Logic Design - L3 2023-2024 First Class

SIMPLIFICATION AND
MINIMIZATION OF BOOLEAN
FUNCTIONS

In this section, we look at how to reduce the Boolean Function expressions into
equivalent forms that use less logic. This minimization is the key to reducing the complexity of
the logic prior to implementing in real circuitry. This reduces the amount of gates needed,

placement area, wiring, and power consumption of the logic circuit.
3.1 Algebraic Simplification

Boolean Functions can be reduced algebraically by applying the theorems covered in
prior sections. This process typically consists of a series of factoring based on the distributive
property followed by replacing variables with constants (i.e., 0s and 1s) using the complements

theorem. Finally, constants are removed using the identity theorem.

Example:

Example: Minimizing a Logic Expression Algebraically

Given: The following truth table. row|A B C| F minterm
0|0 0 0|1 |me=A"B"C
1 [0 "0 %10 -
210 1 0|1 |mx=A"BC
Find: A minimized logic expression 3]0 1 1]1]|mz=A"B-C
using algebraic manipulations. 411 0 0|0 =
511 0:1]0 =
. 6|1 1 0]|1|ms=ABC
Solution: 711 1 1] 1|m;=AB-C

The first step is to write the canonical
F=A"B-C' +A"B-C' + A"B-C + A‘B-C' + A-B-C <«— sum. The minterms are written in the
truth table so this sum can be written
F=A"B-C’ H{A"B-C'+ A"B:C + A-B-C' + A-B-C) directly as:
— ALRLOY T ), o % ‘_:> Next, we notice that B exists in each of
F=A"B"C' +B(A*C' +A*C + AC' + AC) these product terms. Let's factor it out
E=A-B-C + B(A"C' ” A'-C)+(A-C' & A-C) using the distributive property.

'+ B-(A-(C + C)+ A-(C +QC)) > Now we notice that A" and A can be

F=A"B-C )
factored out of these product terms using
F=A"B-C'+B-(A-(C' + C) + A-(C' + C)) the distributive property.
F=A"B"C' +B-(A"1+A1) \ The new expression _contams terms that
- can be minimized using the complements
F=A"B-C +B-(A+A) \ theorem.
— ALRLO IA* The identity property will get rid of
Fef B B A anything AND'd with a 1.
F=AB"C'+B-(1) = The complements theorem is again used
F=A"BC'+B followed by identity to reduce this term
entirely to B.
F=A"B-C'+A"B-C'+B The next step involves recognizing that one of
F=A-C-(B'+B)+ B the eliminated product terms could also have
(—) been used to reduce A"B"-C’'. We can write the
F=A-C-1+B term back in the expression without impacting the
e - result. We then apply factoring, complements
F=A-C'+B and identity to reduce the expression.
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3.2 Simplification Using Karnaugh Maps

Another method of simplification of Boolean function is Karnaugh - Map
(K-Map). This map is a diagram made of squares, each square represent one
minterms, and there are several types of K- Map depending on the number of

variables in Boolean function.

1- Formation of a 2-inputs (variables) K-map
A 2-input K-Map will have 2° cells (or 4 cells) each cell corresponds to a row
in the truth table.

row XY F v

_ X n 1 Vx
0 00 m=XY
—_ n
1 01 m=XY ™™ T
2 10 m=XY 1| m ms my ms
bi 3 1 3
3 11 m=XY

2- Formation of a 3-inputs (variables) K-map
A 3-input K-Map will have 2° cells (or 8 cells) each cell corresponds to a row
in the truth table.

row[X |Y [Z | F > oo 01 L1 10
0 [0 [0 [0 [XvZ= m, — T
1 10 10 |1 [XYz=m, o] mo m; ms m,
2 [0 |1 10 [XvZ=m, 0 d s )
3 10 |1 |1 |XYZ= m;,

4 11 10 10 1xYZ=m, 1| ma ms my m
> |1 0 |1 |XYZz= ms 4 5 7 6
6 (1 |1 |0 |XYZ= m,

7 |1 (1 |1 [xvzZ=m,
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3- Formation of a 4-inputs (variables) K-map

A 4-input K-Map will have 2* cells (or 16 cells) each cell corresponds to a
row in the truth table.

