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Examples: 

Ex. (1): Express the vector field A = yz i − y j + xz2 k in cylindrical polar 

coordinates, and hence calculate its divergence? 

Solution:  𝑥 = 𝜌 cos𝜑 ,    𝑦 = 𝜌  sin𝜑 ,   𝑧 = 𝑧 

𝐫 = 𝜌 cos𝜑  𝑖 + 𝜌  sin𝜑  𝑗 + 𝑧 𝑘 

�̂�𝜌 =

𝜕𝐫
𝜕𝜌

|
𝜕𝐫
𝜕𝜌

|
= cos𝜑  𝑖 +  sin𝜑  𝑗 

�̂�𝜑 =

𝜕𝐫
𝜕𝜑

|
𝜕𝐫
𝜕𝜑

|
= − sin𝜑  𝑖 + cos𝜑  𝑗 

�̂�𝑧 =

𝜕𝐫
𝜕𝑧

|
𝜕𝐫
𝜕𝑧

|
= 𝑘 

∴ 𝑖 = cos𝜑 �̂�𝜌 −  sin𝜑 �̂�𝜑 , 𝑗 =  sin𝜑 �̂�𝜌 + cos𝜑 �̂�𝜑 , 𝑘 = �̂�𝑧 

𝐀 = 𝑦𝑧 𝑖 − 𝑦 𝑗 + 𝑥𝑧2𝑘 = 𝜌 sin𝜑 𝑧(cos𝜑 �̂�𝜌 − sin𝜑 �̂�𝜑)  

−𝜌 sin𝜑 (sin𝜑 �̂�𝜌 + cos𝜑 �̂�𝜑) + 𝜌 cos𝜑 𝑧2�̂�𝑧 

𝐀 = (𝑧𝜌 sin𝜑 cos𝜑 − 𝜌 sin2𝜑)�̂�𝜌 − (𝑧𝜌 sin2𝜑 + 𝜌 sin𝜑 cos𝜑)�̂�𝜑  

+ 𝑧2𝜌 cos𝜑 �̂�𝑧 

For cylindrical Coordinate   

𝛁 . 𝐀 =
1

𝜌
[
𝜕

𝜕𝜌
 (𝜌𝐴1) +

𝜕

𝜕𝜑
 (𝐴2) +

𝜕

𝜕𝑧
 (𝜌𝐴3)] 

𝛁 . 𝐀 =
1

𝜌
[
𝜕

𝜕𝜌
 (𝜌(𝑧𝜌 sin𝜑 cos𝜑 − 𝜌 sin2𝜑))

+
𝜕

𝜕𝜑
 (𝑧𝜌 sin2𝜑 + 𝜌 sin𝜑 cos𝜑) +

𝜕

𝜕𝑧
 (𝜌(𝑧2𝜌 cos𝜑))] 

𝛁 . 𝐀 = 2𝑧 sin𝜑 cos𝜑 − 2sin2𝜑 − 2𝑧 sin𝜑 cos𝜑 − cos2𝜑 + sin2𝜑

+ 2𝑧𝜌 cos𝜑 

∴ 𝛁 . 𝐀 = 2𝑧𝜌 cos𝜑 − 1 
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Ex. (2): Express the vector field 𝐀 = 𝑥 𝑖 + 2𝑦 𝑗 + 𝑦𝑧 𝑘 in spherical polar 

coordinates? 

