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First Order and First Degree

We will discuss the standard methods of solving the D.E. of the following:

1) separation of the variables equation:
If a differential equation can be written in the form
f)dy = p(x)dx

We say that variables are separable, y on left hand side and x on right hand

side. We get the solution by integrating both sides.

Working Rule.
Step 1. Separate the variables as f (y)dy = @ (x)dx
Step 2. Integrate both sides as [ f(y) dy = [ p(x)dx

Step 3. Add an arbitrary constant C on RH.S.

dy
Ex.(1): Solve —=x+xy ?

dx
Solution:
dy dy dy
— =x(1 = xd — = d
I x(1+y) = a1y xdx = Tty Jxx
x? x?
1n(1+y)=7+C = 1+y=exp(7+C)

2
1+y=Aexp <7>

where ¢ and hence A is an arbitrary constant.
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Ex. (2): Solve x?2(1 —y?)dx+y(1+x3)dy=07?
Solution:

x%dx d
+ 22—
1+x2 1-—y?

[ESPRTE
1+x2)72) 127

1
x —tan"lx —Eln(l —y3)=C

d x(2logx +1
Ex. (3): Solve 2 _( 5 )
dx siny+ycosy

Solution:

(siny+ycosy)dy = {x(2logx + 1)}dx

j (siny+ycosy)dy=J {x(2logx + 1)}dx

—cosy+ysiny—j (1)sinydy=2f logxxdx+J xdx +C

+ysiny+ cosy = 2[logx s f L g+
cosy+ysiny+ cosy = [ogx2 o x| >
x? x?
ysiny=210gx7—J xdx+7+C
x? x* x?
iny =21 ———+—+C
ysiny ogx > > +2 +

ysiny =x%logx+ C
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2) Exact equation:
Mdx + Ndy = 6

an exact D.E. if it satisfies the following condition

oM _ON
dy  ox
Proof;
Mdx + Nd —dU—aUd +6Ud
* Y= " ay Y
M )_OU N _au
x'y _ax ) (x'y)_ay

Since 0?U /0xdy = 02U /0ydx we therefore require
oM _ oN
dy 0x
Working Rule.
Step 1. Integrate M with respect to x keepingy constant.
Step 2. Integrate w.r.t. y, only those terms of N which do not contain x.

Step 3. Result of (1) + Result of (2) = Constant.

Ex. (4): Solve (5x* + 3x2%y? — 2xy3®)dx + (2x3y — 3x%y? — 5y")dy = 0

Solution:

M = 5x* + 3x%y? — 2xy3, N = 2x3y — 3x%y? — 5y*

6M_62 2 6N_62 Exv?
ay—xy xy< oy~ 0Xy —bxy
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_dM 0N
"9y ox

j (5x* + 3x2y?% — 2xy3)dx + J —5ytdy =C

xS+ x3y2 —x2y3 —yS=¢

d
Ex. (5): Solve xd—z+3x+y=0 ?

Solution:
(Bx+y)dx + xdy =0,

M(x,y) =3x+y, N(x,y) =x Since 0M/dy =1=0N/ox

J (3x+y)dx+j(0)dy= C

3x2+ =C
> tyx=C_C

Ex. (6): Solve (3x%+ 3xy?)dx + (3x?y —3y%?+2y)dy=107?
Solution:
M(x,y) = 3x? + 3xy?, N(x,y) = 3x%y — 3y2 + 2y

oM _ oN _
dy Xy ax Y

j (3x% + 3xy?)dx + j(—3y2 + 2y)dy = C

3
x3 +§xzy2 —y3+y%=C
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Ex. (7): Solve [1+ log (xy)]dx + [1 + ;] dy=07?
Solution:
X
[1+ logx + log y]dx + [1 +;] dy =0

M(x,y) =1+ logx + logy, N(x,y)=1+§

QD

oM

N

X

i

)

<|r
<P

j (1+10gx+10gy)dx+f dy=C

x+j logxdx+j logydx+y=C  .... (*)
Now,
1
j log xdxleogx—j ;.xdx =xlogx —x

Equation (*) becomes
x+xlogx—x+xlogy+y==C

x[logx + logy]l+y=C=xlog(xy)+y=_C.

3) Inexact equation: Integration Factors:

Mdx + Ndy = 6

an inexact D.E. if it satisfies the following condition

IF — +—, we must use Integration Factor (u)

(Page 7 Second Grade in Department of Physics J




J

(Ordinary Differential Equations Dr. Mohammed Yousuf Kamil

ouM) _ 9(uN)

there exists no general method for finding it.

dy ox
Working Rule.
Step 1. u(x) = exp [ f(x)dx , f(x) = % (Z—IZ — Z—:).

Step 2. u(y) = exp [ g(y)dy , g(y) = % (Z_’;’ _2_13"}’)_

Step 3. Multiple D.E. by step (1) OR step (2).

Step 4. Aoply exact method.

d
Ex. (8): Solve - T 2. ?

Solution:
(4x + 3y?)dx + 2xydy = 0

M(x,y) = 4x +3y* and N(x,y) = 2xy

6M_6 L 6N_2
ay Y ax Y

1 oM ON__ 2
f(x)_N(ay ox’  x

dx
s u(x) = exp 2] —~ = exp (2Inx) = x?
(4x3 4+ 3x2y3)dx + 2x3ydy = 0
j(4x3 + 3x%y?)dx + j(O)dy =C

x*+y%x3 =C.
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Ex.(9): Solve (Bxy3+4y)dx + (Bx%y? +2x)dy =10 ?
Solution:

M(x,y) = 3xy3 + 4y, N(x,y) = 3x%y? + 2x

M _g 2+4 # N _6 2 +2

dy Xy ox XY
() = 3 (T~ 90) = 5oy (93 + 4]~ [6xy? +2]) = -
&=y gy  ox)  3xty2t2x Y XY Cx

dx
s u(x) = exp J ~ = XP (Inx) =x

(3x2y3 + 4xy)dx + (3x3y? + 2x2)dy
j (3x2y3 + 4xy)dx + J(O)dy =C

x3y3 + 2x%y = C.

Ex. (10): Solve (2xlogx —xy)dy + 2ydx =0 ?
Solution:

M(x,y) =2y, N(x,y) = 2xlogx — xy

6M_2 * 6N_2 1+ 1

()_1<6M 6N>_ 1 (2] - [2(1 +1

Jx ~ N\dy 0dx/ 2xlogx—xy ( 08 %) = y]
T x

. _ j dx_ | _1
~pu(x) = exp . = exp ( nx)—x
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2
(2 logx—y)dy+7ydx =0

2y
f 7dx+f —ydy =C

2

2ylogx—y7= C.

Ex. (11): Solve (2xy? —2y)dx+ (B3x%y—4x)dy =0 ?
Solution:

M(x,y) = 2xy* — 2y, N(x,y) = 3x%y — 4x

W tyr—2 = Loy

dy XY ox 4
0) = 35 (3e ~50) = gy, 6y — 4]~ [y — 2D =
I = \ox dy) 2xy? -2y Xy Xy oy

dy
S u(y) = eXDf 7= exp (Iny) =y

(2xy3 — 2y?) dx + 3x*y? —4xy)dy =0

f (2xy3 — 2y®)dx + J(O)dy =C

x?y? — 2xy? = C.

Ex. (12): Solve (y*+2y)dx + (xy3 +2y?2—4x)dy =0 ?
Solution:
M(x,y) = y*+2y, N(x,y) = xy> + 2y* — 4x

aM—43+2 # N ey
dy Y ox 7
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