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We will discuss the standard methods of solving the D.E. of the following: 

 

1) separation of the variables equation: 

If a differential equation can be written in the form 

𝑓(𝑦)ⅆ𝑦 = 𝜑(𝑥)ⅆ𝑥 

We say that variables are separable, 𝑦 on left hand side and 𝑥 on right hand 

side. We get the solution by integrating both sides. 

 

𝐄𝐱. (𝟏):  Solve      
ⅆ𝑦

ⅆ𝑥
= 𝑥 + 𝑥𝑦     ? 

Solution: 

ⅆ𝑦

ⅆ𝑥
= 𝑥(1 + 𝑦)      ⟹        

ⅆ𝑦

(1 + 𝑦)
= 𝑥ⅆ𝑥      ⟹    ∫

ⅆ𝑦

1 + 𝑦
= ∫ 𝑥 ⅆ𝑥 

ln (1 + 𝑦) =
𝑥2

2
+ 𝐶         ⟹    1 + 𝑦 =  exp (

𝑥2

2
+ 𝐶)    

1 + 𝑦 = 𝐴 exp (
𝑥2

2
)  

where c and hence A is an arbitrary constant. 

Working Rule: 

Step 1. Separate the variables as 𝑓(𝑦)ⅆ𝑦 = 𝜑(𝑥)ⅆ𝑥  

Step 2. Integrate both sides as ׬ 𝑓(𝑦) ⅆ𝑦 = ׬ 𝜑(𝑥)ⅆ𝑥  

Step 3. Add an arbitrary constant  𝐶 on R.H.S. 
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Ex. (2): Solve  𝑥2(1 − 𝑦2) ⅆ𝑥 + 𝑦(1 + 𝑥2) ⅆ𝑦 = 0 ? 

Solution: 

𝑥2ⅆ𝑥

1 + 𝑥2
+

𝑦 ⅆ𝑦

 1 − 𝑦2
= 0 

∫ (1 −
1

1 + 𝑥2
) ⅆ𝑥 −

1

2
∫

−2𝑦

 1 − 𝑦2
ⅆ𝑦 = 𝐶 

𝑥 − tan−1 𝑥 −
1

2
ln(1 − 𝑦2) = 𝐶 

 

𝐄𝐱. (𝟑):  𝑆𝑜𝑙𝑣𝑒      
ⅆ𝑦

ⅆ𝑥
=

𝑥(2 log 𝑥 + 1)

 sin 𝑦 + 𝑦 cos 𝑦
    ? 

Solution: 

( sin 𝑦 + 𝑦 cos 𝑦)ⅆ𝑦 = {𝑥(2 log 𝑥 + 1)}ⅆ𝑥 

∫ (  sin 𝑦 + 𝑦 cos 𝑦)ⅆ𝑦 = ∫ { 𝑥(2 log 𝑥 + 1)}ⅆ𝑥 

− cos 𝑦 + 𝑦 sin 𝑦 − ∫ ( 1) sin 𝑦ⅆ𝑦 = 2 ∫  log 𝑥 𝑥ⅆ𝑥 + ∫ 𝑥 ⅆ𝑥 + 𝐶 

− cos 𝑦 + 𝑦 sin 𝑦 +  cos 𝑦 = 2[ log 𝑥
𝑥2

2
− ∫

1

𝑥
 
𝑥2

2
ⅆ𝑥] +

𝑥2

2
+ 𝐶 

𝑦 sin 𝑦 = 2 log 𝑥 
𝑥2

2
− ∫ 𝑥 ⅆ𝑥 +

𝑥2

2
+ 𝐶 

𝑦 sin 𝑦 = 2 log 𝑥 
𝑥2

2
−

𝑥2

2
+

𝑥2

2
+ 𝐶 

𝑦 sin 𝑦 = 𝑥2 log 𝑥 + 𝐶 
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2) Exact equation: 

𝑀ⅆ𝑥 + 𝑁ⅆ𝑦 = 𝜃 

an exact D.E. if it satisfies the following condition 

𝜕𝑀

𝜕𝑦
=

𝜕𝑁

𝜕𝑥
 

Proof: 

𝑀ⅆ𝑥 + 𝑁ⅆ𝑦 = ⅆ𝑈 =
𝜕𝑈

𝜕𝑥
ⅆ𝑥 +

𝜕𝑈

𝜕𝑦
ⅆ𝑦 

𝑀(𝑥, 𝑦) =
𝜕𝑈

𝜕𝑥
  , 𝑁(𝑥, 𝑦) =

𝜕𝑈

𝜕𝑦
 

Since 𝜕2𝑈/𝜕𝑥𝜕𝑦 = 𝜕2𝑈/𝜕𝑦𝜕𝑥 we therefore require 

𝜕𝑀

𝜕𝑦
=

𝜕𝑁

𝜕𝑥
 

 
 

