VECTOR ANALYSIS Dr. Mohammed Yousuf Kamil

Examples:

Ex. (1): Express the vector field A = yz i — yj + xz? k in cylindrical polar
coordinates, and hence calculate its divergence?

Solution: x =pcosep, y=psing, z=2z

r=pcosQ i+psing j+zk

ar
. _ 0p . : :
& =T =Cosp it sing j
5
ar
é¢=g—f=—sin¢i+cos¢j
741
Jr
6, =95 =k
0z
~i=cos@ é,— sing é,, j= sing é,+cosgp é,, k=¢é,

A=yzi—vyj+xz%k =psin<pz(cos<pép —singoé(p)
—psing (sing é, + cosp é,) + pcosgz?e,

A = (zpsingpcosp —p sin2<p)ép — (zp sin®@ + p sin @ cos ©0)é,
+z%pcosqeé,

For cylindrical Coordinate

170 0 d
VA= | (oA + 5 () + 5 (o)

0
V.A=—- [% (p(zp sin g cos ¢ — p sin@))
+ 9 (zp sin®g + psin @ cos ) + g (p(z%p cos go))]
dp 0z

V.A = 2zsin¢ cos @ — 2sin?¢p — 2z sin ¢ cos ¢ — cos?¢ + sin’g
+ 2zp cos @

~V.A=2zpcosp—1
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EX. (2): Express the vector field A = x i + 2y j + yz k in spherical polar
coordinates?

Solution: x =r sinfcos@®, y =1 sinf sin@®, z =1 cosé

r=rsinfcos@® i+r sinf sin® j+1r cosf k
Jr
ér=%=sinecos® [+sinf sin® j+ cosO k
or

€ =ﬂ= cosf@cos@ i+ cosf sin® j—sinb k

é¢=ﬂ=—sin®i+cos®j

~ I =sinfcos® é.+ cosfcos@ &y — sin@ ég
J=sinf sin® é, + cosf sin@ ég + cosP ég
k =cosf@é,.—sinf é,

A=xi+2yj+yzk
=71 sinf cosP (sinf cosP é, + cosfcosP éy — sin@éy)
+2r sin @ sin@ (sin @ sin@® é, + cos O sin® ég + cos P éy)
+(r sinf sin@)(r cosf)(cosB é, —sinf éy)
A = (rsin?6cos?@ + 2rsin?0sin?@ + r? sin 6 sin @ cos?0)é,
+(r sin 8 cos 8 cos?@ + 2r sin @ cos 8 sin?@ — r?sin @ cos O cos?0)é,
+(—rsin@sin® cos@ + 2rsinfsin@ cos P)éy
A = (rsin?6(1 + sin?@) + r?sin 6 sin @ cos?0)é,
+(rsin @ cos 8 (1 + sin?@) —r?sin @ cos 8 cos?0)é,

+(rsinfsin @ cos P)é,

Page 30 Second Class in Department of Physics



VECTOR ANALYSIS Dr. Mohammed Yousuf Kamil

Ex. (3): Express the vector field A =z i—2xj + y k in cylindrical polar

coordinates?

Solution: x =pcosep, y=psing, z=z

r=pcosp i+psing j+zk

or
ép=%=cos<pi+ sing j
b7
ar
_dp . :
¢—|£‘——sm<pl+cosq)}

dg

Jr
6, = 19%- =k
0z

~i=cos@ é,— sing é,, j=sing é,+cose é,, k

A

e

Il
o>
N

A=zi—2xj+yk=2z(cospé,—singé,)

—2(p cos <p)( sing &, + cos¢ é(p) + p sing é,
A = (zcosp — 2psing cosp)é, — (zsing + 2pcos?p)é, + p sing &,

EX. (4): Determine the transformation of cylindrical polar coordinates into

Cartesian coordinate?

Solution: é,=cos@ i+ sing j
é,=—sinp i+tcospj, é =k
) Cos @ sinp O07[i
€yl =|—sing cosp 0 j]
| é, 0 0 111k
1 cosg —sing 0 é
j] =|sing cosep Of[&,
k 0 0 11|e,
~i=cos@ é,— sing é,, j= sing é,+cosgp é,, k=¢é,
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Ex. (5): Determine the conversion of spherical polar coordinates into
Cartesian coordinate?

Solution: : x =r sinfcos@, y =1 sinf sin®, z=r cosf
é, =sinfcos@ i +sinf sin@® j+ cosO k

€g =cosBcos@ i+ cosO sin® j—sinb k

ép = —sin@ i +cos@ j

&, sinfcos® sinf sin® cosf

€o [cos Ocos® cosf sin@® —sin 9] [ ]
_é — sin® cos @

>

sin@ sin® cos@ sin® cos(Z) 0
cosf —sin6 ép

i sinfcos® cosOcos@® — sin@]|ér
k
[

=sinfcos@ é, + cosfcosP ég — sinPéy
J=sinf sin® é, + cosf sin@ ég + cosP ég

k =cosfé,—sinf éy

Ex. (6): Find the relation between of cylindrical and spherical coordinates?

