Chapter five Alternting Current Circuits

Alternating Current Circuits
5.1. AC Sources

An AC circuit consists of circuit elements and a power source that provides
an alternating voltage Av. This time-varying voltage is described by:

Av = AV 4 Sinwt

where AV 4, 1S the maximum output voltage of the AC source, or the
voltage amplitude. There are various possibilities for AC sources, including
generators and electrical oscillators. In a home, each electrical outlet serves
as an AC source.

i 1 w
The units of are cycles per second f = T

2w
w =2nf

Where f is the frequency of the source and T is the period. The source
determines the frequency of the current in any circuit connected to it.

5.2 Resistors in an AC Circuit | Ay

Consider a simple AC circuit consisting of
a resistor and an AC source, as shown in

Fig. 5.1. At any instant, the algebraic sum R
of the voltages around a closed loop in a circuit

Figure 5.1
(Kirchhoft’s loop rule). Therefore, J
Av+Avp =0

So that the magnitude of the source voltage equals the magnitude of the
voltage across the resistor:

Av = Avg = AV g SinOt - — — — — — 1

Where Avy, is the instantaneous voltage across the resistor. And
R = AV /I , the instantaneous current in the resistor is:
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. Avp  AVjpexSinwt
""TR T R

= 1,4 SINWt

Where | max is the maximum current;

AV paxSinwt

Lypax = —— Substituted in eg.1 we get
Avgp = I, R sinwt
5.3 Inductors in an AC Circuit

Consider an AC circuit consisting only of an inductor connected to
the terminals of an AC source, as shown in Fig.5.2. If

Av, =& = —L% is the self-induced instantaneous voltage across

the inductor, then Kirchhoff’s loop rule applied to this circuit gives
Av+Av;, =0 ,0r

dl = =
Av — L— = 0 1P
[T f
When we substitute Av = AV,,,,,Sinwt we obtain: ~
=
dI N = AV sl ol
AV paxSinwt —L— =10 Figure 5.2
dt
] dI
AV Sinwt = Lm

Solving this equation for dl, we find that:

AV 0 Sinwt dt
L

Integrating this expression gives the instantaneous current I in the inductor
as a function of time:

dl =

IL — AVmax

AV
jsinwt dt = — — 2 coswt
wl
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5.4 Capacitors in an AC Circuit . Ay

Fig.5.3 shows an AC circuit consisting of a capacitor
connected across the terminals of an AC source.

Kirchhoff’s loop rule applied to this circuit gives, @
Av+Ave =0 e = A g s e
so that the magnitude of the source voltage is equal Figure 5.3

to the magnitude of the voltage across the capacitor:
Av = Av, = AV, 4 Sinwt e |

Where Av. is the instantaneous voltage across the capacitor. We know from
the definition of capacitance that = q/Av, :

q = CAV ., Sinwt - ——=2

Where q is the instantaneous charge on the capacitor. Because I = dq/dt ,
differentiating Eqg.2with respect to time gives the instantaneous current in the
circuit:

dq

I, = - w C AV 4, Sinwt

Using the trigonometric identity

/4
coswt = sin(wt + E)

Ic = da _ CAV i d 3
C_E_w max51n(wt+5) -——— =
for a sinusoidally applied voltage, the current always leads the voltage

across a capacitor by 90°.

From Eqg. 3, we see that the current in the circuit reaches its maximum value
when coswt = 1.

AVmax

Imax:wCAVmaxzm -———4
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We give the capacitive reactance X, =1/wC , because this function
varies with frequency. We can write Eq. 4 as:

I — AVmax
max XC

———-5

Combining Eg. 5 and 1, we can express the instantaneous voltage across the
capacitor as:

Av = Ave = AV g Sinwt = 1,4, X Sinwt

Example: An 8uF capacitor is connected to the terminals of a 60Hz AC
source whose rms voltage is 150 V. Find the capacitive reactance and the
rms current in the circuit.

Solution:
w = 2nf = 2m X 60Hz = 377sec™?

1 1
~ wC  (377sec™1)(8 x 1076F)

X, = 3320

AV 150V
rms T X, 3320

= 0.4524

5.5. The RLC Series Circuit and Resonance

(PRSP Y M PR
Figure 5.4 shows a circuit that contains W —— | —
a resistor, an inductor, and a capacitor ' | '
connected in series across an alternating
voltage source. As before, we assume
that the applied voltage varies sinusoidally Figure 5.4
with time. It is convenient to assume that the
instantaneous applied voltage is given by:

L
i
)

Av = AV 4 Sinwt
While the current varies as
i =L, Sin(owt — Q)
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Where @ is some phase angle between the current and the applied voltage.
The current at all points in a series AC circuit has the same amplitude
and phase. We can express the instantaneous voltages across the three
circuit elements as:

Ayr= LhaxR sinwt = AV g sinwt

/s
Ayr= Lnax Xy sin(wt + E) = AV} coswt

T
Ayc= LyaxXc Sin (wt — E) = —AV, coswt

Where Aypg, Ay; and Ay are the maximum voltage values across the
elements: Ayp= LnaxR . Ayr= IpaxXp aNd Aye= LaxXc

At this point, we could proceed by noting that the instantaneous voltage Av
across the three elements equals the sum:

Av = AVR + AVL + AVC LN

In the Figure 5.5 from this diagram, 1

we see that the vector sum of the voltage Ak
amplitudes Ay , Ay and Ay equals

a phasor whose length is the maximum
applied voltage Av,,,, and which makes
an angle @ with the current phasor I ay. Al
The voltage phasors Ay and Ay are in

opposite directions along the same line, AV

so we can construct the difference phasor Figure 5.5
Ay; — Ayc, Which is perpendicular to the
phasor Aygr. From either one of the right triangles:

AViax = \/AVRZ + Ay — AVC)2 = \/(ImxaR)Z + (Imax X1, — ImaxXC)Z

AVax = Imax\/Rz + (X, — XC)Z

Therefore, we can express the maximum current as:
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AVmax
VRZ + (X, — X()?