N ZW

o N S 00 0l 1110
00 1 1 3 2
0l 14 5 7 6
b 13 15 14
10 1g 9 11 10

4- Formation of a 5-inputs (variables) K-map

A 5-input K-Map will have 2° cells (or 32 cells) each cell corresponds to a
row in the truth table.

~ CDE
N\ 000 001 011 o010 110 111 101 100
AB N\
o0 |0 1 3 2 6 7 5 4
01 |8 9 11 10 (14 |15 13 12
11 |24 |25 |27 26 |30 |31 29 |28
10 |16 |17 19 18 (22 |23 |21 20
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5- Formation of a 6-inputs (variables) K-map
A 6-input K-Map will have 2° cells (or 64 cells) each cell corresponds to a

row in the truth table.

~ DEF

N 000 001 011 010 110 111 101 100

ABC \\\_0 1 3 2 7 6 5 4

000
8 9 11 10 14 15 13 12

001
24 25 27 26 30 31 29 28

011
16 17 19 18 22 23 21 20

010
48 49 51 50 54 55 53 52

110
56 57 59 58 62 63 61 60

111
40 41 43 42 46 47 45 44

101
32 33 35 34 38 39 37 36

100

EXx: Simply the following Boolean functions using K —Map?

1-F=XYZ +XYZ +XYZ+XYZ

Y 7
< \ 00 01 11 10
G| D
4

P ar;

F=XY + XY

If the function 1s sumplified using Boolean- algebra
F=XYZ+XYZ +XYZ+XYZ
XY (Z +Z) +XY(Z+Z)=XY + XY
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2. F=XYZ +XYZ +XYZ+XYZ
~ Y7
00 01 11 10
X \
) B

F=Y7Z + XZ

3-F=AC+AB+ABC+BC
In this function each term must expressed by all variables in the function (A B.C)

F(ABC)=AC.1l + AB1+ABC+BC.l

=AC(B + B) + A B(C+C)+ABC +B C (A +A)

—~ABC+ABC+ABC+ABC+-ABC +ABC+ABC

~ABC+ABC+ABC+ABC+ABC

BC
SN0 0
0 L] T F=C+AB
B
1 L1
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4- F (XY, Z)=>(0,2,4,5,6)

N YZ
X 00 01l 11 10

" r—\

LT 1 F(XYZ)=Z+XY

5-F(XY,ZW) =>(0,1,2,4,5,6,8,9,12,13,14)

ZW
\ 00 01 11 10
XY
ginElEIE
o1 | |1 1 ’/E
n| ] i
// /
10 ] 1
\\ ////
F(XYZW) = Z + XW+ YW

5 |

\ 01 / 11 1(/
AB

6-F=ABC+BCD+ABCD+ABC
CD
1

F(ABCD)=BD+BC+ACD 01

SRV
N oI
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7 -F(A,B,C,D.E) =Y (0,2,4,6,9,11,13,15,,17,21,25,27,29,31)

N c DE J\ f AD - AD

5 \ 000 001 011 010" 110 111” 101 100

N

—

Lo ) [11] 1]

A _ s
01 \ "

|

[a—
[a—
[u—

11 \ ] ] 1 )
A— N /ﬂ
1 \/ \ )J B
AN 1 B
L N /
— ~1 1 70 7 I F
AR V4

F(ABCD)=ABE+BE+ ADE

H.W

Simplify the following functions in sum of product using K-map
FF=XY+XYW+W (XY +XY)

> F=ABD+ ACD+AB+ACD+ABD

3-F(A,B,C,D)=1I(2,3,6,7,8,9,10,11,12,13,14)



Logic Design - L3 2023-2024 First Class

Product of Sum simplification

In previous examples the simplification in Sum of Product form
and each minterms represented by 1 (one) in K-map and each missing
term in the function is a complement of the function and represented by 0
(zero) in k-map and the simplified expression obtained F (the

complement of the function).

Ex simplify the following function in

1 — Sum of products 2 — product of Sums
F(AB,CD)=2(0,1,2,528,9,10)

Sol : 1 — Sum of Products (minterms)

: C C
CD 0 i

D0 01 11 10
\\k N \

&

o __ ZJOO\ nila L1
F=BD+BC+ ACD o A,
i b
11
A
1) %E
— [

2 — Product of Sums

In this case the missing terms is represented by 0 in K-map and simplified to
obtain F (complement of the function).

