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Chapter (2) Algebra of Vectors

Vectors can be added together and multiplied by scalars. Vector addition is associative
(Equation 1) and commutative (Equation 2), and vector multiplication by a sum of scalars is
distributive (Equation 3).

A+B=8+14 1
and associative,
(AR+B)+ C =% +(B + C) 2
Moreover, multiplication by a scalar is distributive:
a,X—i—azX =(a|+a2)x. 3

In addition, scalar multiplication by a sum of vectors is distributive:

u(x-o-i):u;-\. +u§. 4

— A A A
In this equation, @ is any number (a scalar). For example, a vector antiparallel tovector A = A, i +A, j +A.K can

be expressed simply by multiplying A by the scalar @ = —1:
= A A A
-A =-Ai-A,j-A.k 5
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Example _

Direction of Motion
A A A
In a Cartesian coordinate system where i denotes geographic east, j denotes geographic north, and k

denotes altitude above sea level, a military convoy advances its position through unknown territory with velocity
A A

A
V =(40i +30j +0.1k)km/h. If the convoy had to retreat, in what geographic direction would it be
moving?
Solution

A
The velocity vector has the third component V . = ( +0.1kmvh)K , which says the convoy is climbing at a rate

of 100 m/h through mountainous terrain. At the same time, its velocity is 4.0 km/h to the east and 3.0 km/h to
the north, so it moves on the ground in direction tan™'(3/4) & 37° north of east. If the convoy had to retreat,

-—

its new velocity vector U would have to be antiparallel to V and be in the fom W = —a V , where

A A A
a is a positive number. Thus, the velocity of the retreat wouldbe ¥ = a(—4.0i —3.0j — 0.1k )knvh . The

negative sign of the third component indicates the convoy would be descending. The direction angle of the retreat
velocity is tan™ l(=3a/ = 4a) ~ 37° south of west. Therefore, the convoy would be moving on the ground in

direction 37° south of west while descending on its way back.

The generalization of the number zero to vector algebra is called the null vector, denoted by 0 .Al components of the
- A A A
null vector are zero, 0 =0i +0j + 0k , so the null vector has no length and no direction.

—.

Twovectors A and B are equal vectors if and only if their difference is the null vector:

b A A

b il A A A A A A A
0 = A-B =(Ai +A, j+A.K)=(B i +B, j +B.K)=(A=By)i +(A,-By)j +(A.- Bok.
This vector equation means we must have simultaneously Ay~ B, =0, Ay~ B,=0,and A. - B. = 0. Hence, we can

witt A = B ifand only if the corresponding components of vectors A and B are equal:

Ax=B_‘
XA =B o {A,=B, 6
A.=B,

Two vectors are equal when their corresponding scalar components are equal.
Resolving vectors into their scalar components (i.e., finding their scalar components) and
expressing them analytically in vector component form (given by Equation 7)

A

M A
A =A;i+AyJ +Ak. 7
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Allows us to use vector algebra to find sums or differences of many vectors analytically (i.e.,
without using graphical methods). For example, to find the resultant of two vectors 2 ad B
, we simply add them component by component, as follows:

A A A A

— — — A A A A A
R=A+B =(Ai +A,j +A.K)+ B, i +Byj+B.K)=(A+B)i +(A,+B,)j +(A. +B.)k.

— A A A
In this way, using  Equation 6 | scalar components of the resultant vector R =R, i + Ry j + R. K are the sums of

. —
comresponding scalar components of vectors A and B :

R,=A,+B,,
Ry=Ay+ By,
R,=A,+B,

Analytical methods can be used to find components of a resultant of many vectors. For example if we are to sum up
A

N vectors F s ¥ 2, F 3yt sy ¥ N, where each vector is F r=Fp i +"A\J +I~‘-k,the resultant vector

l'RiS

I MZ

A A A
(Fkx i +Fp j +Fy, k)
k k=1 ’

[ 3 fh]n[g, S8

Therefore, scalar components of the resultant vector are

N
Fre= Z Fio=Fio+Foc+ ...+ Fyy

N
Fgr.= Z Fr.=Fi,+Fo,+... + Fy.,.
k=1

Having found the scalar components, we can write the resultant in vector component form:

M A M

?R:FR.Yi +FR}.j +FR‘__k.
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Analytical methods for finding the resultant and, in general, for solving vector equations are very
important in physics because many physical quantities are vectors. For example, we use this
method in kinematics to find resultant displacement vectors and resultant velocity vectors, in
mechanics to find resultant force vectors and the resultants of many derived vector quantities,
and in electricity and magnetism to find resultant electric or magnetic vector fields.

