Example 5.13. Consider the permutation
sf(12345
A43251

of degree 5. Picking the element 1 € {1, 2, 3. 4, 5} gives the cycle

‘e
o=(14 ﬁh
Picking the element 2 € {1. 2. 3. 4, 5} which is not in the cvele (1 4 5) gives the cyele
e
o=|(2 3‘[1'-

Every element of {1, 2, 3, 4, 5} is contained in either (1 4 5) or (2 3). Hence o has disjoint

cvcle representation
a=(145)(23).

Remark 5.14. Disjoint cycles always commute. For example,
(145)(23)=(23)(145).

Corollary 5.15. The order of any permutation o is the least common multiple of the lengths
of the eycles in its expression as a product of disjoint cycles.

Proof Let o be a permutation and

F=""%2--: Tk

be an expression of o as a product of disjoint cycles. Since 4y, 2. ..., 7 are disjoint, they
commute. Hence for any positive integer m,

o =17 -1

Furthermore, the cycles 4", 45", ..., 9" are disjoint. Hence o™ is the identity permutation
if. and only if, each 4™ is an identity cycle. For i € {1, 2, ..., k}, 4™ is the identity cycle if,
and only if, m is a multiple of its order, i.e. length. Hence ¢™ is the identity permutation if,
and only if, m i= a common multiple of the lengths of v, 7, ..., 7. The order of o is the
least such m. ie. the lowest common multiple of the lengths of v, 92, .... 7. O



