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Gradient, Divergence and Curl Del Operator

Del Operator: is a vector differential operator denoted by the symbol V:

-0 .0 0
_Ia_'_j@y dz

(1.11)

This operator can be used 1n three differential wavys:

a. Gradient of Scalar (pressure)

_ o o o,
"E'p=1'—p+j pk P

dx dy 0Oz

b. Divergence of a Vector (velocity)
.  Jdu Jdv Jdw

V.V = dx + dy + dz

c. Curl of a Vector (velocity)

i k
vxv =2 9 9
dx @y 63’
u

(vector) (1.12)

(scalar) (How?) (1.13)

du

— (By — i+ (E ——)Jr -+ (— —— )k (vector) (1.14)
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(c) Stretching Deformation
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Divergence
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The Relation between continuity equation and vertical motion

that the net rate of mass accumulation in the cube s represented as

o o0+ Lion) 4 (o) |
— =—|—(pu) + —(pv) + —(pw) | dxdybz.
T PR PP

% o)+ o)+ —(ow) | = V- (o7
— =—|—(pu)+—(pv)+ —(pw)| ==V .
ot ax T ay P T g

The expression above is known as the mass divergence form of the mass continuity
equation. An alternative form of this expression arises by recalling that

V. (pV)=pV.V+V.Vp
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Divergence

The Relation between continuity equation and vertical motion

The continuity equation states that

8 - 8 - 8 -
— :—l -_— __I".:.
VeV 0 where V 5;51 — ﬂ'yj op &

V=ul+ 1]+ vk
We can also write
S
T-"H . VH +

~— =0 where Vy=—_—i+—] g
dp

V, =ul+ ]




Divergence
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The Relation between continuity equation and vertical motion
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3-D divergence Horizontal divergence
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Divergence

The Relation between continuity equation and vertical motion
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Divergence
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The Relation between continuity equation and vertical motion
convergence L& divergence 3
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The Relation between continuity equation and vertical motion

Divergence
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Vorticity

Cartesian expression for vorticity

i . . - W dv - . dw\ - v du s
3D relative vorticity vector v =V=x=l' = f——{‘— P === J+ {‘——{— k
dy  dz dz  dx

Vertical component of

~ . on . dv d
vorticity vector (rotation C=keov=keVx}) = ,v— _u
in a horizontal plane dx  dy
Absolute vorticity (flow + » . " -
earth’s vorticity) n=kev,=k*VxV,

Absolute vorticity n = ( IV — Ju ] + f




Vorticity

The vorticity equation in height coordinates

(2)
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Vorticity

d@+f)=—(t+fia—“+ﬁ]— gwdv _ aw du) 12 dp ap _ap dp\ [9F, _oF,
dt _dx 4 dx dz dv dz e dx dy  ay dx dx v
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Vorticity
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Vorticity

etic energy

o+30 o—O0

o=

PGF

m (OF ) small
acceleration large

m {Or p) large
acceleration

srmial
JJL,
A

Cold advection
P 8P patiem

gec:stﬁ:}phit: wind




Vorticity
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Geostrophic wind = cons

MN-S wind compone
due to friction
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oxX =




Vorticity

The vorticity equation in pressure coordinates
dv  dg

e

_ag
_ L e F (1) - — F, (2)
dt A 4 A i 'y i
Expand total dernivative
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Vorticity

The vorticity equation

& i i a& du v dee Ao dv doo afF ol
— =|—u — + v—IJ|& + H oo —— — + —+— | M — am —
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In English: Honzontal relative vorticity is increased at a point if
1) positive vorticity 1s advected to the point along the pressure surface,
2) or advected vertically to the point,
3)1f air rotating about the point undergoes convergence (hke a skater twirling
4y 1if vertically sheared wind is tilted into the horizontal due a gradient in verti
DY if the force of frichion varnes 1in the honzontal

Solenoid terms disappear in pressure coordinates: we will work in P [:nnrdinzkte frc

L)




Deformation

Deformation flow i1s fundamental to the development of fronts

Time =t Time =1t + At




EXAMPLES OF DEFORMATION




Deformation

EXAMPLES OF DEFORMATION
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Deformation

CONFLUENT and DIFLUENT FLOW

Is thas flow convergent?

Is this flow divergent?

Confluent flow

Diifluent flow

MNO: The areas of the two boxes are identical.
The flow is a combination of translation and

deformation.




Curvature

The terms for divergence, relative vorticity, and deformation

strnictly apphy on a plane tangent to the earth’s surface. If we take
earth’'s curvature INnto account, we have to add an additional term.




Curvature

)
Suppose the wind 1s southerly and Red = wind
- - Blue = wind
uniform. Is the wind convergent’/ component
Yesl v 1 ¥ b‘*. v
o dv v f
O = + +—tan g |
ox dy o 'f._:e. x
o .
Convergence of mendians toward \

north leads to convergence. This
Is the earth curvature term (the last term)
In the expression for convergence (o).

)

80°W  T75°W  T0O0°W
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Curvature

Suppose the wind is westerly and
uniform. Does vorticity exist?

Yesl

Convergence of mendians toward

north creates vorticity. This

Is the earth curvature term (the last term)
In the expression for varticity (C).

SOW  T753"W  TO°W

-



Curvature

In a similar way, convergence of the earth’s mendians toward
the north leads to deformation in otherwise uniform flow

Dl=au_ﬂ'v_vl b
dx dv a

Earth’s curvature terms are an order of magnitude smaller than other

terms, but cannot be ignored in models, at least in the middle and high
latitudes.
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