Numerical W. Prediction / 4" Year/ Dept. Atm. Sci. Lecture (7) Dr. Thaer Obaid Roomi

Lecture (7)
Implicit Method
7.1 Grank — Nicolson Method

The explicit method that we take in lecture 5 and lecture 6 is an easy but
computationally stable method. That means, it has one problem concerning the time
step. The time step in explicit method should be very small because the process is

acceptable only if 0 < k/h? < % ek < %hz and h must be small to attain reliable

accuracy. HH i l

— I |

- = i P 0 e -
S \ C ] pat]l . S

| \ . I i I !

| | I | |

1 7 I ]

| ! [ il ] J
N T T T = |

I 11

i

In 1947, Grank — Nicolson suggested and used a method to reduce overall size
of calculations and it is valid (i.e. it is convergent and stable) for all values of r.
Grank — Nicolson method is one of the implicit methods of finite difference scheme.

What is the relationship of implicit method that replaces the previous
relationship of finite difference of explicit method?

We will take the diffusion equation for example:

ou d0%u
ot  0x?

The explicit relationship was:

Wijpr — Upj  Uiprj — 2Uj 5 +Uiqj
k h?

which can be replaced by the following equation for implicit method:

Uijer — Uy 1 {ui+1,j+1 —2U 1 U4 N Ujpr,j — 2Uj5 + Uj_q }
k 2 h? h?

which can be replaced with following equation:

—TUj—qjy1 2+ 20U jpg — TU 1 = TU—j + (2 — 27wy 11U (7.1)
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The left hand side of equation (7.1) contains 3 unknowns and the right hand
side contains 3 knowns for the pivotal values of u (Figure 7.1). If there are N of
internal grid points along each time row then for each i=1,2,... and j=0, the equation
(7.1) gives N of simultaneous equations for unknown pivotal values along the first
time row in terms of the known initial and boundary conditions.

Similarly, j=1 represents N of unknown values of u along the second time row
in terms of the values calculated on the first row, and so on.

Such method, where the calculation of the unknown pivotal values requires
solving of a set of simultaneous equations is called an implicit method.
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Fig. (7.1)

Example 7.1: Use the Grank-Nicolson method to calculate the numerical
ou 9%u

solution of the previous worked example, namely, Frialres

where (i) u=0,x=0and 1, t > 0, (boundary conditions)

(iD)u=2x 0< x<-,t=0, (iiDu=2(1-x), ;< x<1,t=0, (initial
conditions). Take h=1/10.

Sol. Although the method is valid for all finite values of r=k/h? , A suitable value is
r=1 and has the advantage of making the coefficient of u; ; zeroin (7.1).

The €q. (71) then reads as: —ui_1,j+1 + 4ui,j+1 - ui+1,j+1 = ui_l’j + ui+1’j (72)

The computational molecule corresponding to equation (7.2) is shown in Fig. 7.2.
For this problem, because of symmetry, u, = u4, u; = us, etc. See Fig (7.3).
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The values of u for the first time step then satisfy

-0 + 4u;-u, =0 +0.4,

-U; +4uz-u3 =0.2+0.6,

-Up+4us-us = 0.4+0.8,

-Uz+4us-us = 0.6+1.0,

-2ust4us  =0.8+0.8.

These equations are easily solved by systematic eliminations to give:
u;=0.1989, u,=0.3956, u3=0.5834, u,=0.7381, us=0.7691

Hence the equations for the pivotal values of u along the next time row are:
-0 + 4u;-u; = 0 +0.3956,

-U1 +4U,-u3 =0.1989+0.5834,

-Up+4usz-us = 0.3956+0.7381,

-Uz+4us-Us = 0.5834+0.7691,

-2us+t4us  =1.4762

The solution of these equations is given in Table (7.1). There is a comparison
with the analytical solution of the partial differential equations at t=0.1 . The
numerical solution here is clearly a good one.
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Table (7.1)
Xx=0 0.1 0.2 0.3 0.4 0.5
t=0.00 0 0.2 0.4 0.6 0.8 1.0
t=0.01 0 0.1989 0.3956 0.5834 0.7381 0.7691
t=0.02 0 0.1936 0.3789 0.5400 0.6461 0.6921
t=0.10 0 0.0948 0.1803 | 0.2482 | 0.1918 | 0.3069
Analytical solution |0 0.0934 0.1776 | 0.2444 | 0.2873 | 0.3021
t=0.10

Table (7.2) below displays both solutions at x=0.5 for various values of t. It is
clear that the accuracy of this implicit method over the time range taken is about the
same as for the explicit method which uses ten times as many time steps.

Table (7.2)
Finite —difference Analytical Difference | Percentage
Solution (x=0.5) | solution (x=0.5) error
t=0.01 0.7691 0.7743 -0.0052 -0.7
t=0.02 0.6921 0.6809 +0.0112 1.6
t=0.10 0.3069 0.3021 0.0048 1.6

Example 7.1: Use Grank-Nicolson method to calculate the numerical solution of the following
PDE (at the first row only): % = ';ZTZ 0<x<1)
where u=4.5 at x=0 and u=1.5at x=1,t>0

u=3(1.5-x) at t=0, take h=0.2, r=1.
Sol. 1. We write the above equation in finite difference method as:

—TUi_q i1+ 2+ 27U 51 — TUpy e = TU + (2 — 20Uy + TUy
where r=k/h?. At r=1, we get:

—UWj—1j+1 T AU je1 = Uprgjr1 = WUi1j + Ui

2. We draw the grid and the molecule
i-1, j+1

us=1.5
©,
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3. Establishing initial values

u=3(1.5-0.2)=3.9

u=3(1.5-0.4)=3.3

u=3(1.5-0.6)=2.9

u=3(1.5-0.8)=2.1

4. Set the simultaneous equations.

-4 5+4u1-U=4.5+3.3  ...(1)

-U1+4ur-uz=3.9+2.9 ...(2)

UpHAuz-U=3.3+2.1  ...(3)

-Uzt4ug-1.5=2.7+1.5 ...(4)

5. Finding u-values

Fromeq. 4
AUs=u3+5.7 = Us=0.25U3+1.425 ...(5)
we substitute the value of us ineq. 3
-Uz2+4u3-0.25u3-1.425=5.4 = - U2+3.75uU3=6.825 => uz= 0.2666u,+1.82 ...(6)
Sub. in eg2
-U1+4U2-0.2666u2-1.82=6.8 —) -U1+3.7334u2=8.62 —) U,=0.2678u1+2.3088 ...(7)
Sub. ineql
-4.5+4u1-0.2678u1-2.3088=7.8 =) -4.5+3.7322u1=10.1088 —) 3.7322u1=14.6088 —)
U1=3.9142 substituted in eq.7 = U,=0.2678*3.9142 +2.2553=3.3035 , Sub. in eq.6
uz= 0.2666*3.3035+1.82 =2.7007 , Sub. in eq.5

us=0.25*2.7007 +1.425=2.1001
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