Solution:   𝑥 = 𝑟 sin 𝜃 cos∅ ,  𝑦 = 𝑟 sin 𝜃  sin∅ ,   𝑧 = 𝑟 cos𝜃 

𝐫 = 𝑟 sin 𝜃 cos∅  𝑖 + 𝑟 sin 𝜃  sin ∅  𝑗 + 𝑟 cos 𝜃  𝑘 

�̂�𝑟 =

𝜕𝐫
𝜕𝑟

|
𝜕𝐫
𝜕𝑟

|
= sin 𝜃 cos∅  𝑖 + sin 𝜃  sin∅  𝑗 + cos 𝜃  𝑘 

�̂�𝜃 =

𝜕𝐫
𝜕𝜃

|
𝜕𝐫
𝜕𝜃

|
= cos 𝜃 cos∅  𝑖 + cos 𝜃  sin∅  𝑗 − sin 𝜃  𝑘 

�̂�∅ =

𝜕𝐫
𝜕∅

|
𝜕𝐫
𝜕∅

|
= −  sin ∅  𝑖 + cos∅  𝑗 

∴  𝑖 = sin 𝜃 cos∅ �̂�𝑟 + cos 𝜃 cos∅ �̂�𝜃 −  sin∅ �̂�∅  

𝑗 = sin 𝜃  sin∅ �̂�𝑟 + cos 𝜃  sin∅ �̂�𝜃 + cos∅ �̂�∅ 

𝑘 = cos 𝜃 �̂�𝑟 − sin 𝜃 �̂�𝜃 

𝐀 = 𝑥 𝑖 + 2𝑦 𝑗 + 𝑦𝑧 𝑘 

= 𝑟 sin 𝜃 cos∅ (sin 𝜃 cos∅ �̂�𝑟 + cos 𝜃 cos∅ �̂�𝜃 −  sin∅ �̂�∅) 

+2𝑟 sin 𝜃  sin ∅ (sin 𝜃  sin∅ �̂�𝑟 + cos𝜃  sin∅ �̂�𝜃 + cos∅ �̂�∅) 

+(𝑟 sin 𝜃  sin∅)(𝑟 cos 𝜃)(cos𝜃 �̂�𝑟 − sin 𝜃 �̂�𝜃) 

𝐀 = (𝑟sin2𝜃cos2∅ + 2𝑟sin2𝜃sin2∅ + 𝑟2 sin 𝜃  sin∅ cos2𝜃)�̂�𝑟 

+(𝑟 sin 𝜃 cos 𝜃 cos2∅ + 2𝑟 sin 𝜃 cos 𝜃 sin2∅ − 𝑟2 sin∅  cos 𝜃 cos2𝜃)�̂�𝜃 

+(−𝑟 sin 𝜃 sin∅  cos∅ + 2𝑟 sin 𝜃 sin∅  cos∅)�̂�∅ 

𝐀 = (𝑟sin2𝜃(1 + sin2∅) + 𝑟2 sin 𝜃  sin∅ cos2𝜃)�̂�𝑟 

+(𝑟 sin 𝜃 cos 𝜃 (1 + sin2∅) − 𝑟2 sin ∅  cos 𝜃 cos2𝜃)�̂�𝜃 

+(𝑟 sin 𝜃 sin∅  cos∅)�̂�∅ 
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Ex. (3): Express the vector field A = z i – 2x j + y k in cylindrical polar 

coordinates? 

Solution:     𝑥 = 𝜌 cos𝜑 ,    𝑦 = 𝜌  sin𝜑 ,   𝑧 = 𝑧 

𝐫 = 𝜌 cos𝜑  𝑖 + 𝜌  sin𝜑  𝑗 + 𝑧 𝑘 

�̂�𝜌 =

𝜕𝐫
𝜕𝜌

|
𝜕𝐫
𝜕𝜌

|
= cos𝜑  𝑖 +  sin𝜑  𝑗 

�̂�𝜑 =

𝜕𝐫
𝜕𝜑

|
𝜕𝐫
𝜕𝜑

|
= − sin𝜑  𝑖 + cos𝜑  𝑗 

�̂�𝑧 =

𝜕𝐫
𝜕𝑧

|
𝜕𝐫
𝜕𝑧

|
= 𝑘 

∴ 𝑖 = cos𝜑 �̂�𝜌 −  sin𝜑 �̂�𝜑 , 𝑗 =  sin𝜑 �̂�𝜌 + cos𝜑 �̂�𝜑 , 𝑘 = �̂�𝑧 

𝐀 = 𝑧 𝑖 − 2𝑥 𝑗 + 𝑦 𝑘 = 𝑧(cos𝜑 �̂�𝜌 − sin𝜑 �̂�𝜑) 