Imax -

Where Z = \/R? + (X, — X)? is called the impedance.
AVmax = Imax Z

find that the phase angle @ between the current and the voltage

IS:

X, — X¢
R

tan® = (

)

The resonance condition for the Series RLC circuit is given by @ =0 ,
which implies: X; = X, from which we obtain w,L = 1/w,C

1
VIC

Example: A series RLC AC circuit has R=425Q), L=1.25H, C = 3.5uF,
w = 377sec™ !, and Vn,a =150V. (A) Determine the inductive reactance,
the capacitive reactance, and the impedance of the circuit. (B) Find the
maximum current in the circuit. (C) Find the phase angle between the

current and voltage. (D) Find both the maximum voltage and the
Instantaneous voltage across each element.

The resonant frequency is: w, =

Solution: The reactances are X; = wL = 471Q and X, = 1/wC = 7581.

The impedance is:

Z =R2+ (X, — X.)? = /(4250)% + (4710 — 758Q)% = 5130

X, — XC> _, (4710 - 7580Q)

4250 —34

@ =tan~! (
AVp = I R = (0.2924)(425Q) = 124V
AV, = L5 X, = (0.2924)(4710Q) = 138V

AV, = I, Xc = (0.2924)(758Q) = 221V
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Avgp = (124 V) sin377t
Av; = (138V) cos377t
Ave = (—221V) cos377t

Example: Consider a series RLC circuit for which R=150Q, L=20mH,
AV ms=20V, and = 5000sec~! . Determine the value of the capacitance for
which the current is a maximum.

Solution:
1
° " VIC
C = ! 1 = 2uF

~ w2l (5000sec-1)2(20 x 10-3H)
5.6. Parallel RLC Circuit and Resonance

Consider the parallel RLC circuit illustrated in Fig.5.6. The AC voltage
source is:
Av = AV 0 Sinwt

Unlike the series RLC circuit, the instantaneous voltages across all three
circuit elements R, L and C are the same, and each voltage is in phase with
the current through the resistor. However, the currents through each element
will be different. The current in the resistor is:

Avgp AV aSinwt

Ip = R R = I ax Sinwt @ 2k
The voltage across the inductor is:
Figure 5.6
_ dl ]
Av; = AV 4 Sinwt = LE

Iy, t V V
dl = j MY sinwt dt = — —*X coswt
0 0 L wlL
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Vmax

L

IL=

T ] T
sin(wt — E) = LpaxSin(wt — E)

The voltage across the capacitor is Avy = AV 4 Sinwt , which implies

d AV
I = d_ftl =w CAV 0y Sinwt = Xmax
C

sin (wt + g)
Ic = 14,5 (wt + g)

Using Kirchhoff’s rule, the total current in the circuit is simply the sum of all
three currents:

I=IR+IL+IC

. T T
I = I, sinwt + Ly, Sin(wt — f) + IpaxSin (wt + E)

From the phasor diagram the maximum amplitude
of the total current can be obtained as:

I=\/I§+(IL—IC)2

[V 1 1 )
I — Vmax
Z
1 1 1 1
- = _— _— 2 (1
V4 R2 + (XC XL) 1
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(Vmax _ Vinax
(IC_IL)_ XC XL —R(l_l)
Ip Vinax Xc X
R

tan® =

The resonance condition for the parallel RLC circuit is given by ¢ =0 ,
which implies:

1 1
Xc X,
. 1
The resonant frequency is: w, = NI
1
w, =—
° JIC

5.7. Power in an AC Circuit

For the RLC, we can express the instantaneous power P as:

P =iAv = 1,4, sin(wt — @) AV, ., Sinwt

P=1,,, AV,.. Sinwt sin(wt — @)

sin(wt — @) = sinwt cos ¢ — coswt sin @

P =1,,,; AV 10, Sinwt (sinwt cos @ — coswt sin @)

P =14, AV oy SiNP0t cos @ — 1,5, AV gy Sinwt coswt sin @)

The time average of the second term on the right is identically zero
because sinwt coswt = %sin 2wt and the average value of sin 2wt is
zero and the average value of sin*wt = 1/2 , Therefore, we can express
the average power P, as:

1
Py, = Elmax AV nax COSQ

It is convenient to express the average power in terms of the rms current and
rms voltage defined by I,ps = Ipay/V2 and AV, = AV e/ V2
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Poy = Lins AVipps cos@p - ——— — — 1

Where the quantity cos¢ called the power factor and the maximum voltage
across the resistor is given by AVgp = AV uc0sp =1,,,,R and
cos@p = I,,,,R/AV 4, Substituted in eq.1 we get:

AV LnaxR IaxR
Poy = lms AV s €0S@ = I 6( \/ﬁax) An';ax = I n:;%x
max

- 2 Irms

Imax

Pav=I%ms R

Example: A series RLC AC circuit has R=425Q, L=1.25 H, C = 3.5uF,
w = 377sec™ !, and V. =150V. Calculate the average power delivered to
the series RLC circulit.

Solution:
AVpur 150V
AV = = =106V
rms \/E \/i
Al,g, 0.2924
Al = = = 0.2064
rms \/E \/E
Pyy = Iis AVrms cosgp

@ = —34° = cos—34° = 0.829

P,, = (0.2064)(106V)(0.829) = 18.1W
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