials with integer coefficients.

We introduce the rational zero theorem by examining the following quadratic
polynomial whose zeros can be found easily by factoring:

P(x) = 6x* - 13x- 5 = (2x - 5)(3x + 1)
Zeros of P(x): g and _?1

Notice that the numerators 5 and -1 of the zeros are both integer factors of -5, the
constant term in P(x). The denominators 2 and 3 of the zeros are both integer

factors of 6, the leading coefficient in P(x).
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Theorem 2.45: (Rational Zero Theorem)
If the rational number b/c, in lowest terms, is a zero of the polynomial

Px)=apx" +a, X" '+ -+ax+a, a,#0

with integer coefficients, then b must be an integer factor of a; and ¢ must be an
integer factor of a,.

Pix) =ax" +a,_ " '+ - +ax+a,

b
— b must be a

c
¢ must be a factor of a,

factor of a,

Remark 2.46: Rational Zero Theorem enables us to construct a finite list of
possible rational zeros of P(x). Each number in the list must then be tested to
determine whether or not it is actually a zero.

Example 2.47:

Find all the rational zeros for P(x) = 2x° + 9x* + 7x — 6.
If b/c in lowest terms is a rational zero of P(x), then b must be a factor of —6 and ¢ must
be a factor of 2.

Possible values of b are the integer factors of —6: X1, £2, £3, +6 (1)

Possible values of ¢ are the integer factors of 2: =1, £2 (2)
Writing all possible fractions b/c where b is from (2) and ¢ is from (3), we have
Possible rational zeros for P(x): £1, X2, =3, X6, i%, i% (3)

[Note that all fractions are in lowest terms and duplicates like *6/=2 = £3 are
not repeated.] If P(x) has any rational zeros, they must be in list (4). We can test each num-
ber r in this list simply by evaluating P(r).
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Here, —3,—2 and % are rational zeros of P(x). Because a third-degree polynomial

can have at most three zeros, we have found all the rational zeros. There is no need
to test the remaining candidates in list (3).

Remark 2.48:

As we saw in the solution of the above example, rational zeros can be located by
simply evaluating the polynomial. However, if we want to find multiple zeros,
Imaginary zeros, or exact values of irrational zeros, we need to consider reduced
polynomials.

If  is a zero of a polynomial P(x), then we can write

P(x) = (x = r)Q(x)

where Q(x) is a polynomial of degree one less than the degree of P(x). The quotient poly-
nomial O(x) is called a reduced polynomial for P(x). Inabove example, after determining
that —3 is a zero of P(x), we can write

2 9 7 -6
-6 -9 6
=312 3 =2 0
P)=20+9%" +Tx - 6
=(r+3)2° +3x -2
= (x + 3)0(x)

. .‘ . . .
Because the reduced polynomial O(x) = 2™ + 3x — 2 is a quadratic, we can find its zeros
by factoring or the quadratic formula. We get

PO =+ +x -2 =x+3)x+22x-1)

and we see that the zeros of P(x) are =3, =2, and 3, as before.
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Example 2.49:

Find all zeros exactly for P(x) = 0 — T + 4y + 3.

First, list the possible rational zeros:

+],+3 1 +3

—_—Ty =7

P-H)=-1 and PE=0
Su% Is a zero, but —{: is not. Using synthetic division (details omitted), we can write
P(x) = (x = 5)(2x* — 4x = 2)

Because the reduced polynomial is quadratic, we can use the quadratic formula to find the
exact values of the remaining zeros:

W —dx—2=0 Divide both sides by 2.
.\‘2 - 2x—-1=0 Use the quadratic formula.
25 V4 =41)-1)
_'r =
2
2+2V2
=== —=1+\V2

So the exact zeros of P(x) are -} and | = V2.
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Example 2.50:
Find all zeros exactly for P(x) = =6 + 14 - 14 + S
Solution:

The possible rational zeros are =1 and £5. P(1) = 0,

Using synthetic division (details omitted), we find that

Px) = (x = 1) = 5x° + 9% = 5)
The possible rational zeros of the reduced polynomial
O =x -5 +9%—35

are =1 and *35. By substituting 1 in Q(x), we see that 1 is a rational zero, After
a division, we have a quadratic reduced polynomial:

O(x) = (x — N0,(x) = (x — 1)x’ — 4x + )
We use the quadratic formula to find the zeros of O, (x):

Y-d+5=0

4+ V16 — 4(1)(5)
B 2
4V

"

S

X

=2

So, the exact zeros of P(x) are 1 (multiplicity 2), (2 + i),and (2 - i).
Remark 2.51:

We were successful in finding all the zeros of the polynomials in the above
examples because we could find sufficient rational zeros to reduce the original
polynomial to a quadratic. This is not always possible. For example, the
polynomial

P(x)=x3+6x—2
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has no rational zeros, but does have an irrational zero at x ~ 0.32748. The other
two zeros are imaginary. The techniques we have developed will not find the exact
value of these roots.

