2
S
%/}
0/7/'

Vers

Foundation of Mathematics 2

CHAPTER 3 RATIONAL
NUMBERS AND GROUPS

Dr. Bassam AL-Asadi and Dr. Emad Al-Zangana

Mustansiriyah University-College of Science-Department of Mathematics
2021-2022



Foundation of Mathematics 2 Dr. Bassam AL-Asadi and Dr. Emad Al-Zangana
Mustansirivah University College of Science Dept. of Math. (2021-2022)

1. Construction of Rational Numbers
Consider the set
V={s)eEZXZ|r,s € Z,s # 0}
of pairs of integers. Let us define an equivalence relation on V by putting

(r,s) L* (t,Lu) & ru = st|.

This is an equivalence relation. (Exercise).

Let
[r.s] = {xy) € VI@xy) L' (rs)},
denote the equivalence class of (r,s) and write [r,s] = < Such an equivalence

class [r, s] is called a rational number.

Example 3.1.1.

(i) (2,12) L* (1,6) since2-6 =12 -1,

(i) (2,12) £ (1,7) since 2-7 # 12+ 1.

(iii) [0,1] = {(x,¥) € V|0y = x1} = {(x,y) € V|0 =x} ={(0,y) € V|y € Z}
={(0,£1),(0,12),...} = [0,y].

(iv) (x,0) ¢ V Vx€ELZ

Definition 3.1.2. (Rational Numbers)

The set of all equivalence classes [r, s] (rational number) with (r,s) € V is called
the set of rational numbers and denoted by Q. The element [0,1] will denoted by
0 and [1,1] by 1.

3.1. 3. Addition and Multiplication on Q
Addition: : Q X Q — Q;

[r,s]® [t,u] = [ru + ts,su]|,s,u+#0.

Multiplication: ©: Q X Q — Q;

[r,s] © [t,u] = [rt,su]|s,u # 0.
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Remark 3.1.4. The relation i:Z — Q, defined by i(n) = [n, 1] is 1-1 function,
and

im+m) =i(n)®i(m),

i(n-m)=in) ©i(m).

Theorem 3.1.5.

(i) ndm = m®n, Vn,m € Q. (Commutative property of @)
(i) m®m)®c = n®(mc), Vn,m,c € Q. (Associative property of @)
(inOm=mQ@On,vnmeQ. (Commutative property of ©)
IV(nOmOc=nO (mOc),¥nm,ce Q. (Associative property of ©)
VV(mEmOc=mnOQc)®(mMOo) (Distributive law of ® on @)

(vi) If ¢ =[cq,c,] € Qand ¢ # [0,1], then ¢;c, # 0.

(vii) (Cancellation Law for @).

m@®c =n®c, forsomec EQem = n.

(viii) (Cancellation Law for ©).

m@®c=nQcforsome c(#0) EQe&m =n.

(ix) [0,1] is the unique element such that [0,1]®m = m@®[0,1] = m, Vm € Q.
(X) [1,1] is the unique element such that [1, 1] O m=m O [1,1] =m,Vm € Q.
Proof.

(vii) Letm = [my,m,], n = [ny,n,], c = [c1, 3] €EQ, My, nj, ¢c; € Z,i = 1,2.

mdc =ndc

o [my, my]®[cy, ¢2] = [n1, 1] Bley, 3]

— [myc, + c;my, mycy] = [Ny, + ¢y, nuycy| Def. of @ for Q

— (mycy, + c;m,, myc,) LY (nqcy + €Ny, NuC5) Def. of equiv. class

— (mycy + cymy)n,c, = (Mg + cyny) Mycy Def. of L*

— ((mny)c, + (np,my)cy)c, = ((nymy)c, + (n, my)cy)c, Properties of + and -
inZ

— (mny)c, + (n,my)c;, = (nymy)c, + (ny, my)cy Cancel. law for - in Z

— (mny)c, = (nym,)c, Cancel. law for+ in z

— (myn,) = Mmm,) Cancel. law for - in Z

— (my, my)L*(ny,n,) Def. of L*

— [my,m,] = [ny, n,] Def. of equiv. class

(viii) Let m = [my,m;,], n=[n,n,], c=|[cy,c;] €Q, my, n;, ¢; € Z and
c#[01D)i=1,2.

