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ig. Splitting Fields 81

in Q[X], which has two irreducible factors:
=(X3-3)(X*+X-1).

b
Let @ = V3, and let v = (-1 + \/5)/2: 5 = (-1- \/5)/2 Jbe the roots of
X?+X-1 e
If we follow a more concrete version of the procedure in the proof of Theorem
5.1 we successively obtain
= Q(a), f=(X—a)(X*+aX +a?)(X*+ X ~1),
Ey = (ae2m/3) f= (.X _ a)(X ae27rz/3)(X ae—27rz/3)(X2 +X - 1)

By = Bylae=2/%) | f = (X — a)(X — ae?™/*)(X — ae~ /%) (X> + X'- 1),
Ey=Es(), f=(X-a)(X - aez""/a)(x — ae )X —)(X - 4),
Bs=E48), f=(X —a)(X — ae2“"/3)(X ae” )X —g)(X - 9),

; - | Lol % % /’7 .g; o5 L “
@‘V%}\ere; RPERA Vnp #F Cotas [’L ” -

By Q) <3) [Ba: ] = 2) (B Bo] = 1) (Ba: Ea) = 27 [Bs : Ba] £1—>

and so [E5 : Q] = 12. The field

N = v A - bl B - 6«/’({” T 5

"p AP {ES _ Q(a,ae%l/s,ae 27r1/3 ’736) w N

is a splitting field for f.
This is of course an unnecessarily cumbersome process when we are dealing
with extensions of Q. Once we know the roots of f in C, it is easy to see that

a splitting field for f over Q is Q(V3, z\/— \/_)

We can in fact refer to the sphttmg field of a polynomial, since it is unique
up to isomorphism:
Theorem 5.3

Let K and K’ be fields, and let ¢ : K — K’ be an isomorphism, extending
to an isomorphism ¢ : K[X] — K'[X]. Let f € K[X], and let L, L' be
(respectively) splitting fields of f over K and @(f) over K’'. Then there is an
isomorphism ¢* : L — L' extending ¢.

Proof

Suppose that @f = n and that in L[X] we have the factorisation.

‘f:a(X~a1)(X~a2)...(X—a,n),

e s
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82 Fielé: = o .. ois Theory

where a, the leading coefficient of f, lies in K, and a3, a2, ... .7¥ - Ve may
suppose that, for some m € {0,1,...,n}, the roots ay,az... . - ¢ not in
K, and that amq1,---,0n € K. We shall prove the theorem i .. «rtion on
m.

27, feld for

If m = 0, then all the roots are in K, and so K itself is a =
f- Hence, in K'[X], we have A

P(f) = () (X = p(e)) (X = plaz)) ... (X — ¢l

thus K’ is a splitting field for ¢(f), and ¢* = ¢.

Suppose now that m > 0. We make the inductive hypothesi= i%:+1. for every
field E and every polynomial g in E[X] having fewer than : outside
E in a splitting field L of g, every isomorphism of E can be extesided to an
isomorphism of L.

Our assumption that m > 0 implies that the irreducible factors =0 “in K X1

are not all linear. Let f; be a non-linear irreducible factor of j ~(f1) is
an irreducible factor of o(f) in K’. The roots of fi in the splitting 1 L are
included among the roots a;, (g, . .., n, and we may suppos: . = s of
generality, that oy is a root of fi. Similarly, the list (a1} - Sle)

of roots of ¢(f) includes a root B = p(a;) of @(f1). (We cannot asw:. e that
i = 1.) By Theorem 3.23, there is an isomorphism ¢’ : f . Lk

L

extending . Since f now has fewer than m roots outside A .+ ouse
the inductive hypothesis to assert the existence of an isomorphiss: . 1 » B
extending ¢’ : K (o) — K'(B1), and hence extending ¢ : K - it 0
Example 5.4 S

)p,\_:,s f /C Rt
Determine the splitting field over Q of the polynomial X* - 2. wind Had its
degree over Q.
Solution
The polynomial X* — 2 is irreducible over Q by the Eisenst:i. 7~ © . "The-

orem 2.27). Over the complex field we have the factorisation
Xt —2=(X - a)(X + a)(X —ia)(X +ia),

where & = +/2, and so the splitting field of X* — 2 is Q(a. -

polynomial of & over @ certainly divides X* — 2. We know !

