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1. Construction of Rational Numbers
Consider the set
V={s)eEZXZ|r,s € Z,s # 0}
of pairs of integers. Let us define an equivalence relation on V by putting

(r,s) L* (t,Lu) & ru = st|.

This is an equivalence relation. (Exercise).

Let
[r.s] = {xy) € VI@xy) L' (rs)},
denote the equivalence class of (r,s) and write [r,s] = < Such an equivalence

class [r, s] is called a rational number.

Example 3.1.1.

(i) (2,12) L* (1,6) since2-6 =12 -1,

(i) (2,12) £ (1,7) since 2-7 # 12+ 1.

(iii) [0,1] = {(x,¥) € V|0y = x1} = {(x,y) € V|0 =x} = {(0,y) € V|y € Z}
={(0,£1),(0,12),...} = [0,y].

(iv) (x,0) ¢ V Vx€LZ

Definition 3.1.2. (Rational Numbers)

The set of all equivalence classes [r, s] (rational number) with (r,s) € V is called
the set of rational numbers and denoted by Q. The element [0,1] will denoted by
0 and [1,1] by 1.

3.1. 3. Addition and Multiplication on Q
Addition: ®:Q X Q — Q;

[r,s] @ [t,u] = [ru + ts,su]| s, u # 0.

Multiplication: ©: Q X Q — Q;

[r,s] © [t,u] = [rt,su]|s,u # 0.
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Remark 3.1.4. The relation i:Z — Q, defined by i(n) = [n, 1] is 1-1 function,
and

im+m) =i(n)®i(m),

i(n-m)=in) ©i(m).

Theorem 3.1.5.

(i) n@m = m®n, Vn,m € Q. (Commutative property of @)
(i) m®m)®c = n®(mc), Vn,m,c € Q. (Associative property of @)
(inOm=mQ@On,vnmeQ. (Commutative property of ©)
IV(nOm)Oc=nO (mOc),¥nm,ce Q. (Associative property of ©)
VV(mEmOc=mnOQc)®(mMOo) (Distributive law of © on @)

(vi) If ¢ =[cq,c,] € Qand ¢ # [0,1], then ¢;c, # 0.

(vii) (Cancellation Law for @).

m@®c =n®c, forsomec EQem = n.

(viii) (Cancellation Law for ©).

m@®c=nQcforsome c(#0) EQe&m =n.

(ix) [0,1] is the unique element such that [0,1]®m = m@[0,1] = m, Vm € Q.
(x) [1,1] is the unique element such that [1, 1] O m =m O [1,1] =m,Vm € Q.
Proof.

(vii) Letm = [my,m,], n = [ny,n,], c = [c1,¢3] EQ, m;, ny, ¢c; € Z,i = 1,2.

mdc =ndc

o [my, my]®[cy, ¢2] = [n1, 1] Bley, ¢3]

— [myc, + c;my, mycy] = [Ny, + ¢y, nuycy| Def. of @ for Q

— (mycy, + c;m,, mycy) LY (ngCy + €Ny, NuyCy) Def. of equiv. class

— (mycy + cymy)n,c, = (Nycy + cyny) mycy Def. of L*

— ((mny)c, + (n,my)cy)c, = ((nymy)c, + (n, my)cy)c, Properties of + and -
inZ

— (mny)c, + (n,my)c;, = (nymy)c, + (ny, my)cy Cancel. law for - in Z

— (mny)c, = (nym,)c, Cancel. law for+ in z

— (mny) = mm,) Cancel. law for - in Z

— (m;, my)L*(ny,n,) Def. of L*

— [my,m,] = [ny, n,] Def. of equiv. class

(viii) Let m = [my,m;], n=[n,n,], c=|[cy,c;] €Q, my, n;, ¢; € Z and
c#[01D)i=1,2.

m@®c=n0Oc
o [my,m;] O [cy, ;] = [n1,n2] O [cy, ¢;]
— [mycq, myc,] = [nycq,ny05] Def. of © for Q
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— (myc;, mycy)L* (nycq,nyc5) Def. of equiv. class

— (myc)(nz62) = (nyc)(Mycy) Def. of L*

— (mny)(c163) = (Mmyny)(ci¢,) Asso. and comm. of + and - inZ

— (mn,) = (myn,) c;¢c, # 0 and Cancel. law for - inZ
— (m;,my,) L'(n; ,n,) Def. of L~

— [my,m,] = [nq,n,] Def. of equiv. class

(i), (i), (iii), (iv) (v), (vi), (i), (X) Exercise.

Definition 3.1.6.

(i) An element [n,m] € Q is said to be positive element if nm > 0. The set of all
positive elements of Q will denoted by Q™.

(if) An element [n,m] € Q is said to be negative element if nm < 0. The set of
all positive elements of Q will denoted by Q™.

Remark 3.1.7. Let [r,s] be any rational number. If s < —1 or s = —1 we can
rewrite this number as [—r, —s]; that is, [r, s] = [-1, —s].

Definition 3.1.8. Let [r,s],[t,u] € Q. We say that [r,s]less than [t,u] and
denoted by

[r,s] < [t,u] & ru < st,

where s,u > 1ors,u =1.

Example 3.1.9.
[2,5],[7,—4] € Q.
[2,5] € Q*,since 2 =[2,0],5=[50]inZ and2-5=[2-5+0-0,2-0+5-0]
=[10,0] = +10 > 0.
[—4,7] € Q~, since 7 = [7,0], -4 = [0,4] inZ and
7-(—4)=[7-0+0-4,7-4+0-0]
=[0,32] = -32 < 0.

[—4,7] < [2,5],since —4-5<2-7.
[7,—4] < [2,5], since [7,—4] = [-7,—(—4)] = [-7,4],and —=7-5< 2-4.