−2(𝜌 cos𝜑)( sin𝜑 �̂�𝜌 + cos𝜑 �̂�𝜑) + 𝜌  sin𝜑 �̂�𝑧 

𝐀 = (𝑧 cos𝜑 − 2𝜌 sin𝜑 cos𝜑)�̂�𝜌 − (𝑧 sin𝜑 + 2𝜌cos2𝜑)�̂�𝜑 + 𝜌  sin𝜑 �̂�𝑧 

 

Ex. (4): Determine the transformation of cylindrical polar coordinates into 

Cartesian coordinate? 

Solution:                             �̂�𝜌 = cos𝜑  𝑖 +  sin𝜑  𝑗 

�̂�𝜑 = −sin𝜑  𝑖 + cos𝜑  𝑗  ,    �̂�𝑧 = 𝑘 

[

�̂�𝜌

�̂�𝜑

�̂�𝑧

] = [
cos𝜑  sin𝜑 0

−  sin𝜑 cos𝜑 0
0 0 1

] [
𝑖
𝑗
𝑘
] 

[
𝑖
𝑗
𝑘
] = [

cos𝜑 −sin𝜑 0
 sin𝜑 cos𝜑 0

0 0 1
] [

�̂�𝜌

�̂�𝜑

�̂�𝑧

] 

∴ 𝑖 = cos𝜑 �̂�𝜌 −  sin𝜑 �̂�𝜑 , 𝑗 =  sin𝜑 �̂�𝜌 + cos𝜑 �̂�𝜑 , 𝑘 = �̂�𝑧 
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Ex. (5): Determine the conversion of spherical polar coordinates into 

Cartesian coordinate? 

Solution: :   𝑥 = 𝑟 sin 𝜃 cos∅ ,  𝑦 = 𝑟 sin 𝜃  sin∅ ,   𝑧 = 𝑟 cos𝜃 

�̂�𝑟 = sin 𝜃 cos∅  𝑖 + sin 𝜃  sin∅  𝑗 + cos 𝜃  𝑘 

�̂�𝜃 = cos 𝜃 cos∅  𝑖 + cos 𝜃  sin∅  𝑗 − sin 𝜃  𝑘 

�̂�∅ = −  sin∅  𝑖 + cos∅  𝑗 

[

�̂�𝑟

�̂�𝜃

�̂�∅

] = [
sin 𝜃 cos∅ sin 𝜃  sin∅ cos 𝜃
cos 𝜃 cos∅ cos 𝜃  sin∅ −sin 𝜃
−  sin∅ cos∅ 0

] [
𝑖
𝑗
𝑘
] 

[
𝑖
𝑗
𝑘
] = [

sin 𝜃 cos∅ cos 𝜃 cos∅ −  sin∅
sin 𝜃  sin∅ cos 𝜃  sin∅ cos∅

cos 𝜃 − sin 𝜃 0
] [

�̂�𝑟

�̂�𝜃

�̂�∅

] 

∴  𝑖 = sin 𝜃 cos∅ �̂�𝑟 + cos 𝜃 cos∅ �̂�𝜃 −  sin∅ �̂�∅  

𝑗 = sin 𝜃  sin∅ �̂�𝑟 + cos 𝜃  sin∅ �̂�𝜃 + cos∅ �̂�∅ 

𝑘 = cos 𝜃 �̂�𝑟 − sin 𝜃 �̂�𝜃 

 

Ex. (6): Find the relation between of cylindrical and spherical coordinates? 