m@®c=n0Oc
o [my,m;] O [cy, ;] = [n1,n2] O [cy, ¢;]
— [mycq, myc,] = [nycq,ny05] Def. of © for Q
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— (myc;, mycy)L* (nycq,nyc5) Def. of equiv. class

— (myc)(nz62) = (nyc)(Mycy) Def. of L*

— (mny)(c163) = (Mmyny)(ci¢,) Asso. and comm. of + and - inZ

— (mn,) = (myn,) c;¢c, # 0 and Cancel. law for - inZ
— (m;,my,) L'(n; ,n,) Def. of L~

— [my,m,] = [nq,n,] Def. of equiv. class

(i), (i), (iii), (iv) (v), (vi), (i), (X) Exercise.

Definition 3.1.6.

(i) An element [n,m] € Q is said to be positive element if nm > 0. The set of all
positive elements of Q will denoted by Q™.

(if) An element [n,m] € Q is said to be negative element if nm < 0. The set of
all positive elements of Q will denoted by Q™.

Remark 3.1.7. Let [r,s] be any rational number. If s < —1 or s = —1 we can
rewrite this number as [—r, —s]; that is, [r, s] = [T, —s].

Definition 3.1.8. Let [r,s],[t,u] € Q. We say that [r,s]less than [t,u] and
denoted by

[r,s] < [t,u] & ru < st,

where s,u > 1ors,u =1.

Example 3.1.9.
[2,5],[7,—4] € Q.
[2,5] € Q*,since 2 =[2,0],5=[50]inZ and2-5=[2-5+0-0,2-0+5-0]
=[10,0] = +10 > 0.
[—4,7] € Q7, since 7 = [7,0], —4 = [0,4] in Z and
7-(—4)=[7-0+0-47-4+0-0]
=[0,32] = -32 < 0.

[—4,7] < [2,5],since —4-5<2-7.
[71 _4] < [215]! since [71 _4] = [_71 _(_4)] = [_7;4], and —7:-5<2-4.
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2. Binary Operation

Definition 3.2.1. Let A be a non empty set. The relation *: A X A — A is called a

(closure) binary operation if |*(a,b) =ax*b € A, Va,b € A|; that is, * is
function.

Definition 3.2.2. Let A be a non empty set and *, be binary operations on A. The
pair (4,*) is called mathematical system with one operation, and the triple
(4,%,") is called mathematical system with two operations.

Definition 3.2.3. Let * and - be binary operations on a set A.

(i) = is called commutative if |a*b =b *a,Va,b € A|

(ii) = is called associative if |(a*b)*c=a=x*(b*c),Va,b,c € A|.

(iii) - is called right distributive over * if

(axb)-c=(a-c)*(b-c),Va,b,c € A|

(iv) - is called left right distributive over x if

a-(bxc)=(a-b)*(a-c),Va,b,c€A|

Definition 3.2.4. Let * be a binary operation on a set A.

(i) Anelement e € A is called an identity with respect to x if

axe=exa=aqa,Va € A|

(if) If A has an identity element e with respect to * and a € A, then an element b of
A is said to be an inverse of a with respect to * if

laxb=b+a=e|

Example 3.2.5. Let X be a non empty set.

(i) (P(X), U) formed a mathematical system with identity @.
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(ii) (P(X), N) formed a mathematical system with identity X.

(iii) (N, +) formed a mathematical system with identity O.

(iv) (Z,+) formed a mathematical system with identity 0 and - a an inverse for
every a(# 0) € Z.

