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1. The Jordan-Holder Theorem and Related Concepts. 

Definition(1-1): 

By a chain for a group (𝐺,∗) is meant any finite sequence 

of subsets of  

𝐺 = 𝐻0 ⊃ 𝐻1 ⊃ ⋯ ⊃ 𝐻𝑛−1 ⊃ 𝐻𝑛 = {𝑒}  descending 

from  𝐺 to {𝑒} with the property that all the pairs (𝐻𝑖 ,∗) 

are  subgroups of (𝐺,∗). 

    Remark(1-2): 

    The integer 𝑛 is called the length of the chain. When 𝑛 =

1, then the         chain in  definition (1-1) will called the 

trivial. 

    Example(1-3): 

    Find all chains in a group (Ζ4, +4). 

 Solution: The subgroups of a group (Ζ4, +4) are : 

 𝐻1 = (Ζ4, +4) 

 𝐻2 = ({0}, +4) 

 𝐻3 = (〈2〉, +4) = ({0,2}, +4) 
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The chains of a group (Ζ4, +4) are 

Ζ4 ⊃ {0} is a chain of length one 

Ζ4 ⊃ 〈2〉 ⊃ {0} is a chain of length two. 

    Example(1-4): 

    In the group (Ζ12, +12) of integers modulo 12, the 

following chains are              normal chains: 

Ζ12 ⊃ 〈6〉 ⊃ {0}, 

Ζ12 ⊃ 〈2〉 ⊃ 〈4〉 ⊃ {0}, 

Ζ12 ⊃ 〈3〉 ⊃ 〈6〉 ⊃ {0}, 

Ζ12 ⊃ 〈2〉 ⊃ 〈6〉 ⊃ {0}. 

    All subgroups are normal, since (Ζ12, +12) is a 

commutative group. 

Definition(1-5): (Normal Chain) 

If (𝐻𝑖 ,∗) is a normal subgroup of a group (𝐺,∗) for all 𝑖 =

1,… , 𝑛, then the chain 𝐺 = 𝐻0 ⊃ 𝐻1 ⊃ ⋯ ⊃ 𝐻𝑛−1 ⊃ 𝐻𝑛 =

{𝑒} is called a normal chain. 