Solution:  

[
cos𝜑 −sin𝜑 0
 sin𝜑 cos𝜑 0

0 0 1
] [

�̂�𝜌

�̂�𝜑

�̂�𝑧

] = [
sin 𝜃 cos∅ cos 𝜃 cos∅ −  sin∅
sin 𝜃  sin∅ cos 𝜃  sin∅ cos∅

cos 𝜃 −sin 𝜃 0
] [

�̂�𝑟

�̂�𝜃

�̂�∅

] 

[

�̂�𝜌

�̂�𝜑

�̂�𝑧

] = [
cos𝜑  sin𝜑 0

−  sin𝜑 cos𝜑 0
0 0 1

] [
sin 𝜃 cos∅ cos 𝜃 cos∅ −  sin∅
sin 𝜃  sin∅ cos 𝜃  sin∅ cos∅

cos𝜃 − sin 𝜃 0
] [

�̂�𝑟

�̂�𝜃

�̂�∅

] 

[

�̂�𝜌

�̂�𝜑

�̂�𝑧

] = [
sin 𝜃 0 cos 𝜃
cos 𝜃 0 −sin 𝜃

0 1 0
] [

�̂�𝑟

�̂�𝜃

�̂�∅

] 

∴  �̂�𝜌 = sin 𝜃 �̂�𝑟 + cos 𝜃 �̂�∅  

�̂�𝜑 = cos 𝜃 �̂�𝑟 − sin 𝜃 �̂�∅  

�̂�𝑧 = �̂�𝜃 
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Ex. (7): prove that:  
𝑑

𝑑𝑡
�̂�𝜌 = �̇� �̂�𝜑  and  

𝑑

𝑑𝑡
�̂�𝜑 = −�̇� �̂�𝜌  ? 

Solution:         �̂�𝜌 = cos𝜑  𝑖 +  sin𝜑  𝑗  ,   �̂�𝜑 = −sin𝜑  𝑖 + cos𝜑  𝑗 

𝑑

𝑑𝑡
�̂�𝜌 =

𝑑

𝑑𝑡
(cos𝜑  𝑖 +  sin𝜑  𝑗) = −  sin𝜑 �̇� 𝑖 + cos𝜑 �̇� 𝑗 

= (−  sin𝜑  𝑖 + cos𝜑   𝑗) �̇� = �̇� �̂�𝜑  

𝑑

𝑑𝑡
�̂�𝜑 =

𝑑

𝑑𝑡
(− sin𝜑  𝑖 + cos𝜑  𝑗) = − cos𝜑 �̇� 𝑖 − sin𝜑 �̇� 𝑗 

= −(cos𝜑  𝑖 +  sin𝜑  𝑗) �̇� = −�̇� �̂�𝜌 

 

Ex. (8): Express the velocity v and acceleration a of a particle in cylindrical 

coordinates? 

Solution:           𝑥 = 𝜌 cos𝜑 ,    𝑦 = 𝜌  sin𝜑 ,   𝑧 = 𝑧 

∴ 𝑖 = cos𝜑 �̂�𝜌 −  sin𝜑 �̂�𝜑 , 𝑗 =  sin𝜑 �̂�𝜌 + cos𝜑 �̂�𝜑 , 𝑘 = �̂�𝑧 

𝐫 = 𝑥 𝑖 + 𝑦 𝑗 + 𝑧 𝑘 

= 𝜌 cos𝜑 (cos𝜑 �̂�𝜌 − sin𝜑 �̂�𝜑) + 𝜌 sin𝜑 (sin𝜑 �̂�𝜌 + cos𝜑 �̂�𝜑) + 𝑧 �̂�𝑧 

∴ 𝐫 = 𝜌 �̂�𝜌 + 𝑧 �̂�𝑧 

𝐯 =
𝑑𝐫

𝑑𝑡
=

𝑑𝜌

𝑑𝑡
�̂�𝜌 + 𝜌

𝑑�̂�𝜌

𝑑𝑡
+

𝑑𝑧

𝑑𝑡
�̂�𝑧 + 𝑧

𝑑�̂�𝑧

𝑑𝑡
= �̇� �̂�𝜌 + 𝜌 �̇� �̂�𝜑 + �̇� �̂�𝑧 + 0 

∴ 𝐯 = �̇� �̂�𝜌 + 𝜌 �̇� �̂�𝜑 + �̇� �̂�𝑧 

𝐚 =
𝑑2𝐫

𝑑𝑡2
=

𝑑

𝑑𝑡
(�̇� �̂�𝜌 + 𝜌 �̇� �̂�𝜑 + �̇� �̂�𝑧) 