CcD

F=AB+CD+BD ap N 00 o 110
And the basic function: 00 0
_ . _ 01 o 0 o |
F=(A+B)(C+D)(B+D) 1 [o] = =
10 o
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Ex Simplify the function F in 1 — Sum of Products 2 — Product of Sums

”
<
N

F

© O = = O O

e e e e N o T e B |
= QO = Q© = O = Q
= QO = = QO = Q

[T —

Note

If the function in Product of Sums form then the complement of the function
must take first and then the O is represented in k-map.

Ex: (A+B+C)(B+D)
The function in Product of Sum form, therefore the complement is taking first
F=ABC +BD
Then these minterms will be assigning in the map by 0 because the function is
complement.
Ex : Obtained the simplified expression in Product of Sums

F=(A+B+D)(A+D)(A+B+D)(A+B+C+D)

Sol
F=ABD+AD+ABD+ABCD
o CD
F=AB+BD+BCD , \ 00 o0 1110
|
00 0 0

~ = == 0
F=(A+B) (B+D)(B+C+D) ™
11 0 0 0

10 0 0
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Ex Obtain the simplified expression in Product of Sums
F(A.B,.C.D) = I1(0,1.2.3.4,10.11)
CD

00 01 11 10

00 0 0 0 0

F=(A+B)(A+C+D)(B+C) 01 0

11

10 0 0

H.W.

Obtained the simplified expression of the following functions in

1 — Sum of Products 2 — Product of Sums

— e —

1-F=XY+YZ+YZ+XYZ

3-F=(A+B+D)(A+B +D)(C+D)(C +D)
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Don’t- Care Condition

Sometimes a function table or map contains entries for which it is known:
* The input values for the minterm will never occur, or

* The output value for the minterm is not used

In these cases, the output value need not be defined, Instead, the output
value is defined as a “don't care” these values are:

1 - Placing “don’t cares” ( an “X” entry) in the function table or map,

2 — These values used in simplification with F and F.

3 — These values may be not used in simplification.

Ex simplify the Boolean function F in 1.Sum of Products 2.Product of Sums
F(XYZW)=X(1.3.7,11.15) d(XYZW)=X(0.2.5

Sol

1- Sum of Products 2. Product of Sums
Zw A
XY\\ 0o ol 10 XY\\ 00 01 11 10
00 (/I__T\E 0 X X |
01 X 1 01 0 X 0
11 1 I OW 0
10 1 w_RUCJ i 0 |

F(XYZW)= W + X Z

F(XYZW)=ZW + XY -
F(XYZW)= W ( X+ Z)
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Ex Simplify the Boolean function F in 1 — Sum of Products 2 Product of Sums
using don’t care condition

F=ACE +ACDE+ACDE
E + A E

Solution:
F=ACE.1+ACDE+ACDE
—~ ACDE +ACDE+ACDE +

A CDE
D=DE(A+A)+ADE(C+C)+ADE(C+C)
L\DE((+C)+ADE(L+C)+ACDE+K(_BE +ACDE
+AC DE
—A(DE%—ACDE-I—ACDE+ACDE+ACDE+ACDE+ACDE
+ACDE
1 — Sum of Products 2 — Product of Sums
DE
. 00 ol 11 10 DE
AC
‘ N \00 01‘ 11 10
00 x | Q 5o AC T
—_ 00 \0 X! X
01 |1 X \X 7
01 X\ 0 X
11 X 1 1 j; =
= 7 1 X \
o | o / \X X
x 10 0 0 X
SOP /\ Aos. /'] \
F(ACDE)=-AC+CE+ACD F(ACDE)-AC+CD+ACD

F(ACDE)=(A +C)(C + D)(A+C+D)

H.W.