(iv) (Z\{0},") formed a mathematical system with identity 1.
Theorem 3.2.6. Let * be a binary operation on a set A.
(i) If A has an identity element with respect to *, then this identity is unique.

(if) Suppose A has an identity element e with respect to * and * is associative.
Then the inverse of any element in A if exist it is unique.

Proof.
(i) Suppose e and e are both identity elements of A with respect to *,
(1)axe=exa=a,Vae A (Def.of identity)

(2)axe =e xa=a,Va€e A (Def.of identity)

(3)ée xe=exe =é ( Since (1) is hold fora =é€ )
4exe =e xe=ce (Since (2) ishold fora =e )
(5)e=¢ (Inf. (3)and (4) )

(ii) Let a € A has two inverse elements say b and ¢ with respect to *. To prove
b =c.

()axb =b xa=e ( Def. of inverse (b inverse element of a))
(2)axc =c *a=e ( Def. of inverse (c inverse element of a))
(3)b=b=xe (Def. of identity)

=bx*(axc) (From (2) Rep(e:a * c))

=(bx*xa)*c (Since * is associative)
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=—excC (From (i) Rep(b * a:e)) and
=c (Def. of identity).

Therefore; b = c.

Definition 3.2.7. A mathematical system with one operation, (G,*) is said to be

(i) semigroupif{(a*b)*c=a = (b *c),Va,b,c € G| (Associative law)

(it) group if

(1) (Associative law) |(a*b) *c = a * (b *c),Va,b,c € G|.

(2) (Identity with respect to = ) There exist an element e such that a e = e *
a=a,Va € A.

(3) (Inverse with respect to * ) For all a € G, there exist an element b € G such
thatla*b =b*a = e

(4) If the operation * is commutative on G then the group is called commutative
group; thatis,|a*b =b *a,Va,b € G|

Example 3.2.8. (i) Let G be a non empty set. (P(G),U) and (P(G),N) are not
group since it has no inverse elements, but they are semi groups.

(i) (N,+), (N,) and (Z,), are not groups since they have no inverse elements,
but they are semi groups.

(i) (Z, +), (Q\{0},-), are commutative groups.
Symmetric Group 3.2.9.

Let X = {1,2,3}, and S; =Set of All permutations of 3 elements of the set X.

There are 6 possiblities and all possible permutations of X as follows:
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1 2 3 4 5 6
(2 [3|wm[3|2]2]1|3]2[3]1]3]1]2[3[2]1
Let 0;: X —» X,i=1,2,...6, defined as follows:
o (1) =1 o,(1) =2 o3(1) =3
01(2) =2 0,(2) =1 03(2) =2
0,(3) =3 0,(3) =3 03(3) =1
1 2 3 1 2 3 1 2 3
o,(1) =1 o5(1) =2 06(1) =3
04(2) =3 05(2) =3 06(2) =1
0,(3) =2 0:(3) =1 0s(3) =2
1 2 3 1 2 3 1 2 3
0, = (1 : 2) =(23) |og= (2 : 1) = (123) |0 = (3 1 2) = (132)

S3={o1=( )=¢e0, =(12),03 = (13),0, = (23) =,05 = (123),0, = (132)}.

A @

}

* Define an arbitrary bijection

A—A
o o™

A
@

X

A
O
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AO®
AlO®

123

s%/\m

w
w

E‘

NOte that R240 = R120 o R120 = R1202.
Draw a vertical line through the top corner m i = 1,2,3 and flip about this line.

w
?

1- If i = 1 call this operation F = F;.
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2- If i = 2 call this operation F,.
F>
> F, = o3
Fa / \ Fo— o,

Note that F2 = F o F = gy, representing the fact that flipping twice does nothing.

{ 3

(3) a.

3- If i = 3 call this operation F;.

+«» All permutations of a set X of 3 elements form a group under composition o
of functions, called the symmetric group on 3 elements, denoted by S;.
(Composition of two bijections is a bijection).