= (�̇� 
𝑑�̂�𝜌

𝑑𝑡
+ �̈� �̂�𝜌 + 𝜌 �̇�  

𝑑�̂�𝜑

𝑑𝑡
+ 𝜌 �̈� �̂�𝜑 + �̇� �̇� �̂�𝜑 + �̈� �̂�𝑧) 

= (�̇� �̇� �̂�𝜑 + �̈� �̂�𝜌 + 𝜌 �̇� (−�̇� �̂�𝜌) + 𝜌 �̈� �̂�𝜑 + �̇� �̇� �̂�𝜑 + �̈� �̂�𝑧) 

∴ 𝐚 = ((�̈� − 𝜌 �̇�2) �̂�𝜌 + (𝜌 �̈� + 2 �̇� �̇�) �̂�𝜑 + �̈� �̂�𝑧) 
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Ex. (9): Find expressions for the elements of area in orthogonal curvilinear 

coordinates? 

Solution: 

𝑑𝐴1 = |(ℎ2 𝑑𝑢2 �̂�2)  × (ℎ3 𝑑𝑢3 �̂�3)|  = ℎ2 ℎ3 |�̂�2 × �̂�3| 𝑑𝑢2 𝑑𝑢3 

∴ 𝑑𝐴1 = ℎ2 ℎ3 𝑑𝑢2 𝑑𝑢3 

since |�̂�2 × �̂�3| = |�̂�1| = 1 .    Similarly  

𝑑𝐴2 = |(ℎ1 𝑑𝑢1 �̂�1)  × (ℎ3 𝑑𝑢3 �̂�3)| = ℎ1 ℎ3 𝑑𝑢1 𝑑𝑢3 

𝑑𝐴3 = |(ℎ1 𝑑𝑢1 �̂�1)  × (ℎ2 𝑑𝑢2 �̂�2)| = ℎ1 ℎ2 𝑑𝑢1 𝑑𝑢2 

 

Ex. (10): Express in cylindrical coordinates the quantities (𝒂) 𝛁𝛷 , 

(𝒃)𝛁 . 𝐀 , (𝐜)𝛁 × 𝐀 , (𝐝)𝛁2𝛷  ? 

Solution: For cylindrical Coordinate  ℎ1 = 1 , ℎ2 = 𝜌 ,   ℎ3 = 1   

𝑢1 = 𝜌 , 𝑢2 = 𝜑 ,      𝑢3 = 𝑧 ,        �̂�1 = �̂�𝜌 , �̂�2 = �̂�𝜑 ,   �̂�3 = �̂�𝑧  

(𝒂)  𝛁𝛷 =
1

ℎ1

𝜕𝛷

𝜕𝑢1
 �̂�1 +

1

ℎ2

𝜕𝛷

𝜕𝑢2
 �̂�2 +

1

ℎ3

𝜕𝛷

𝜕𝑢3
 �̂�3 

=
𝜕𝛷

𝜕𝜌 
 �̂�𝜌 +

1

𝜌 

𝜕𝛷

𝜕𝜑
 �̂�𝜑 +

𝜕𝛷

𝜕𝑧
 �̂�𝑧 

(𝒃)  𝛁 ∙ 𝐀 =
1

ℎ1ℎ2ℎ3
[

𝜕

𝜕𝑢1
 (ℎ2ℎ3𝐴1) +

𝜕

𝜕𝑢2
 (ℎ3ℎ1𝐴2) +

𝜕

𝜕𝑢3
 (ℎ1ℎ2𝐴3)] 

=
1

𝜌
[
𝜕

𝜕𝜌
 (𝜌𝐴𝜌) +

𝜕𝐴𝜑

𝜕𝜑
 +

𝜕

𝜕𝑧
 (𝜌𝐴𝑧)] 