The following examples summarize the strategy for finding rational zeros.
Example 2.52:

(1) Find all rational zeros for P(x) = 2x3 — x? — 8x + 4.

Solution:

Step 1. List the possible rational zeros: +1, +2, +4, + %

Step 2. List possible combinations of zeros:

P(x) =6€3\— x? —/8x\+ 4

P(—x) = —2x3 —x*+8x+ 4

N—
+ = 1
2 1 0
0 1 2
Step 3. Construct a synthetic division table start with » = 0.
2 —1 —8 4
0 2 -1 —8 4 ] P(x) change sign
1 2 1 -7 -3
1 2 0 -8 0 % is zero of P(x)
2

1
P() = (x - 1QW) = (x - 5) @x* - 8)
Using quadratic formula to find the zeros of (2x% — 8)

+64
=

X =

Thus, the rational zeros of P(x) are +2,

(2) Find all zeros for P(x) = 2x3 — 5x% — 8x + 6.
Solution:

Step 1. List the possible rational zeros: +1, +2, +3, 16, i% , t
Step 2. List possible combinations of zeros:

N | W

N\
P(x) =2x3—-5x*—-8x+6
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P(x) =—-2x3—-5x>+8x+6
N——
+ — I
2 1 0
0 1 2
Step 3. Construct a synthetic division table.
2 -5 -8 6
0 2 -5 -8 6 P(x) change sign
1 2 -3 —-11 -5
1 2 -4 —-10 1 1/2 is not zero, so between O and 1. There
2 Is irrational zero(between 1/2 and 1)
2 2 —1 —-10 -14
3 2 1 -5 -9 P(x) change sign
4 2 3 4 22 There is irrational zero between 3 and 4
-1 2 -7 -1 7 P(x) change sign
-2 2 -9 10 -—14 j
3 2 —8 4 0
2

From the synthetic division table, we know that P(x) has three real zeros, one
negative and two positive —% is the negative zero, and the two positive zeros must
be irrational.

3
P(x)=(x—7r)Q(x) = (x + E) (2x%2 —8x + 4)
Using quadratic formula to find the zeros of (2x2 — 8x + 4)

ngi—”i“_%=2¢\/§. The zeros of P(x) are—%,Zi\/E-
2 — V2 % 0.59 —mommemmmemmeeee >0<059<1

2R RV N [ —— >3 <341 < 4.

(3) Find all rational zeros for P(x) = x* — 7x3 + 17x? — 17x + 6.
Solution:

Step 1. List the possible rational zeros: +1, +2, +3, +6.

Step 2. List possible combinations of zeros:
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(NN N 7N
P(x)=x*—7x3+17x*—-17x+ 6
P(—x) =x*+7x3+17x*+17x+ 6

0
0

o M+
S N O~

0
Step 3. Construct a synthetic division table.
From the sign table we don’t need to check the negative rational zero.

1 -7 17 =17 6
1 | 1 -6 11 -6 0

P(x)=(x—7)Q(x) = (x — 1)(x3 — 6x* + 11x — 6)
Using the way for Q(x) = (x3 — 6x% + 11x — 6).

Step 1. List the possible rational zeros: 1, 2, 3, 6.
Step 2. List possible combinations of zeros:

+ — I
3 0 0
1 0 2
Step 3. Construct a synthetic division table.
1 —6 11 —6
1 |1 -5 6 0 =Q(1)

Q(x) = (x — 1)(x? — 5x + 6).
(x> —5x + 6) = (x — 3)(x — 2). The zeros of Q(x) are
1 (of multiplicity 2) 2 and 3.
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Relationships Between the Roots and Coefficients 2.54:

Let f(x) be a polynomial of degree n with roots ry, I, ..., r, and coefficients
ay,ay,...,a, . Then we can written f(x) as follows:

P(x) = apx™ + a1 x" '+ ...+ a1x + a,, ap # 0 --- (1)
P(x) = agp(x —ocq)(c —oz) ... (50 —oy,).

