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3. Sequences

(3.1)_Definition: Let X be a non-empty set. A function which its domain N and its
codomain X is called a sequence in X, such that if f:N —X,vneN3Ix, €X 3

f(n) = Xn-

(3.2) Example: If {x,} be a sequence defined in R3x,=(—-1)"VneN=
{x,}={-D"}={-1,1,-1,1,...}arangeis {x,:n € N} = {—-1,1}.

(3.3)_Definition: Let {x,},{v,} be a sequences in X, we say that {y,} is a
subsequence of {x,,}, if there is a function ¢: N — N 3

1. Xp o = yp;
2. yn€ NIke N3 p(m) =nvm = k.

(3.4) Example: Let x,, = % ,O0p = 211%1 we note that {o,,} is a subsequence of {x,,},
since if we define Y:N —- N byy(n)=2n-1, o,=x,°¢ = Zn%l and then

{%ii ...} be a subsequence of {%}.

(3.5) Note: If {y,} is a subsequence of {x,} and {y,} is a subsequence of {z,}, then

{z,} is a subsequence of {x,,}.

(3.6)_Definition: If {x,} be a sequence in a partially ordered set X, we say that {x,}
be an increasing, if x,, < x,,.,V n, and we say that {x,,} be a decreasing, if x,,;; <
x,V n and we say that {x,, } be a monotone, if {x,,} an increasing or a decreasing.

(3.7) Note:

e x,T= {x,}beanincreasing.

e x,T x= {x,}beanincreasing and x,, = sup x,, n € N.
o x, 1= {x,}beadecreasing.

o x,!x = {x,}beadecreasing and x, =infx,, n € N.

(3.8)_Definition: Let {x,,} be a sequence in a partially ordered set X, we say that
{x,}1saconvergesto x € X, if there is {a,}, {b,} in X, such that

1. a, < x, < b, Vn;
2. a, T xand x, | x,.

0
(3.9) Note: x is called a converge point and written x,, = x.
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(3.10) Definition: Let {x,,} be a sequence in a partially ordered set X, we have
e Inferior limit = lim inf x,, where liminfx;,n €N, j = n.
e Superior limit = lim sup x,, where limsup x;,n € N,j = n.

0
(3.11) Note: If limsup x, =limsup x,, = x = x,, - Xx.

Real Sequences
(3.12) Note: We say that {x,,} be a real sequence if X = R.

(3.13) Definition: The numerical sequence is a sequence which be subtract output of
every term from direct previous term is equal to constant called progression basis
and denoted by d.

(3.14) Example: The numerical sequence which its first term a and its basis d is

{a,a+d,a+2d,..,a+ (n—1)d,..}. The general term of a numerical sequence
{x,} 1S x,, = a + (n — 1)d where a represents a first term and d represents a basis
with the partial summation

Sn = k1% = Tip=s(a + (k = Dd) =~ (2a + (n = 1)).

(3.15) Definition: Geometry progression is a sequence which output of division of
every term on direct previous term is equal to a constant called progression basis and
denoted by r.

(3.16) Example: Geometric progression which its first term a and its basis r is

{a,ar,ar?,...,ar™, ...}. The general term is x,, = ar™ 1 where a represents a first
term and r represents a basis with the partial summation

—\yn _yn k-1 _ a@-r"
Sn— k=1xk—2k=1a1" —T,Til.

fr=1=S5,=a+a+--+a=na.

Iflr|<1= Y5 ar* 1= ﬁ

(3.17)Definition:  Arithmetic geometric  progression is {a,(a + d)r,(a +
2d)r?, ..., (a+(n— 1)d)r™1,..}. The general term is x, = (a + (n — Dd)r™?
and the partial summation is
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a(1-r")  rd@A-nr"H+n-1)r"
1-r (1-1)2

Sp = Yh=1%k = Lp=1(a+ (k = Dd)r*1 = ,r # 1.

o0 - a rd
Iflr] <1= Yy (a+(n— Dd)r* 1 = =t oo

(3.18) Definition: Let {x,} be a real sequence, we say that {x,, }

1. Convergent, if 3reR> Ve>03k€e€Z* 3 |x, — x| <eVn >k, we say
that a point x is a limit point of {x,,} and its written by lim x,, or x,, = x

n—oo

where n — oo, therefore x,, -» x iff |x,, — x| = 0.

