2. Divided Differences
Interpolation:

**Newton’s Divided Difference Interpolating Polynomial:
e The zeroth divided difference of the function f with
respect to x;, denoted f[x;], is simply the value of f at x; :

flxil = f(x;)

e The first divided difference of f with respect to x; and
x;4+11s denoted f[x;, x;, 1] and defined as

o = T D] =T

Xi+1 — Xi

e The second divided difference, f[x;, x;4+1,Xi4+2], is defined
as

flxivn Xiv2] = fxi X411

Xi+2 — X

f[xi»xi+1rxi+2] =

e Have been determined, the kth divided difference relative
to Xiy Xit1r Xit2) - Xitk Is

f[xi' Xi+1r = Xitk—1» xi+k]
f[xi;xi+1; lxi+k] - f[xi'xi+1' '"'xi+k—1]

Xi+k — Xi

e The process ends with the single nth divided difference,

f[xl;xZ; ""xn] - f[xo;xl; "'!xn—l]
Xn — Xo

flxo, X1, ey Xp] =
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Hence, the interpolating polynomial is

P, (x) = flxol + flxo, x1]1(x — x¢)
+ flxo, x1, %] (x — x0) (x — x1) + -
+ flxg, X1, oo, X ] (x — x0) (x — x71) . (X — X1y 1)

Divided Difference Table

So B,(x) can be rewritten in a form called Newton’s Divided-
Difference or (corresponding Collocation Polynomial):

P,(x) = flxo]
) flxo 1, e, 1] C = 2D = 21) (= )

n

k=1

Example 1:
Consider the data in the following table:

Xi

0

1

3

f(xi)

1

-6

4

169 921




Newton’s Divided Difference Formula
First, we construct the divided-difference table from this data.
The divided differences in the table are computed as follows:
The zeroth divided difference
flxol = f(x0) =1
flx1] = f(x1) = -6
flxz]l = f(x3) = 4
flx3] = f(x3) = 169
flxa] = f(xy) =921
The first divided difference
flxa] = flxo] _ —6—1 _

foal=— — — =30 °"

P N

flaz, x3] = f[xi :QxZ] = 129__34 = 55
Flxsxg] =7 [x;j :i ixg] = 92110__1669 — 188

The second divided difference

f[xler] _f[xO'xl] . 5— (_7) _ 4

f[Xz,X3] - f[xler] 55—5
flxs, x4] = flxz, 23] 188 =55
—_ —_ — 1
f[XZ,X3,X4] X, — X3 10 — 3 9

The third divided difference
flx1, x2, %3] — fx0, %1, X7 ] _10—-4 _

flx0,x1, X2, %3] =

f[x X0 X x]zf[X2;X3;X4]_f[x1,x2,x3]=19_10=1
e Xq4 — X1 10 -1

The forth divided difference
flx1, %2, %3, 4] — fx0, X1, X2, x3]
Xa — Xg

f[xOI X1,X2,X3, X4] =

1-1

10-0



Second, The resulting divided-difference table is

X f(x) 1tpD  2™pp  3"pp  4thpp
0 1
-7
1 -6 4
5 1
3 4 10 0
55 1
6 169 19
188
10 921

Third, It follows that the interpolating polynomial B,(x)can be
obtained using the Newton divided-difference formula as
follows:

P, (x) = flxol + flxo, x1]1(x — x¢)
+ flxo, x1, %] (x — x0) (x — x1) + -
+ flxg, X1, oo, X ] (x — x0) (x — x1) . (X — X1y 1)

L) =1+(=DEx -0+ @ -0)(x-1)
+ (D —=0)(x—1)(x—-3)
+(0)x-0)x-DkE-3)(x—-6)

P,(x) =1—7x+4x? —4x + x3 — 4x? + 3x
v Ps(x)=x3—-8x+1
To find f(4)
v f(x) = Ps(x) =x3—8x+1
~f(4) =~ (4)?*-8+(4)+1=33

Example 2:
Use Newton’s divided difference formula to show that an

interpolation for 3/20 from the points



(0,0), (1,1),(8,2), (27,3), (64,4), on f(x) = Vx is quite
invalid.