(𝐜)  𝛁 × 𝐀 =
1

ℎ1ℎ2ℎ3
||

ℎ1�̂�1 ℎ2�̂�2 ℎ3�̂�3

𝜕

𝜕𝑢1

𝜕

𝜕𝑢2

𝜕

𝜕𝑢3

ℎ1𝐴1 ℎ2𝐴2 ℎ3𝐴3

|| 
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=
1

𝜌 ||

�̂�𝜌 𝜌�̂�𝜑 �̂�𝑧

𝜕

𝜕𝜌

𝜕

𝜕𝜑

𝜕

𝜕𝑧
𝐴𝜌 𝜌𝐴𝜑 𝐴𝑧

|| 

(𝐝)  𝛁2𝛷 =
1

ℎ1ℎ2ℎ3

[
𝜕

𝜕𝑢1

 (
ℎ2ℎ3

ℎ1

𝜕𝛷

𝜕𝑢1

) +
𝜕

𝜕𝑢2

 (
ℎ3ℎ1

ℎ2

𝜕𝛷

𝜕𝑢2

) +
𝜕

𝜕𝑢3

 (
ℎ1ℎ2

ℎ3

𝜕𝛷

𝜕𝑢3

)] 

=
1

𝜌

𝜕

𝜕𝜌
 (𝜌

𝜕𝛷

𝜕𝜌
) +

1

𝜌2

𝜕2𝛷

𝜕𝜑2
+

𝜕2𝛷

𝜕𝑧2
 

 

Ex. (11): Express in spherical coordinates the quantities (𝒂) 𝛁𝛷 , 

(𝒃)𝛁 . 𝐀 , (𝐜)𝛁 × 𝐀 , (𝐝)𝛁2𝛷  ? 

Solution: For spherical Coordinate     ℎ1 = 1 , ℎ2 = 𝑟 ,   ℎ3 = 𝑟 sin 𝜃   

𝑢1 = 𝑟 , 𝑢2 = 𝜃 ,      𝑢3 = ∅ ,        �̂�1 = �̂�𝑟  , �̂�2 = �̂�𝜃 ,   �̂�3 = �̂�∅  

(𝒂)  𝛁𝛷 =
1

ℎ1

𝜕𝛷

𝜕𝑢1
 �̂�1 +

1

ℎ2

𝜕𝛷

𝜕𝑢2
 �̂�2 +

1

ℎ3

𝜕𝛷

𝜕𝑢3
 �̂�3 

=
𝜕𝛷

𝜕𝑟 
 �̂�𝑟 +

1

𝑟 

𝜕𝛷

𝜕𝜃
 �̂�𝜃 +

1

𝑟 sin 𝜃 

𝜕𝛷

𝜕∅
 �̂�∅ 

(𝒃)  𝛁 ∙ 𝐀 =
1

ℎ1ℎ2ℎ3
[

𝜕

𝜕𝑢1
 (ℎ2ℎ3𝐴1) +

𝜕

𝜕𝑢2
 (ℎ3ℎ1𝐴2) +

𝜕

𝜕𝑢3
 (ℎ1ℎ2𝐴3)] 

=
1

𝑟2 sin 𝜃
[
𝜕

𝜕𝑟
 (𝑟2 sin 𝜃 𝐴𝑟) +

𝜕

𝜕𝜃
(𝑟 sin 𝜃 𝐴𝜃)  +

𝜕

𝜕∅
 (𝑟𝐴∅)] 