2. Divergent, if {x,,} does not convergent.

3. Cauchy sequence, if Ve >03k €Z* 3 |x, — x,,] < eVn,m > kand then
{x,} is a Cauchy sequence iff |x,, — x,,| = 0 where n,m — oo.

(3.19) Examples:
1. Show that {x,,} —= x.

Solution: since Ve > 0 = |x,, — x| =0 < &.

2. Show that {%} - 0.

Solution: since Ve > 0 (by Archimedes property), 3k € Z* 5 % <e=>VVn>k=
l<l=:>l<£,so|l—0| =l<evn>k
n k n n n

3. Show that {n} be a divergent.

Solution: since if we assume that {n} be a convergent = 3x€eR > x, - x and
then Ve > 0= (x —&g,x + &) contains of terms {n}, since x+e € R = (by
Archimedes property) = 3k €Z* 3 x+e<k,since x+e<k<k+1<:+=
k,k+1,k+2 ¢ (x—¢&x+¢), this means (x —¢&,x + ) does not contain on
terms of {n}, but this is contradiction.

n, n<10°

4. Show that {x,,} such that x,, = {1 "> 106 converges to one .

Solution: since Ve > 0, take k > 10°Vn >k = x, = 1 and then |x,, — 1| =0 <
E=>x, - 1.

5. Show that {(—1)"} be a divergent.
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Solution: since if we suppose that {(—=1)"} be a convergent = 3Ix E R 3 x,, =
(D" >x, let e>03Ike€Zd|x,—x|<evVn>k=|(-D)"—x|<eVn>
k=x—e¢<(-D"<x+evn>k=(-D"e(x—¢&x+e)Vn>k.

Let x =1, take ¢ = % = is >0=(-1D"e(1 —%5,1 +%8)Vn IS an even,
(D" ¢ (1—- ie, 1+ %e)‘v’n Is an odd, this means that (1 — ie, 1+ %e) does not
contain all terms of {(—1)"} and then {(—1)"} does not converge to 1.

By same way we prove that {(—1)"} does not converge to —1.

Now, let x # 1,x # —1, let a; = |1 — x|,a, = |-1 — x|, take e 2 € < ay, € < a,,
we deduce that (x — &, x + ¢) does not contain on any term of{(—1)"} = (—-1)"
does not converge to x.

(3.20) Theorem:

1. If areal sequence is a convergent, then a converge point is a unique.
2. Every convergent sequence be Cauchy sequence.

Proof: (1) Let x, = x, x,=>y3x#yandlet|x —y|=¢e= ¢ >0,since x, -
x=3k1€Z+3|xn—x|<§‘V’n>k1, X, o> y=13k, €EZT 3 |x, —y| <
§Vn>k2 put k =max {kl,k2}=>|xn—x|<§,|xn—y|<§‘V’n>k:>e=
|x—y|=I(xn—x)+(xn—y|Slxn—x|+|xn—y|<§+§=e, but this is a
contradiction = x = y.

(2) let {x,} be a convergent sequence = Ix € X 3 x, — x, lete > 0, since x, —
x=>EIkEZ+3|xn—x|<§Vn>k, if nm>2k=|x,—x,| =, —x)+

(x — x| < |2, — x| + |2, — x| < % + g = e and then {x,} be Cauchy sequence.
(3.21) Definition: If {x,} be a real sequence, we say that {x,} is

1. Bounded above, if IM; € R 3 x,, < M, Vn;
2. Bounded below, if IM, € R 3 M, < x,Vn;
3. Bounded, ifIM € R 3 |x,| < M Vn.

(3.22) Examples:
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{%} IS a bounded, since |%| < 2Vn.

{——} is a bounded, since |L| <1vn.
n+1 n+1

{(—1)™} is a bounded, since |(—1)"*| < 1 Vn.

{n} does not bounded, since if we suppose that {n} is a bounded = 3IM €
RT3 |n| <M vn, but this is a contradiction (Archimedes property) since
n=>M,ne€Z".

5. {3"} does not bounded.

> w e

(3.23)_Theorem: Every Cauchy sequence be a bounded, and then every convergent
sequences be a bounded.

Proof: Let {x,} be Cauchy sequence, we must prove that {x,,} is a bounded. Let ¢ =
1, since {x,} is a Cauchy sequence = Ik € Z* 3 |x,, — x,,| < 1Vn,m > k, let
m=k+1=|x, —x,| <1Vn >k, since |x,| — |xxs+1] < x5 — Xps1] = || —
|Xp41l <1 VN> k= |x,| <1+ |x341| Vn >k, put M =
max{|xi |, |x 1, ..., 1%k |, |xx+1] + 1}, and then {x,,} is a bounded.