Figure 1

Analytical Computation of a Resultant

— — .
Three displacement vectors A | B ,and C inaplane ( Figurel | are specified by their magnitudes
A =100, B = 7.0, and C = 8.0, respectively, and by their respective direction angles with the horizontal
direction @ =35°, f =-110°, and y = 30°. The physical units of the magnitudes are centimeters. Resolve

the vectors to their scalar components and find the following vector sums: (a) R=X+B+7C , (b)

3:K—§,and(c)§=X—3§+6.
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Solution

We resolve the given vectors to their scalar components:

A,=Acosa=(10.0cm)cos35°=8.19cm

{A_v = Asina = (10.0cm)sin35° =5.73cm
By=Bcos = (7.0cm)cos (—110°) = -2.39cm
{By =Bsinf=(7.0cm)sin(—110°) = -6.58cm *
Cy=Ccosy=(8.0cm)cos30°=6.93cm

{Cy = Csiny = (8.0cm)sin 30° = 4.00 cm

For (a) we may substitute directly into Equation 8 to find the scalar components of the resultant:
Ry=Ay+B;+C;=8.19cm—-239cm+ 693 cm = 12.73cm
Ry=Ay+By+Cy=573cm—-6.58cm+4.00cm =3.15¢cm °

il A A A A
Therefore, the resultant vectoris R =R, i +Ry j =(12.7i +3.1 j)em.

For (b), we may want to write the vector difference as

= _ = B S, - A
D=AX-B =(A,i+A,j)-(B,i +B,j)=(A,—B)i +(A,—B))j.
Then, the scalar components of the vector difference are

Dy=A;—B,=8.19cm—(-2.39cm) = 10.58 cm

Dy =A,- B). =573cm - (-6.58cm) = 1231 cm’

A A A A

Hence, the difference vector is D= Dii+Dyj=(106i+12.3j)cm.

For (c), we can write vector S inthe following explicit form:

A A A A A A
S =KX -3B+C =(A,i+A,j)=3B,i +B, j)+(Cyi +CyJ)
A A

=(Ax=3Bx+Cyi +(Ay—-3By+Cy)j.

Then, the scalar components of S are

Sy=A;y=3B,+C,=8.19cm—3(-2.39cm) + 693 cm = 22.29cm
Sy=Ay=3By+ Cy=5.73cm - 3(=6.58 cm) + 4.00 cm = 29.47 cm’

A A A A
The vectoris S =S,1+5,j=(0223i +295j)cm.
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Example n

Vector Algebra
A
Find the magnitude of the wvector E that satisfies the equation EX 68 +3E =2, whem
=y Fa F.Y M M
A=I-2kand B =—] +K/72.
Strateqy
We first solve the given equation for the unlmown wector T . Then we substitte A and B ; Eroup the
A ] A
terms along each of the three directions 1, ] ,and K ; and identify the scalar components C,, Cy, and C;.
Finally, we subshiute into Equation 9 o find magmiude C.
Solution
Ly A
2A -68 43T = 2j
I
i I

—_— —_—
A +68
)
€ = 2j-2X +28

The components are Cy =—2/3, O, =—43, and C;=7/3, and substituting mto Equation 9 gives

C=§Ci+Ch+ €= Y23 + (413 /3 =T33,
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I-ﬁ:a‘.ﬂcns{e
A.-BE=B-A
I-:ﬁ+?]=i-ﬁ+i-f

A -B =A B +AB,+A4,B,

i Ea A
ix ]=4+k,
# A A
ij:-q—l.
A A A
kxi=4+1}.

. L3 L) L)
A x B =(A,B,— A B +(A-Ba— A B)J +(ABy— A Bk