(𝐜)  𝛁 × 𝐀 =
1

ℎ1ℎ2ℎ3
||

ℎ1�̂�1 ℎ2�̂�2 ℎ3�̂�3

𝜕

𝜕𝑢1

𝜕

𝜕𝑢2

𝜕

𝜕𝑢3

ℎ1𝐴1 ℎ2𝐴2 ℎ3𝐴3

|| 

=
1

𝑟2 sin 𝜃
||

�̂�𝑟 𝑟�̂�𝜃 𝑟 sin 𝜃 �̂�∅

𝜕

𝜕𝑟

𝜕

𝜕𝜃

𝜕

𝜕∅
𝐴𝑟 𝑟𝐴𝜃 𝑟 sin 𝜃 𝐴∅

|| 

(𝐝)  𝛁2𝛷 =
1

ℎ1ℎ2ℎ3

[
𝜕

𝜕𝑢1

 (
ℎ2ℎ3

ℎ1

𝜕𝛷

𝜕𝑢1

) +
𝜕

𝜕𝑢2

 (
ℎ3ℎ1

ℎ2

𝜕𝛷

𝜕𝑢2

) +
𝜕

𝜕𝑢3

 (
ℎ1ℎ2

ℎ3

𝜕𝛷

𝜕𝑢3

)] 
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=
1

𝑟2

𝜕

𝜕𝑟
 (𝑟2

𝜕𝛷

𝜕𝑟
) +

1

𝑟2 sin𝜃

𝜕

𝜕𝜃
(sin 𝜃

𝜕𝛷

𝜕𝜃
) +

1

𝑟2sin2𝜃

𝜕2𝛷

𝜕∅
2  

 

Ex. (12): Express the position vector r in spherical coordinates? 

Solution:   𝑥 = 𝑟 sin 𝜃 cos∅ ,  𝑦 = 𝑟 sin 𝜃  sin∅ ,   𝑧 = 𝑟 cos𝜃 

𝑖 = sin 𝜃 cos∅ �̂�𝑟 + cos 𝜃 cos∅ �̂�𝜃 −  sin∅ �̂�∅  

𝑗 = sin 𝜃  sin∅ �̂�𝑟 + cos 𝜃  sin∅ �̂�𝜃 + cos∅ �̂�∅ 

𝑘 = cos 𝜃 �̂�𝑟 − sin 𝜃  �̂�𝜃 

𝐫 = 𝑥 𝑖 + 𝑦 𝑗 + 𝑧 𝑘 

𝐫 = 𝑟 sin 𝜃 cos∅ (sin 𝜃 cos∅ �̂�𝑟 + cos 𝜃 cos∅ �̂�𝜃 −  sin∅ �̂�∅)  

+ 𝑟 sin 𝜃  sin ∅ (sin 𝜃  sin∅ �̂�𝑟 + cos 𝜃  sin∅ �̂�𝜃

+ cos∅ �̂�∅)  + 𝑟 cos 𝜃 (cos𝜃 �̂�𝑟 − sin 𝜃 �̂�𝜃) 

∴  𝐫 = 𝑟 �̂�𝑟 ≡ 𝑟 �̂� 

 

Ex. (13): Use spherical coordinates to find (a)𝛁𝑟 (b)𝛁 . 𝐫 (c)𝛁r𝑛 (d)𝛁2r𝑛? 

Solution:   ∵ 𝐫 = 𝑟 �̂�𝑟     ⟹  𝑡ℎ𝑖𝑠 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑑𝑒𝑝𝑒𝑛𝑑 𝑜𝑛𝑙𝑦 𝑜𝑛 𝑟 

(𝐚)  𝛁𝑟 = �̂�𝑟

𝜕

𝜕𝑟 
𝑟 = �̂�𝑟   

(𝐛)  𝛁 . 𝐫 =
1

𝑟2 

𝜕

𝜕𝑟 
(𝑟2𝑟) = 3 

(𝐜) 𝛁r𝑛 = �̂�𝑟

𝜕

𝜕𝑟 
r𝑛 = �̂�𝑟  𝑛 r𝑛−1 

(𝐝) 𝛁2𝑟𝑛 =
1

𝑟2 

𝜕

𝜕𝑟 
(𝑟2

𝜕

𝜕𝑟 
𝑟𝑛) = 𝑛

1

𝑟2 

𝜕

𝜕𝑟 
𝑟𝑛+1 = 𝑛(𝑛 + 1) 𝑟𝑛−2 

 

 