𝐄𝐱. (𝟒): 𝑆𝑜𝑙𝑣𝑒 (5𝑥4 + 3𝑥2𝑦2 − 2𝑥𝑦3)ⅆ𝑥 + (2𝑥3𝑦 − 3𝑥2𝑦2 − 5𝑦4)ⅆ𝑦 = 0 

Solution: 

𝑀 = 5𝑥4 + 3𝑥2𝑦2 − 2𝑥𝑦3,       𝑁 = 2𝑥3𝑦 − 3𝑥2𝑦2 − 5𝑦4 

𝜕𝑀

𝜕𝑦
= 6𝑥2𝑦 − 6𝑥𝑦2    ,         

𝜕𝑁

𝜕𝑥
= 6𝑥2𝑦 − 6𝑥𝑦2 

Working Rule: 

Step 1. Integrate 𝑀 with respect to 𝑥 keeping 𝑦 constant. 

Step 2. Integrate w.r.t. 𝑦, only those terms 𝑜𝑓𝑁 which do not contain 𝑥. 

Step 3. Result of (1) + Result of (2) = Constant. 
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∵
𝜕𝑀

𝜕𝑦
=

𝜕𝑁

𝜕𝑥
 

∴ ∫ ( 5𝑥4 + 3𝑥2𝑦2 − 2𝑥𝑦3)ⅆ𝑥 + ∫ − 5𝑦4ⅆ𝑦 = 𝐶 

𝑥5 + 𝑥3𝑦2 − 𝑥2𝑦3 − 𝑦5 = 𝐶 

 

𝐄𝐱. (𝟓):  𝑆𝑜𝑙𝑣𝑒   𝑥
ⅆ𝑦

ⅆ𝑥
+ 3𝑥 + 𝑦 = 0    ? 

Solution: 

(3𝑥 + 𝑦)ⅆ𝑥 + 𝑥ⅆ𝑦 = 0, 

𝑀(𝑥, 𝑦) = 3𝑥 + 𝑦 , 𝑁(𝑥, 𝑦) = 𝑥             Since     𝜕𝑀/𝜕𝑦 = 1 = 𝜕𝑁/𝜕𝑥 

∫ ( 3𝑥 + 𝑦)ⅆ𝑥 + ∫(0)ⅆ𝑦 = C  

3𝑥2

2
+ 𝑦𝑥 = C. 

 

𝐄𝐱. (𝟔):  𝑆𝑜𝑙𝑣𝑒   (3𝑥2 + 3𝑥𝑦2) ⅆ𝑥 + (3𝑥2𝑦 − 3𝑦2 + 2𝑦) ⅆ𝑦 = 0  ? 

Solution: 

𝑀(𝑥, 𝑦) = 3𝑥2 + 3𝑥𝑦2 , 𝑁(𝑥, 𝑦) = 3𝑥2𝑦 − 3𝑦2 + 2𝑦            

𝜕𝑀

𝜕𝑦
= 6𝑥𝑦  ,

𝜕𝑁

𝜕𝑥
= 6𝑥𝑦 

∴ ∫ ( 3𝑥2 + 3𝑥𝑦2)ⅆ𝑥 + ∫(−3𝑦2 + 2𝑦)ⅆ𝑦 = C  

𝑥3 +
3

2
𝑥2𝑦2 − 𝑦3 + 𝑦2 = C. 
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𝐄𝐱. (𝟕):  𝑆𝑜𝑙𝑣𝑒   [1 +  log (𝑥𝑦)]ⅆ𝑥 + [1 +
𝑥

𝑦
] ⅆ𝑦 = 0 ? 