irreducibility of X* — 2 that there are no proper divisors of & ad
so the minimum polynomial is X4 — 2. Thus [Q(«) : Q] = ¢

since Q(a) C R, and so, since 7 is a root of X2 + 1,

[Q(e, 1) : Q)] = 2.
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Hence [Q(a,7) : Q] = 8. O

Dealing with extensions of Q is aided by the knowledge that every poly-
nomial in @ splits completely over C, and so the splitting field can always be
presented as a subfield of C. The next example shows that the situation in
finite fields is somewhat different. :

Example 5.5 \Z N 2D peee e

In the polynomial ring Zg, X] there are 9 quadratic momc polynomlals Taking
Zs3 as {0, 1, -1}, we can write these down as

X .o
. X2 X241, X?-1, A, b e
/M X2+ X, X?4+X+1, X24X-1,
Vs XPoX, XP-X+1 X2-X-1.

We can test for irreducibility of these polynomials by determining whether Tﬁey
have roots in Z3. It is clear that X2, X2+ X and X? — X have 0 as a root, and
that X2 — 1 has the root 1. Also, X? + X + 1 has the root 1 and X2 — X +1

has the root —1. The remaining polynomials

s B L ol

XU+l XPRXA-L, XP=X-I o, o

—2 ¥
are 1rredumble over Zz. The ﬁeld L = Z3[X]/{X 2 4+ 1) contains an element
o (= X +(X?+1)) such that ¢®+1 =0, and in the ring L[X] the polynomial

X?+1 splits completely into (X —a)(X +a). In fact L is the splitting field for
X? 4+ 1 over Zs. Similarly, Z3[X]/(X2 + X — 1) and Z3[X]/(X?% — X — 1) are
(respectively) splitting fields for X2 4 X — 1 and X2 — X — 1. Does this mean
that we have three distinct fields of order 97

To answer this, observe that, in L (where addition takes place modulo 3
and where o = —1),

(a+1)+(a+1)-1=(a*—a+D+(a+1)~1=(-1—a+D)+(a+1)-1=0
and :
(ma+ 1?4+ (—a+l)—1=(-14+a+ 1)+ (~a+1)-1=0.
Hence, in L[X], the polynomial X2 + X — 1 factorises into
(X —(a+D)(X - (—a+1)).

Thus L is also a splitting field for X2 + X — L over Z3. Similarly, in L[X],

X*-X-1=(X- (a—D)(X—(—a»—l)),
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and so L is also a splitting field for X2 — X — 1 over Zs. E:
then deduce that

'zgmmx?+nzZ¢mmX%hx_n22ﬂxp

We can even be explicit about the isomorphisms betwee:;
Z3[X]/(X?+ X —1) is generated over Z3 by an element /%
such that 824+ —1 = 0. The mapping that fixes the elen«
B to a+1 is an isomorphism from Zs[X]/(X2 + X — 1) . .
Sxmﬂarly, Z3]X]/(X? — X — 1) is generated over Z3[X]
that 42 — 4 —1 =0, and the mapping that fixes Zs and s .
isomorphism.

It is clear from this example that interesting things can -
finite fields. This is the topic of the next chapter.

EXERCISES

N —
5.1. Determine the sphttmg fields over Q of the followi-
and find their degrees over Q: -
- N
e \
X*-5X24+6, X'—1, X'4+1)

)
i

5.2. Determine the splitting fields over Q of the follc: |
and find their degrees over Qj

X6—1, X841, Xx®_27.

y d ’5 3 /Show that the splitting field of X4 + 3 over Qis D~

o = /3. What is its degree over Q?

5.4. Show that the polynomial f = X3 + X2 4 1 is i
Write down the multiplication table for the s
over Zj, and determine the three linear factors ...

heory

3 we

field
-1)

=nds

=1).
such
‘S an

_ ahout

“mials,

M, where
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| We certainly know that finite fields exist. To summarise what we know already,
from Theorem 1.14 and (1.20) we know that a finite field K has characteristic
p, a prime number, and that its minimal subfield, known as its prime subfield,
is
{0k, 1,2 (1K), .., (P — 1) (1K)}

The prime subfield is isomorphic to Zy, the field of integers modulo p.