Solution:
f[xO] zf(xo) =0
flx ] =f(x) =1
flxz] = f(xy) =2
f[X3] =f(x3) =3
flxa] = f(xy) =4
flx1] —flxe] 1-0
flxo, x1] = %, — g =1-0"
flxs, x,] = f[x;j :il[xl] g 2 ~ 1 — 0.142857
— 3—-2
flxp, x3] = f[x;j — iz[xZ] =g " 0.052632
f[x4]—f[x3] 4 — 3
flxs xa] = = — == = )7 = 0.027027
_ flxux] = flxo, %] 0.142857 — 1
flxo,x1,%2] = %, — g = 3-0
= —0.107143
 flxzx3] = flxy,x;]  0.052632 — 0.142857
f[x1!x2!x3] - X3 — Xy - 57 — 1
= —0.00347
_ flxs,x4] = flxz,x3]  0.027027 — 0.052632
flxz,x3,x4] = X4 — 1, = -
= —0.000457

flx1,%x2,x3] — flx0, %1, x2]
f[x01x1!x2rx3] =
X3 — Xo

_ —0.00347 — (—0.107143) _ 0.00384
B 27 — 0 -




f[xz,xg,x4] — f[xl,xz,x3]
f[xl,xz,xg,x4] =
X4 — X1

—0.000457 — (—0.00347)
= = 0.000048

64 —1

flx1, x5, %3, x4] — fx0, X1, X2, %3]

f[XOr X1,X2,X3, .X'4_] =

X4 — Xg
_0.000048 — 0.00384 0.000059
B 64 —0 -
X; f(x;) | 15tDD 2"pp 3"4pD AthDD
0 0
1
1 1 —0.107143
0.142857 0.00384
8 2 —0.00347 —0.000059
0.052632 0.000048
27 3 —0.000457
0.027027
64 4

To find £(20), let
xo - 0,x1 == 1,x2 == 8,x3 - 27,X4 = 64

P, (x) = flxol + flxo, x1]1(x — x¢)
+ flxo, x1, %] (x — x0) (X — x1) + -
+ flxg, X1, s Xp ] (X — x0) (6 — x1) .. (X — X53_1)

P,(x) = 04 (1)(x — 0) + (=0.107143)(x — 0)(x — 1)
+ (0.00384)(x — 0)(x — 1)(x — 8)
+ (—0.000059)(x — 0)(x — 1)(x — 8)(x — 27)



- £(20) ~ P,(20)
= (1)(20 — 0) + (—0.107143)(20 — 0)(20 — 1)
+ (0.00384)(20 — 0)(20 — 1)(20 — 8)
+ (—0.000059)(20 — 0)(20 — 1)(20 — 8)(20 — 27)

Please complete the solution...

Example 3: ot

Consider the data in the following table fe)y| 3| 415

use Newton's divided difference to estimate f(—1.5).

Solution:
flxol = f(x0) =3
flal = flx) = —4
flxz]l = f(xz) =5
flxs] = f(x3) = -6
flad = flxl | —4-3
flxo,x1] = X1 — % —0_(_1)——7
_f[xz] — flx4] _ 5—(—4) _
flxy,x,] = Xy — X, =~ T0-1 =9
— —6—5
flxz 23] = f[x;i _ﬁz[xZ] =-—=-11
. f[xler] - f[xO!xl] . 9 — (_7) .
f[x07x11x2]_ X, — Xg —1_(_1)—8
) — ) —-11-9
Flxy, %, %3] = flx; x;,i _Zl[xl x;] _ - — _10

R X3 — X 2—(-1)




x; | f(x) | 15tDD 2"DpD 3"DD
3
—7
0 —4 8
9 —6
1 5 —10
—11
2 —6
To find f(1.5), let
Xo=—-1,x;=0,x, =1,x3 =2

P, (x) = flxol + flxo, x1]1(x — x¢)
+ flxo, x1, %] (x — x0) (x — x1) + -
+ flxg, X1, oo, X ] (x — x0) (x — x71) . (X — X1y 1)

P;(x) =3+ (-ND(x—-(-D)+ @ (x-(-D)x-0)
+(=6)(x = (-1))(x = 0)(x — 1)

P3(x) = —6x3+8x%2+7x — 4
.~ f(1.5) = P;(x) = —6(—1.5)3 + 8(—1.5)> + 7(—1.5) — 4
Please complete the solution...

Home work1: (H.W. 1):
Given that




f(=2)=46,f(—1) =4,f(3) = 156 and f(4) = 484,
compute f(0) by Newton’s divided difference formula.

Home work2: (H.W. 2):

(1) Complete the following divided difference table.
(2) Find the interpolating polynomial.

! Xi flx:] | fIxi—uxi] | flxi—2, %0, %] | flXi-3, - %] | fXi-a, -, Xi]
0 1.0 | 0.7651977 | _9.a837057
1 1.3 | 0.6200860
2 1.6 | 0.4554022 105489460 -0.0494433
3 1.9
4 2.2 |0.1103623