(3.24) Note: If a real sequence is a bounded, then its not a necessary be a convergent,
for example {(—1)"} is a bounded, but does not convergent.

(3.25) Definition: Let {x,,} be a real sequence. We said that {x,, }

Non-decreasing, if x,, < x,,,, Vn.
Increasing, if x,, < x,,1 Vn.
Non-increasing, if x,,; < x,, Vn.
4. Decreasing, if x,,,1 < x, Vn.

W

(3.26) Note: We said that {x,,} is a monotonic, if its be satisfy any one of above.

(3.26) Examples:

1. {%} IS a decreasing = a monotonic.

n . . . .
2. {E} IS an increasing = a monotonic.
3. {(—=1)"} does not a monotonic.

(3.27) Theorem:

1. Every bounded real sequence and monotonic be a convergent.
2. Every bounded real sequence contains on a convergent partial sequence.
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(3.28) Theorem: (Some special sequences)

: pr>0=xn=nip—>0.

Mp>0=x,=n > 1.

1

2

3. x,=13Yn-1.

4. If la| < 1= x,=a™ - 0.

Proof: (1) let e>0, take k>@PVn>k=n>OY = <e=

(2)a.ifp>1=>%>1 puty, =4Yp-1=y,>0="p=1+y, = 1+
n(n-
ya)"t =1+ny, +

pTﬂZyn=>0<yn<T=>yn—>0=>xn—>0.

24+ y,™ since y,>0Vn=p=1+ny, =

b.ifp=1="p=1vn="1p-1
. 1 1 n _i n .
c.if 0<p<l=_>1 puti=-= \/E_wand VA -1, since 1>0=

7{/5—>1.

(3)Ietyn=’\‘/ﬁ—1 since’\‘/ﬁ>1Vn=>yn>OVn=>”n—1+yn:>n—(1+
n(n—l)

n(n 1)

V.2 = y,2 <—=>

=1+ny, + Vit tyt=Sn>—= —

Iyn|</ = Yn < /_Vn>2=>yn—>0=>xn—>0

(4) Ve > 03k €Z* 3 |x,| < eVn > k.

a.ifa=0k=0.

b. if a¢0=>ﬁ exists, put b—|a|—1=>ﬁ—1+b since |a|<1:,~ﬁ>

1
(1+b)" '

<—=>|a”|<—‘v’n putk> Vn>k=>n> =>—<e=>|a”|<

1=b>0, |a" =]|a|l"=
1

(1+b)n

E=x,=a"-0.

(1+b)"=1+nb+---+b">nb =

(3.29)_Theorem: Let {x,}, {y,,} be a real sequences such that x, = x and y,, = vy,
then
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Xnt+V,2x+Yy.

Ax, = Ax VA € R.
A+x, 2 A+xViIER.
XnYn = XY

I, Zwherey, # 0 vn.
Yn y

SN %where v, # 0 Vn.

IYn
|| = |x].

|xn_yn|_> |x_}’|-
Ifx, <y, x<y Vvn

©oo~N oo kPR

Proof: (1) let € > 0, since x,, —» x = 3k, € Z* 3 |x,, — x| < EVn > k,, since y,, —
y = 3k, €Z* 3 |y, — y| <EVn> k,, put k= max {kyk,}= |x,—x|<
=yl <S>k (G =)+ (= S Py =Xl + o — x| <5 +5 =6,
SOX, +y, 2> Xx+Yy.

(3.30) Theorem:

1. For all real number, there is Cauchy sequence of rational numbers converge of
them.

2. For all real number, there is Cauchy sequence of irrational numbers converge
of them.

3. There is Cauchy sequence of rational numbers does not converge to any
rational number.

Proof: (1) let r € R, since r — % <r<r+ %Vn € Z* = (by density of rational
numbers) = VneZran, € Q3 |n, —r| <% Vn€Z+=>r—% <1, <r+
%Vn € Z*, now, we must prove that r;, - r, let ¢ > 0 = (by Archimedes property)

1 11 11
=>EIkEZ+3;< eVn>k=>;<;=>|rn—r|<;<E<s=>rn—>r.

(3.31)_Definition: We said that a space X is a complete, if every Cauchy sequence in
X be a convergentin X.

(3.32) Note: Q is an incomplete, while R is a complete.
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