Also, in Chapter 1 (Theorem 1.17 and Exercise 1.24), we established that,
for all z, v in a field K of characteristic p, and for all n > 1,

(zty)” = P £yP . (6.1)

Using the theory developed in the intervening chapters, we can give a com-
plete classification of finite fields. We need one preliminary idea, which applies
_ to all fields. Let

; f:a()+a1.X+"'+aan

[“bea polynomial with coefficients in a field K. The formal derivative D f of
f is defined by

Df = a1+ 26X 4+ - +na, X" (6.2)

Although this is a formal procedure and has nothing to do with the analytic
process of differentiation, the familiar formulae

D(kf)=k(Df), D(f+g)=Df+Dg

and

: D{fg)==(Df)a+ f(Dg)

are still valid. (Sez Exercise 6.1.)

(f,ge K[X], ke K) (63)

(fog € K[X]) (8.4)
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When we consider a polynomial such as X242 and extend the field Q to Q[iv/2]
by adjoining one of the complex roots of the polynomial, we obtain a “bonus”,
in that the other root —iv/2 is also in the extended field. Over Q[iv/2] we have
that

X2+2_(X—Z\/_)(X+'L\/_)

We say that the polynomxal sphts (t:lompletely (into linear factors) over

Q[zx/— ]. It is indeed clear that this must happen for a polynomlal of degree

2 )since the “other” factor must also be linear. 3
By contrast, if we look at the cubic polynomial X 3 —2, which is irreducible

over Q (by the Eisenstein crlterlon) and if we extend Q to Qla], where a = yfi

we obtain the factorisation : %

P, G- =X ~ a)(X2 +oX + a2)

but the quadratic factor is certmnly irreducible over Qa]. (It is mdeed irre-

ducible over R, since the discriminant is —3a2.) Over the complex field we have
the factorisation R g= -

o

X3 —2=(X — a){X — ae’=L3) (X — ae~/3)

and, since e*2™/3 = L(—1 4 41/3), we can say that X3 — 2 splits completely o
over Q(\/z V3 3). The degree of the extension is 6. o PR Sl wll - Y

In general, let us consider a field X and a po]ynormal f in K[X]. We say Q
that an extension L of K is a splitting field {or f over K, or that L : K is a
splitting field extension, if X —

\
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(i) f splits completely over L;
(i) f does not split completely over any proper subfield E of I.
Thus, for example, Q[i+/2] is a splitting field for X242 over Q, aid WV 2,iv3)

Is a splitting field of X3 — 2 over Q. <
Theorem 5.1

Let K be a field and let f € K [X] have degree n. Then there . .i.: splitting
field L for f over K, and [L : K| <n!.

Proof

The polynomial f has at least one irreducible factor g (which 16 he £ itself).
If, as in Theorem 3.22, we form the field E, — K [X]/(g) and denvte vhe clement

X +{g) by a, then & has minimum polynomial g, and so g(a) - “ienee o has
a linear factor Y —a in the polynomial ring E1[Y]. Moreover [ - I <

We proceed inductively. Suppose that, for each r in {1,.. . v ave
constructed an extension E, of K such that f has at léast T lin:(""‘ factors in
E.[X], and

(B K] <n(n—1)...(n—r+1).
Thus, in E,[X],

f:(X—al)(X—ag)...(X—ar)fT,

and 9f, = n — r. We repeat the argument in the previous ;.+« . b con-

§

structing an extension E, 41 of E, in which fr has a linear fact: cepand
[Eryr - E,] <n —r. We conclude that

[Ery1: K] = [Ergy (E)[E.: K] <n(n- 1)...(n

Hence, by induction, there exists a field E, such that f splits orletoly oyer
En,and [E, : K] <n!. 2

Now let L = Q(a;, ay, ..., an) C E,, where ay,an, ... 0, ' eren sarity
all distinct) are the roots of £ in E,. Then f splits compl : i
cannot split completely over any proper subfield of L. 31

5
.
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/" Consider the polynomial

F=X04 X4 X3 3x2_3xy 3