If n=2, we have a polynomial of degree 2 defined as follows:
P(x) = ag x2 + a;x —+ a, =ag(x —ocq)(x —ox5)
= ag(x? — x oc;— x o<, +0c  0¢,)
= Qg (xz — (oc1+c><2)x +ocloc2)

2

= P(x) = aox2 + aix + a;= agx®— ag(xXq{+xX3)x + gy oK X,

a, — —a0(0<1+0<2) = —al/ao :0C1+0C2.

a, =ag(xX1"xXz) =>+ay/a, =1-xX;.

If n=3, we have a polynomial of degree 3 defined as follows:
P(x) = apx3 + a1x* + ax —+ as
= ap(x —ocy)(x —ocy)(x —oc3)
= ao(xz — (0<1+o<2+o<3)x2 + (oc o, +oc oy
+xX,X3)x —o<10<20c3).
AnNnd by equal coefficients powers of X we have:

—al/ao =X +Xy 3.

ay/a, =01 Xy+0C; X3+, X3,
—az/a, =<Ky X3.
Thus, in general for any n roots of a polynomial of degree n we get:
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E o<;=—ay/ag
ZOCiOCj:+a2/ao l:/—']
ZOCiOCJ-OCkZ—a3/a0 i+j*k

Zociocjockocl=+a4/a0 i#xj#+k+l1

xX,X,X3 ..., =(—1)"a,/ag.

Example 2.55:
(1) Find the roots of an equation
P(x) = 6x3—18x% +24x—12=0
when the result of multiplication of two roots of them is equal 2.
Solution:

aAg — 6, a1 = _18, a, = 24‘, a3z — —12.
X +X,+xXz3=—a;/a, =—(—18)/6 =3 ..........(D)
OC10C2+0C10<3+0<20C3=a2/aO=24/6=4 ......... (2)
o<y 0cp 0tz = —a3/ay = —(—12)/6 =2 e sereer e (3)

From (3) o<y Xy ox3= 2 ,butoc; o<, = 2.S0, x3= 1.
From (1) we have
X1+ X+ Xz3=3 =X +X, =3 — 1 =2 =>xx;= 2 —X5.

So, by (2) we have
(2 —xy) oo+ (2 —x3). 1+, =4 =2 — 2 <, + 2 = 0.
+2+v4—8 2421

2 2
Therefore, therootsare 1,1+, 1-i.

o<, = =1 +i.

(2) Find the roots of an equation
P(x)= x3—6x? +11x —6 = 0.
Solution:
ag =1, a, = —6, a, =11, az = —6.
Thus, iIf o<, o<,, o3 areroots of P(X), then
< xXyroxz= (-D"az/a, = (-1)°(—6)/1 =6

Thus, the possible integer roots of P(X) are +1,+2,+3 and +6.
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P (D=O0isarootof P (X);

P (-1) == Ois notaroot of P (X);

P (2)=0isarootof P (X);

P (-2) = Oisnotaroot of P (X);

P (3=0isarootof P (X);

P (-3) == Oisnotaroot of P (X);

P (6) =0 is not a root of P (X);

P(-6) = Oisnot arootof P (X).

Therefore, x = 1,x = 2, x = 3 areroots of P(X).

(3 If <4, x,, ox3,0cx, arerootsof the following equation
P(x)= x*—4x3+3x2 +x—1=0.
Find (o< 2+ ox,2+ o324+ o, 2)3 .
Solution:
ap =1, a, = —4, a, = 3, az =1, a, = —1.

SO, <1+ X+ X3+ Xyu=~a,/a, =—-(-4/1 =4

and

OCq. X540 . X3 40,0, 40Ky, X3+ 0C,. OC, 4 0C3. Oy
=a/a,=3/1 = 3.
But
2

(o<p + oy +ocg + oy ) =((¢3 + o) + (X3 +og) )?
=(oc; + 0p)?+2(ocy + o<y) (X3 +ocy) +(oxz 4 ocy)?
=012+ X2tz 4+ o2+ 2(0¢q . 0Ky 00 . Xg 40K, X+ Xy, Xg+ Ky, X, +
3. o4
= 16 =012+ o<y 2+ocz?+ o2+ (2.3)
= 10 =01 24 3240324 o 2= (10)3 = (o 74 o2 40324 oy, 2)3
= 1000.
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