Solution: 

[1 +  log 𝑥 +  log 𝑦]ⅆ𝑥 + [1 +
𝑥

𝑦
] ⅆ𝑦 = 0 

           𝑀(𝑥, 𝑦) = 1 +  log 𝑥 +  log 𝑦 ,               𝑁(𝑥, 𝑦) = 1 +
𝑥

𝑦
 

𝜕𝑀

𝜕𝑦
=

1

𝑦
 ,

𝜕𝑁

𝜕𝑥
=

1

𝑦
 

 

∴ ∫ ( 1 +  log 𝑥 +  log 𝑦)ⅆ𝑥 + ∫ ⅆ 𝑦 = 𝐶 

𝑥 + ∫  log 𝑥ⅆ𝑥 + ∫  log 𝑦ⅆ𝑥 + 𝑦 = 𝐶           … … (∗) 

Now, 

∫ log 𝑥ⅆ𝑥 = 𝑥 log 𝑥 − ∫
1

𝑥
. 𝑥ⅆ𝑥 = 𝑥 log 𝑥 − 𝑥 

Equation (*) becomes 

𝑥 + 𝑥 log 𝑥 − 𝑥 + 𝑥 log 𝑦 + 𝑦 = 𝐶 

𝑥[ log 𝑥 +  log 𝑦] + 𝑦 = 𝐶 = 𝑥 log (𝑥𝑦) + 𝑦 = 𝐶. 

 

3) Inexact equation: Integration Factors: 

𝑀ⅆ𝑥 + 𝑁ⅆ𝑦 = 𝜃 

an inexact D.E. if it satisfies the following condition 

𝐼𝐹 
𝜕𝑀

𝜕𝑦
≠

𝜕𝑁

𝜕𝑥
 , 𝑤𝑒 𝑚𝑢𝑠𝑡 𝑢𝑠𝑒 𝐼𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑜𝑛 𝐹𝑎𝑐𝑡𝑜𝑟 (𝜇) 
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𝜕(𝜇𝑀)

𝜕𝑦
=

𝜕(𝜇𝑁)

𝜕𝑥
,    𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝑛𝑜 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑚𝑒𝑡ℎ𝑜ⅆ 𝑓𝑜𝑟 𝑓𝑖𝑛ⅆ𝑖𝑛𝑔 𝑖𝑡. 

 
 

𝐄𝐱. (𝟖): 𝑆𝑜𝑙𝑣𝑒    
ⅆ𝑦

ⅆ𝑥
= −

2

𝑦
−

3𝑦

2𝑥
  ? 

Solution: 

(4𝑥 + 3𝑦2)ⅆ𝑥 + 2𝑥𝑦ⅆ𝑦 = 0 

𝑀(𝑥, 𝑦) = 4𝑥 + 3𝑦2      and         𝑁(𝑥, 𝑦) = 2𝑥𝑦 

𝜕𝑀

𝜕𝑦
= 6𝑦    ≠   

𝜕𝑁

𝜕𝑥
= 2𝑦 

𝑓(𝑥) =
1

𝑁
(
𝜕𝑀

𝜕𝑦
−

𝜕𝑁

𝜕𝑥
) =

2

𝑥
 

∴ 𝜇(𝑥) =  exp 2 ∫
ⅆ𝑥

𝑥
=  exp (2 ln 𝑥) = 𝑥2 

 (4𝑥3 + 3𝑥2𝑦2)ⅆ𝑥 + 2𝑥3𝑦ⅆ𝑦 = 0 

∫(4𝑥3 + 3𝑥2𝑦2)ⅆ𝑥 + ∫(0)ⅆ𝑦 = 𝐶 

𝑥4 + 𝑦2𝑥3 = 𝐶. 

 

Working Rule: 

Step 1. 𝜇(𝑥) = 𝑒𝑥𝑝 ׬ 𝑓(𝑥)ⅆ𝑥  ,   𝑓(𝑥) =
1

𝑁
ቀ

𝜕𝑀

𝜕𝑦
−

𝜕𝑁

𝜕𝑥
ቁ. 

Step 2. 𝜇(𝑦) = 𝑒𝑥𝑝 ׬ 𝑔(𝑦)ⅆ𝑦  ,   𝑔(𝑦) =
1

𝑀
ቀ

𝜕𝑁

𝜕𝑥
−

𝜕𝑀

𝜕𝑦
ቁ. 

Step 3. Multiple D.E. by step (1)   OR   step (2). 

Step 4. Apply exact method. 
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𝐄𝐱. (𝟗):  𝑆𝑜𝑙𝑣𝑒   (3𝑥𝑦3 + 4𝑦) ⅆ𝑥 + (3𝑥2𝑦2 + 2𝑥) ⅆ𝑦 = 0  ? 

