Foundation of Mathematics 2 2018-2019 Solutions of Some Theorems Ch. 2 Sec. 1,2

Ch. 2 Section 1.
Theorem 2.1.10.

(i) n* =14+n,vneN.
Proof:

Suppose that L = {n € N|n* = 1 4+ n}. Then we will prove that L is successor
subset of N.
(i) Toprove 0 € L.

0f=1=140 (Def. of +)
— 0 € L.

(ii) Let k € L. To prove that k* € L.

1+kt=0+k)* (Def. of +)
= (k)* (Since k € L)
— kT € L.

Thus, L is a successor subset of N. Therefore, by Ps we getthat L = N.

(i) n=1-n,vneN.
Proof:

Suppose that L = {n € N|n = 1 - n}, Then we will prove that L is successor subset
of N.
(i) Toprove 0 € L.

0=1-0 ( Def. of -)
— 0 € L.
(ii) Let k € L. To prove that k* € L.

1-kT=1+1-k (Def. of -)
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=1+k (Sincek € L)
=kt (Properties of successor)
— kt € L.

Thus, L is asuccessor subset of N. Therefore, by Ps we getthat L = N.

(iiln+m=m+n,vnmeN, (Commutative property of +)
Proof:

Suppose that L,,, = {n € N|m + n = n + m}, m € N. Then we will prove that L,,
IS successor subset of N.
(i) Toprove 0 € L,,.

m+0=0=0+m
— 0€L,.
(ii) Letk € L,,. Toprove that k™ € L.

m+kt=m+k)* (Def. of +)

=(k+m)* (Since k € L,,))
=1+ (k+m) (Properties of successor)
=A+k)+m (Asso. law of +)
=kT+m (Properties of successor)

Thus, k™ € L, ; thatis, L,, is a successor subset of N. Therefore, by Ps we get that
L, =N.

(iv) (Distributive property of - on 4+ from right)
(n+m)-c=n-c+m-c,¥vnm,c€N.

Proof:

Suppose that|L,,, ={c e N|(n+m)-c=n-c+m-c},mn€N|

Then we will prove that L,,,, is successor subset of N.
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(i) Toprove 0 € L,,, .
mM+m)-0=0=04+0=n-0+m-0
—0€L,, (Def. of L,,,)

(ii) Letc € L,,,,. To prove that c* € L,,,,, .

n+m)-ct=n+m)+(n+m)-c (Def. of +)
=n+m)+(n-c+m-c) (Sincec € L,,,,)
=m+n-c)+(m+m-c) (Asso. law and comm. law of +)
=n-ct+m-ct (Def. of )

—ctelL,, (Def. of L)

(ix) (Cancellation Law for +). m + ¢ = n + c¢,forsomec e N m = n.
Proof:
MIfm+c=n+c, forsomec EN=m = n.

Suppose that L,,,, ={n e Njm+c=n+c = m = n}, m,n € N. Then we will
prove that L,,,, is successor subset of N.
(@) Toprove 0 € L,,,,.

Ifm+0=n+0—>n=m
—0€L,, (Def. of L,,)
(b) Letc € L,,,,. To prove that c* € L,,,,, .

Let m+ct=n+c?
(m+o)t=mn+0o)* (Def. of +)
—m+c=n+c (By P,)
—m=n (Sincek € L,,,,,)

Thus, k* € L,,,,; thatis, L,,,, is asuccessor subset of N. Therefore, by Ps we get
that L,,,, = N.
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(i) Ifm = nthenm + ¢ = n + ¢, forsomec € N.

Theorem 2.1.14:

(vi) (Cancellation Law for -).
m-c=mn-c forsome c(#0) EN=m =n.

Proof:

Supposem - ¢ = n - c, for some c(# 0) € N.

If m # n, then by Trichotomy Theorem eitherm <n or n <m.
Ifm <n,then3k # 0 € Nsuchthatn =m+ k. (Def. of <)

n-c=(m+k)-c

n-c=m-c+((k - c) (Dist. Law of - on + from right)
Butk - c#0 (Since k #0and c # 0)
m-c<n-c (Def. of <)

Thereforee m - ¢c = n-cand m - c<n - c.

This is contradicted with Trichotomy Theorem. Therefore, m = n.

(vi)lf m -n = 0, then eitherm = 0 orn = 0, V m,n € N. (N has no zero divisor)
Proof:
We will prove this statement by contra positive law. So the equivalent statement is

If n+0andm # 0,thenm - n # 0.
Suppose that m - n = 0. If n # 0, then we will prove that m = 0.

3k € Nsuchthatn = k* (Since n # 0)
O=m-n=m-kt=m+m-k (Def. of -)

=m-k+m (Comm. law of +)
If m=+#0,thenm-k <0 (Def. of <)
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This is contradiction (C!) since m - k € N and no natural number less than 0.

Therefore, m - n # 0.

Another proof.

We will prove the equivalent statement that: if n # 0 and m # 0, thenm - n # 0.
Assumethatm-n =10

—m-n=m-0 (Def. of -)

—n=0 (Cancellation law of -)

— Contradiction since m # 0.

—eom - n#0.

Theorem: m+k<n+k=m<n,forallmn, k € N.

Proof:

m+k<n+k—->3l#+0eNsuchthatn+ k = (m+ k) + 1. (Def. of <)

n+k=m+(k+10) (Asso. law of +)

n+k=m+(l+k) (Comm. law of +)

n+k=m+D)+k (Asso. law of +)
n=m+l (Cancellation law of +)
m<n (Since [ # 0 and Def. of <)
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