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14. Compactness

(14.1)Definition: Let F = {A;} e IS a family of subsets in X, and let A € X. We
said that F is a covering of 4, if A € A;. If Ais a finite, then F is a finite covering of
A.

(14.2)Example: Let X = {1,2,3,4,5}, A = {1,2}, then

1. A family {{1},{2,3}} represents a covering of A, since {1,2,3} ={1}U
{23} = Ac {1} u {23}
2. A family {{2},{4,5}} does not represent a covering of A, since A € {{2} U

,{4,5}3.
3. Afamily {{1,2},{3,4},{1,3,5}} represents a covering of A and X.

(14.3)Example:

1. A family F = {[1 —%,ﬂ:n € Z*} represents an infinite covering of A =

(0,1).
2. Afamily F = {(n,n + 3):n € Z} represents an infinite covering of R.
3. Afamily F = {(n,n + 1):n € Z*} does not represent a covering of R.

(14.4)Definition: Let A € X, F = {A;}3ea, G = {B) },en’ are covering of A, we said
that F is a sub covering from G, ifforallA € A3y € A" 3 4; = B,.

(14.5)Example: Each of F={(nn+3):n€Z},G={r+3):reR}are
covering of R and F is a subfamily of G.

(14.6)Definition: Let A is a subset of (X,d) and let F = {A;},¢x IS a covering of A.
We said that F is an open cover, if A, isan open setin X VA € A.

(14.7)Example: In (R,d,). Prove that a family F = {(%,2) :n € Z*} is an open
cover of A = (0,1).

Solution:letx eA=0<x < 1,

Since x > 0 (by Archimedes property) = 3k € Z* 3+ < x,
Sincex <1 =+ <x<2=x€(;,2) = x € Unez+ (5, 2)

= AC UnEZ*‘(%J 2) = F is a covering of A.
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Since (%, 2) isopen set VYn € Z* = F is an open set of A.

(14.8)Example: In (R, d,,), we have

F,={(-n,n):n€Z*}, F,={(-3n3n):neZ'},F;={2n—-12n+1):n€Z}
are an open cover of R, also F, is a sub cover of F;.

(14.9) Example: Let (X,d) be discrete metric space and A € X. Prove that F =
{{x}: x € A} is an open cover of A.

Solution: since A = U,c4{x} = F is a covering of A.
Since (X, d) is discrete metric space = {x} an opensetin X Vx € X
= F is an open cover of A.

(14.10)Definition: Let (X,d) is metric space and let A € X. We said that A is a
compact set in X, if for all open cover A contains a finite sub covering.

(14.11)Example: In (R, d,,), we have

1. A = (0,1)does not compact in R.

2. A= {1,%,%, % ...,0} is a compact in R.

3. A space R does not compact.

Solution: (1) Take F = {(%,2):71 € Z*} is an open cover of A, but F does not
contain on a finite sub cover = A does not compact.

(14.12) Example: Every indiscrete metric space is a compact, since an unigque open
cover of X is X.

(14.13) Theorem: Every finite set in a metric space is a compact.
Proof: let A is afinite setin (X,d) = A = {a,, a,, ...,a, }

Let F = Ujea G, is aopen cover of Ain X.

= A S Uj,ea Gy, Gyisanopen setin X VA € A,

Sinceaq; EA Vi=12,..,n

= aq; € UGA vi=1,2,..,n
AEA
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:ViﬂliEABaiEGAi
= {G,, G, .-, Gy, } s a finite sub covering from F of A.
= A is a compact set.

(14.14)Example: Let (X, d) is discrete metric space, then X is a compact < X is a
finite.

(14.15)Theorem: Let (Y, dy) is a subspace of a metric space (X,d) and A c Y, then
Alisacompactin X < AisacompactinY.

(14.16)Theorem: Every closed set in a compact metric space is a compact.
(14.17)Theorem: Every compact set in a metric space is a closed and bounded.

(14.18)Definition: We said that a family of sets that satisfy a finite intersection
property, if intersection every finite subfamily is a non- empty set.

(14.19)Theorem; A metric space (X, d) is a compact < if every family of a closed
sets satisfies a finite intersection property, then its non-empty set.

(14.20)Definition: We said that a metric space (X, d) is a countable compact, if for
all open cover and countable in X contains on a finite sub covering.

(14.21)Theorem; A metric space (X, d) is a countable compact < every countable
family of a closed sets and satisfy a finite intersection property is a non- empty
intersection.
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