10
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Right
o o,=e o, =(12) | 03=(13) | g, =(23) | g5 =(123) | 0,=(132)
o, =e 01 [P O3 A Os O
£ 0, =(12) 0y e O O A O3
= g3 = (13) 03 Og e Og 0, Oy
o, = (23) Oy Og Og e 03 05
o5 = (123) o 03 04 05 O¢ e
o = (132) Og Oy 05 03 e 05
g = 1 2 3) oo = 1 2 3
B 2] 1 2 (]2 1 3
(1 3 1 3
0, © 0y o, = \2 050, 05=$ 3v 1
\d v
5 = (1 2 3) M = (1 2 3)
6 31 2 3 3 2 1

Z, modulo Group 3.2.10.

Let Z be the set of integer numbers, and let n be a fixed positive integer. Let = be a
relation defined on Z as follows:

a=bmod(n) & b—a=kn, for some k € Z

a=,be b—a=kn, for some k € Z

Equivalently,

a=bmodn) ©b=a+kn, forsomek€TZ|

This relation = is an equivalence relation on Z. (Exercise).

The equivalence class of each a € Z is as follows:

[al ={c €Z|c =a+ kn, forsomek € Z} = a|

The set of all equivalence class will denoted by Z,,.

11
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1-If n=1.

l[al ={c€Z|lc=a+k.1,forsomek€Z}={c€E€Zlc=a+k, forsomek €Z}.
[0] ={c€Z|lc=0+k,forsomek €Z} ={c € Z|c = k, for some k € Z}.
[0] ={..,-2,-1,0,1,2,.. }.
Therefore, Z, = {[0]} = {0}.
2-1f n=2.
l[al] ={c€Zlc=a+ k.2, forsomek € Z}={c € Z|c = a+ 2k, for some k € Z}.
[0] ={c € Z|c =0+ 2k, for some k € Z} = {c € Z|c = 2k, for some k € Z }.
[0] ={..,—4,-2,02,4,..}=0.
[1] ={c € Z|c =1+ 2k, for some k € Z}
[1]={..,—-3,-1,1,3,5,...} = 1.
Therefore, Z, = {0, 1}.
3-1f n=3.
l[al] ={c €Z|c=a+ k.3, for somek €Z}={c € Z|c = a + 3k, for some k € Z}.
[0] ={c € Z|c = 0+ 3k,for somek € Z} = {c € Z|c = 3k, for some k € Z}.
[0] ={..,—6,-3,0,3,6,...} = 0.
[1] ={c € Z|c = 1+ 3k, for some k € Z}
[1]1={.,-5,-2147, ..} =1.
[2] ={c € Z|c =2+ 3k, for some k € Z}
2] ={..,— 1,2,58,..} =2
Thus, Z; = {0,1, 2}.

12
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Remark 3.2.11. Z, = {0,1,2,..,n—1}foralln € Z*.

Operation on Z,, 3.2.12.
Addition operation +,, on Z,

l[a]+n[b] = [a + b].
Multiplication operation -, on Z,,

la] - [p] = [a - b].
(Z,,, +,,) formed a commutative group with identity 0.
(Z,, ) formed a commutative semi group with identity 1.
Example 3.2.13.

fn=4.2,=1{0,1,2,3}.

SN ST e
wi| NI =i ol ol
ol Wl DI = 1| =
1| ol wi| ral Bl
NI| 1| o1 wal| Wl

3+,2=[3+2] =[5] =, [1] since5=1+4"-1.

WI NI | Ol

Ol Ol | |l
WI| NI =] Ol =1
NI O NI O NI
= NI Wl Ol Wl

3:.,2=[3-2]=[6]=,[2]since6=2+4"1.

Exercise 3.2.14. Write the elements of Zz and then write the tables of addition and
multiplication of Zs.
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