Solution: 

𝑀(𝑥, 𝑦) = 3𝑥𝑦3 + 4𝑦 , 𝑁(𝑥, 𝑦) = 3𝑥2𝑦2 + 2𝑥            

𝜕𝑀

𝜕𝑦
= 9𝑥𝑦2 + 4    ≠   

𝜕𝑁

𝜕𝑥
= 6𝑥𝑦2 + 2 

𝑓(𝑥) =
1

𝑁
(

𝜕𝑀

𝜕𝑦
−

𝜕𝑁

𝜕𝑥
) =

1

3𝑥2𝑦2 + 2𝑥
([9𝑥𝑦2 + 4] − [6𝑥𝑦2 + 2]) =

1

𝑥
 

∴ 𝜇(𝑥) =  exp ∫
ⅆ𝑥

𝑥
=  exp (ln 𝑥) = x 

(3𝑥2𝑦3 + 4𝑥𝑦)ⅆ𝑥 + (3𝑥3𝑦2 + 2𝑥2)ⅆ𝑦 

∴ ∫ ( 3𝑥2𝑦3 + 4𝑥𝑦)ⅆ𝑥 + ∫(0)ⅆ𝑦 = C  

𝑥3𝑦3 + 2𝑥2y = C. 

 

𝐄𝐱. (𝟏𝟎):  𝑆𝑜𝑙𝑣𝑒   (2𝑥 log 𝑥 − 𝑥𝑦)ⅆ𝑦 + 2𝑦ⅆ𝑥 = 0  ? 

Solution: 

𝑀(𝑥, 𝑦) = 2𝑦 , 𝑁(𝑥, 𝑦) = 2𝑥 log 𝑥 − 𝑥𝑦            

 

𝜕𝑀

𝜕𝑦
= 2         ≠        

𝜕𝑁

𝜕𝑥
= 2(1 +  log 𝑥) − 𝑦 

𝑓(𝑥) =
1

𝑁
(

𝜕𝑀

𝜕𝑦
−

𝜕𝑁

𝜕𝑥
) =

1

2𝑥 log 𝑥 − 𝑥𝑦
([2] − [2(1 + log 𝑥) − 𝑦])

= −
1

𝑥
 

∴ 𝜇(𝑥) =  exp ∫ −
ⅆ𝑥

𝑥
=  exp (−ln 𝑥) =

1

𝑥
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(2 log 𝑥 − 𝑦)ⅆ𝑦 +
2𝑦

𝑥
ⅆ𝑥 = 0 

∫
2𝑦

𝑥
ⅆ𝑥 + ∫ − 𝑦ⅆ𝑦 = 𝐶 

2𝑦 log 𝑥 −
𝑦2

2
= 𝐶. 

 

𝐄𝐱. (𝟏𝟏):  𝑆𝑜𝑙𝑣𝑒   (2𝑥𝑦2 − 2𝑦) ⅆ𝑥 + (3𝑥2𝑦 − 4𝑥) ⅆ𝑦 = 0  ? 

Solution: 

𝑀(𝑥, 𝑦) = 2𝑥𝑦2 − 2𝑦 , 𝑁(𝑥, 𝑦) = 3𝑥2𝑦 − 4𝑥            

𝜕𝑀

𝜕𝑦
= 4𝑥𝑦2 − 2    ≠   

𝜕𝑁

𝜕𝑥
= 6𝑥𝑦 − 4 

𝑔(𝑦) =
1

𝑀
(

𝜕𝑁

𝜕𝑥
−

𝜕𝑀

𝜕𝑦
) =

1

2𝑥𝑦2 − 2𝑦
([6𝑥𝑦 − 4] − [4𝑥𝑦 − 2]) =

1

𝑦
 

∴ 𝜇(𝑦) =  exp ∫
ⅆ𝑦

𝑦
=  exp (ln 𝑦) = y 

(2𝑥𝑦3 − 2𝑦2) ⅆ𝑥 + (3𝑥2𝑦2 − 4𝑥𝑦) ⅆ𝑦 = 0 

∴ ∫ ( 2𝑥𝑦3 − 2𝑦2)ⅆ𝑥 + ∫(0)ⅆ𝑦 = C  

𝑥2𝑦2 − 2x𝑦2 = C. 

 

𝐄𝐱. (𝟏𝟐):  𝑆𝑜𝑙𝑣𝑒   (𝑦4 + 2𝑦) ⅆ𝑥 + (𝑥𝑦3 + 2𝑦2 − 4𝑥) ⅆ𝑦 = 0  ? 

Solution: 

𝑀(𝑥, 𝑦) = 𝑦4 + 2𝑦 , 𝑁(𝑥, 𝑦) = 𝑥𝑦3 + 2𝑦2 − 4𝑥            

𝜕𝑀

𝜕𝑦
= 4𝑦3 + 2    ≠   

𝜕𝑁

𝜕𝑥
= 𝑦3 − 4 