Solution:

cos@ —sing 0 ép sinfcos® cos@cos® — sin@]|ér
sing cos¢ éy| =|[sinf sin@® cosH sin@ cos @ ||ée
0 0 é, cos 0 —sin @ gy
ép cosp sing 0][sinfcos® cosOcos@® — sin@]]|ér
éyo|=|—sing cosep O0|[sin@ sin® cosO sin@ cos@ ||és
é, 0 0o 1 cos 6 —sin 6 0 €y

ép sinf 0 cos@ 1|é

éy| = |[coso 0 —sm 0||és

é, 0 €y

» €, =sinf é. +cosb &
é, =cosf é. —sin6 &

e, = €y
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Ex. (7): prove that: %ép =@ é, and %é(p =—@pé,?
Solution: é,=cos@ i+ sing j, é,=—sing i+cosg j

d d
%ép =E(cos<p i+ sing j)=—sing ¢i+cosg @]

=(—sing i+cosg j)p=¢é,

d d
%é(p =a(—singo i+cosp j)=—cosep @i—sing ¢j

=—(cosp i+ sing p=—¢é,
Ex. (8): Express the velocity v and acceleration a of a particle in cylindrical

coordinates?

Solution: X=pcosep, y=psing, z=z

~i=cos@ é,— sing é,, j= sing é,+cosgp é,,

w‘
Il
o>

N

r=xi+yj+zk
=pcos<p(cos<pép—sin<p é(p)+psin<p(singoép+cos<pé<p)+zéz
“rT=pé,+ze,

_dr_dp g dz o ode, o
Vodt T at e TP Tar e T gy TP TP P T2

SV=pé tppe,tie,

d’r _d s .
azﬁza(pep+p<pe<p+zez)
cdé, cdey L,
= pE+pep+p<pW+p<pe¢+pgoe¢+zez

=(ppep+pe+pp(—pé)+pheé,+ppé,+7&,)
ra=((p=po» e, +(po+2p ), +18,)
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EX. (9): Find expressions for the elements of area in orthogonal curvilinear
coordinates?
Solution:

dA; = |(hy du, é;) X (hs dus é3)| = h; hs |€; X &3] du, dus
~ dA; = h, h; du, dusy
since |é, X é;] = |é;| = 1. Similarly

dA, = |(hy duy é;) X (hg dus é3)| = hy hy du,y dug

dAz = |(hy duy é) X (hy duy é;)| = hy hy du, du,

Ex. (10): Express in cylindrical coordinates the quantities (a) V@,
(b)V.A, ()V XA, (d)V?® ?

Solution: For cylindrical Coordinate hy =1, h, =p, hy=1

u =p, U, = @, Uz = 7, élzép, é2=é(p, é3=éz
@ vo_ L0, 100, 100,
BN = o, & Ty 0w, 2T h, o, O
_99,  100 +acpA
dp &+ 0 6(p 9z
0
(b) V .A=h1h2h3 [aul (hyhsA 1)+ (h3h1 2)"‘ (h1h2 3)
! (pA p)+_(p +—(,0 z)
hié; hyé; hzé;
0 0 0
(c) VXA=

hih,h; | 0uy Odu, OJduy
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e, pé, &,
1la o o
“plap G 0z
A, pA, A,
1 [0 (hohs 0B\ 9 [hshy 0D\ O (hih, 0D
(d) vio = hihyhs [au1 ( hy 6u1> i ( h, 6u2> i ( hs aug)]

190 ( 6<D>+162<I>+62q§
“pap \Pap) T p2ag? T az2

Ex. (11): Express in spherical coordinates the quantities (a) V@,
(b)V.A, ()V XA, (d)V?® ?

Solution: For spherical Coordinate h,; =1, h, =1, hy; =1 siné

A A

W =r, U=6, uz=0, é =&, é,=8&, é=28
@vo=—2%, 100, 102,

mow, T ow, 2 ow

L 100 1 9o

~or er+r¥e9+m%e®

(b) V-A= (hyh3A 1)+ i (h3h1 2)"‘ (hth 3)]

h hohs [aul

d .
= Tenalar (r’sinf A,) + (r sin 6 Ap) + (rAq,)]

hié;  hyé; hses
0 d d
hih,h; | 0uy; Odu, OJduy
hiA; hy,A, hs3As
é, Téy Trsinféy
1 d 0 d
" r2sinf|or 06 20
A, 1Ay TsSinb Ay
0 (hyh; 0D 0 (hshy 0D 0 (hih, 0D
hyh,h; [aul ( hq au1> * ou, ( h, 6u2> ous ( hs 0u3)]

(c) VXA =

(d) Vo =
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, 00 1 a( 00 1 8%
=5 (P 50) m@(m@ ae) i’ 002
Ex. (12): Express the position vector r in spherical coordinates?
Solution: x =r sinfcos@, y =r sinf sin@®, z =1 cos6
i =sinfcos® é. +cosfcos@ &y — sin@é
J=sinf sin® é, + cosf sin@ ég + cosP ég
k =cosf@é, —sinf é,
r=xi+yj+zk

r=r sinfcos® (sinf cos® é, + cosOcos@ ég — sin@ éy)
+ 7 sinf sin@ (sinf sin@® é, + cos O sinP &g

+ cos® éy) + 1 cosB (cosfé, —sinfh éy)

rT

-
Il
ﬁ
>
<
0

Ex. (13): Use spherical coordinates to find (a)Vr (b)V.r (c)Vr™ (d)V2r™?

Solution: ~r=ré, = this functions depend only onr

(a) Vr = érﬁr = é,

b) V —1 g 2ry =3
() .I'—T—Za—r('i"”l")—

d

n A n-—1
—r
or

(ogvrt=¢ =é.nr
T T

1 0 0 1 0
(d) v2r™ = ——(rz—r”) = nr—zgr"“ =n(n+1)r"2
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