Ex Simplify the Boolean function F in Sum of Products using don’t care condition
F=BCD +BCD+ABCD

D=BCD +ABCD
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Combinational Logic Circuit

A combinational circuit consists of inputs variables, logic gates and
output variables. The logic gates accepts signal from the inputs and generate

signal to the output. A block diagram of a combinational circuit is:

o~
Combmational [—*
n Inputs —»f Logiccwemt L5 m output variables

variables
—_— —)

Design Procedure
The design procedure involves the following steps:-

1. The problem is stated.

2. The number of available input variable and required output variable is
determined.

3. The input and output variables are assigned letter symbols.

4. The truth table that defines the required relationships between inputs
and outputs is derived.

5. The simplified Boolean function for each output is obtained.
6. The logic diagram is drowning.

The ADDERS gaall il g
1. Half Adder

It is a combinational circuit that perform the addition of two bits
0+0=0 0+1=1 1+0=1 1+1=0andcarry1l

The circuit needs two binary inputs and two binary outputs. The truth
table of half adder is:

The circuit needs two binary inputs and two binary outputs. The truth

table of half adder is: S= Sum; C= Carry Input output
— — X Y C S
The logic equations S=XY+XY = X & Y 0 0 0 0
C=X.Y o 1 0 1
1 0 0 1
46 11 1 0
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The Block Diagram

2— Full Adder

Logic Circuit

A full adder is a combinational circuit that forms the arithmetic sum of

three inputs bits. It consists of three inputs and two outputs. Two of the

inputs variables, X and Y, represent the two bits to be added, the third input Z;

represent the carry from the previous step. The two output S (for sum) and C

(for carry).

X —» FA —

Y ——>

; —* —>
Block Diagram

Input Output
X Y Z C S
O 0 O 0 0
0O 0 1 0 1
o 1 O 0 1
o 1 1 1 0
1 0 O 0 1
1 0 1 1 0
1 1 O 1 0
1 1 1 1 1

To find the logic equations K- map is used:

YZ
< N 00 01 11 10
o © 0,

L @

O,

47

S=§§Z+§YZ+X§E+XYZ
= Z(§§+ XY) +E(§Y +X§)
=2(X0Y) +Z(X&Y)
~Z(X®Y) +Z(XBY)
=XPY D Z
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YZ

C=XY+XZ+YZ ()

The logic circuit

) >
i o> s
[ -
D c
[ -
The Subtractors

1 — Half Subtractor

A half subtractor is a digital logic circuit that performs binary subtraction of two
single-bit binary numbers. It has two inputs, X and Y, and two outputs,
DIFFERENCE and BORROW. To perform (X-Y ) the truth table is:

Input output

X Y B D D= Difference

0 0 0 0 B = Borrow

0 1 I 1 The logic equations

1 0 0 1 D=XY+XY = X®Y
11 0 0 B=XY
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The Block Diagram
X —\;I D
X — Hs — 2 D
"-[r _P F B

2 — Full — Subtractor

A full subtractor is a combinational circuit that performs a subtraction

between two bits, taking into account that a 1 may have been borrowed. This

circuit has three inputs and two outputs. The truth table:

X —» FE S ——» D
v ..
7 ———*» —— B

the block diagram

To find the logic equations K- map is used
YZ
X ~ 00 0I 11 10
S

0 1 1

D=XYZ+XYZ+XYZ+XYZ
= Z(XY + XY) +Z(XY +XY)
=Z(X®Y) +Z(X0 Y)

= Z(X®DY) +Z(XDY)
= XY ® Z

49

Input Output
X Y Z B D
0O 0 O 0 0
0O 0 1 1 1
01 O 1 1
0 1 1 1 0
1 0 O 0 1
1 0 1 0 0
1 1 O 0 0
1 1 1 1 1
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YZ

B=XY+XZ+YZ 1| |Q@ )

The logic circuit

X jﬁ{: i

v

Z

D—— B
-

Code Conversion

To convert from binary code to another code, a combinational circuit performs

this transformation by means of logic gates.
Ex Design a combinational circuit that convert a BCD code to Excess-3 code.
Solution

The truth table consists of 4 inputs and 4 outputs
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Input Output D
ABCD |X Y Z W \ 00 01 11 10
AB
000000 1 1
00
000 1|01 0 0
. . . 01
001 0|01 0 1 1 1
; 1
001 1|01 1 0 11 X X \\y>
010 0 o1 1 1 10 /\ /\ X
010 1 10 0 0 , ! 1, X,
7\
011 0 10 0 1 / /
011 1 10 1 0 X=A+BD+BC
1 00 0 1 0 1 1 = A+B(D+C)
100 1 11 0 0
1 01 0 X X X X
CD
1011 X X X X 00 01 11 10
11 0 0 X X X X AD | [ |
00
11 0 1 X X X X h——‘L_l}
11 1 0 X X X X 01 1
| | X X X X 11
X,R\ X * *
10 \ 1 "{\ Xi
AN T
Y=BCD+BD+B C
=BCD + B (D +C)
CcD
CcD
. 00 o1 11 10
AB D \ 00 01 11 10
—— AB
o ! ! LU T |
01
1 1 ol . |
11 X X X X
11 x X X X
10 N
1 X X
\\ ~\ _ 10 e
Z/=CD+CD —_
W =D
= COD
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Logic Circuit

The logic curcuit

Ex A combinational circuit has four inputs and one output, the output equal 1

when:

1 —all the inputs are equal to 1 or

2 —non of the inputs are equal to 1 or

3 —an odd number of inputs are equal to 1.

Design the logic circuit?
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Sol
Input Output
XY ZW F
0 00 O 1
0 00 1 1
001 0 1
0 01 1 0
010 0 1
010 1 0
011 0 0
011 1 1
100 0 1
1 00 1 0
1 01 0 0
1 01 1 1
11 0 O 0
11 0 1 1
11 1 0 1
11 1 1 1

Ex Design a combinational circuit that inputs is three — bit numbers and the

2023-2024

First Class

XY o
00 1 1 1
01 1 1
11 1 1 1
10 1 1

F=Y ZW+XYW+XY Z+XZW

+tYZWH+HXYW+XYZ+Y Z W

output is equal to the squared of the input numbers in binary?

Sol

Input Output 7

X Y Z | Fs F4 F5s F» F,; Fo X ~_ 00 o0l 11 10
0O 0 O O 00 O O O

0 0 1 0 O 0 1 0 1 1
01 O O 001 0 O

o1 1 |o o1 0o o 1 1 1 1
1 0 O 0O 1 0 0 0 O

1 0 1 0O 1 1 0 0 1 Fo =7
1 1 O 1 00 1 O O

1 1 1 1 1 0 0 0 1
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YZ
X N\ 00 o 1 10 v o001 11 10

0 |T|O @
1 L [ 10

F.=Y Z F=XYZ +XYZ

YZ

X o\ 00 ot 1l 0 v o001 11 10

0 0
N EIDIN 1 D

F,=XY + X Z Fs =XY

Ex: Design a Full — Adder using two Half - Adder and OR gate, draw the Block
diagram and logic circuit?

The block diagram

S1
X S
y HA. H.A2

C1 C2

Block Diagram
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The logic circuit:

Half Adder Half Adder

Z —D—5y

Logic Diagram of Full Adder using Half Adder

C=Cl+CQ2=XY+(X®Y).Z
XY+ (XY+XY). Z
=XY(Z+2)+ (XY +XY).Z
= XYZ + XYZ + XYZ + XYZ = 2(3,5,6,7)
S=S1®Z = XOYPDZ

Ex Design Full- Subtractor using two Half — Subtractor and OR gate, draw the
Block diagram and logic circuit?

X D1

v H.S.1 11.S2

Z
.r ------------------------- -l r ''''''''''''''''''''''''' -|
X ¢ i : 1
I T g !
YT i I D ]
] i : i D
I i ! !
I 1 7
i >_._’ i oY)z
i ‘ i 1 :
i ‘|>°_ il —{>>— -
Z B — . !- .......................... g
First Half e
Subtractor Second Half XY
Subtractor
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D=X®YDZ

B=(X®Y).Z+X.Y=(X.Y +X.Y)Z+XY
=XYZ+XYZ+XY =X(Y+YZ)+XYZ
=X(Y+Y)Y+2)+XYZ=XY +XZ+XYZ
=YX+XZ)+XZ=Y(X+X)(X+2Z)+XZ

=XY+YZ+XZ

Ex: Show that a Full-Subtractor can be obtained from a Full —adder and one
inverter?
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