1.3.12. Algebra of Logical Proposition

The logical equivalences below are important equivalences that should be memorized.

1-ldentity Laws:

2-Domination Laws:

3-ldempotent Laws:

4- Double Negation Law:

5- Commutative Laws:

6- Associative Laws:

7- Distributive Laws:

8- De Morgan's Laws:

9- Absorption Laws:

10-Implication Law:
11- Contrapositive Law:
12- Tautology:

13- Contradiction:

pPAT=p.
pVv F=p.
pvT=T.
PAF=F.
pvp=p.
PAD=D.
~(~p)=p.
pPvaQ=qVvp.
PAQ=QAD.

(pvag)vr=pv(gVvr).
(PAQ)AT=pA(QAT).

pv@An=(@EvaAvn.
PA@QVN=(@PAQV(PAT).

~(pPAQg =~pV~a.
~(pPVQg=~pA~aq.

pA(pVQ) =Dp.
pVv(pAQg)=p.
pA(~pVQ)=pAg.
pV(~pAQ)=pva.
P—>qP=(~pVva).
P—q=(~q->~p).
pv~p=T.
pA~p=F.
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14- Equivalence: P—=9A(@—p) =(p<—A0Q).
15- PVa=(PVvaA~(pAq).
Solution.

(8) We using truth table to prove ~(p AQ) = ~p Vv ~qQ.

(14) We using truth table to prove (p — q) A (q — p) = (p < Q).

P9 p->g gop p-ogAgop  peg
T T T T T T
T F F T F F
F T T F F F
F F T T T T

(pVaA~(pAQ)

F
T
T
F

MM -5
M| T =
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1.4. Rules of Proof
1.4.1.

(i) Rule of Replacement.

Any term in a logical formula may be replaced be an equivalent term.
For instance, if g =r,thenp Aq=p Ar Rep(q:n).

(if) Rule of Substitution.

A sentence which is obtained by substituting logical propositions for the terms of a
theorem is itself a theorem.

For instance, (p — Q) VW =w V (p — q) Sub(p: p — q), in Commutative Law
PVW=WwWVp.

(iii) Rule of Inference.

1- p 6- p—q
p—q q-—r
o q SpoT
2- 7- pVq
~ 4 ~pP
p—q q
~p
3- p 8- pVq
~ pVR ~ pVr
~ qVr
4- p O- p—q
q r-ot
~ pAq ~ pVr - qVt
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5- pAq 10- p
“p il
~ pVq - pVr
Example 1.4.2.
(i) Given
(1) pAq
(2) p— ~ (qAr)
3)s—>r
a~ S
Solution:
1- pAq 1% hypothesis(premise)
2-p Inf. (1) Properties of A
3-q Inf. (1) Properties of A
4-p > ~ (qAr) 2" hypothesis(premise)
5- ~ (q/\r) Inf. (2),(4)
6-~qV~r De Morgan’s Law on (5)
7-~r1 Inf. (3),(6) and Domination Laws
8-s—or 3" hypothesis(premise)
9-~r—>~s Contrapositive Law
10-~'s Inf. (7),(9)
(ii) Given

)~@vy —r
(2) ~p
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(3) ~r

oo q

Solution:
1-~(pvg) —r
2-~r1
3-~r—>(pVva)
4-pVvq

5- ~p

6- q

(i) Given

(1) ~p = (rAs)
2 p—q

B) ~q

1% hypothesis(premise)

3 hypothesis(premise)

Contrapositive Law and Double Negation Law
Inf. (2),(3)

2" hypothesis(premise)

Inf. (4),(5)

oT
Solution:
1-p—=q

2- ~q->~p
3-~q

4-~p

5- ~p - (rAs)
6- rAs

7-1

2" hypothesis(premise)
Contrapositive Law on (1)
3" hypothesis(premise)
Inf. (2),(3)

1%t hypothesis(premise)
Inf. (4),(5)

Inf. (6) Properties of A
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(iv) Given

(1) p=2>(~rA~s)
(2) pv~gq

(3) s

s~ g/\s
Solution:

1-p > (~rA ~s) 1% hypothesis(premise)

2-(rvs) »~p Contrapositive Law on (1)
3-p Vv~ q 2" hypothesis(premise)
4-~p->~( Implication Law on (3)
5-(rvs) »~q Inf. (2),(4)
6- s 34 hypothesis(premise)
7-rVvs Inf. (6)
8-~ q Inf. (5),(7)
9- ~ gAs Inf. (6),(8)
(v) Given
(Lpva
(2 gq-r
3) ~r

“p
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Solution:

1-g-r 2"4 hypothesis(premise)
2-~1r—>~(q Contrapositive Law on (1)
3-~r 3 hypothesis(premise)
4- ~ q Inf. (2),(3)

5-pVvq 1%t hypothesis(premise)
6-(pvVQA~q Inf. (4),(5)

7-(pPA~q) VvV (Q\ ~ q) Distributive Law on (6)
8-(pA~q)VF Contradiction Law (7)
9- (pA ~ q) Identity Law on (8)
10-p Inf. (9) properties of A
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(vi) Given

(1) “If it does not rain or if it is not foggy, then the sailing race will be held and the
lifesaving demonstration will go on”

(2) “If the sailing race is held, then the cup will be awarded”
(3) “The cup was not awarded”

Does this imply that: “It rained”?

Solution.

p: rain

q: foggy

r: the sailing race will be held

s: the lifesaving demonstration will go on

t: then the cup will be awarded

Symbolically, the proposition is

(1) ~pVv~q = rAs

(2) r -t
(3) ~t
p

1. ~t 3rd hypothesis
2.r—t 2nd hypothesis
3.~t— ~r Contrapositive of 2
4. ~r Inf. (1),(3)
5. ~pv~Qq — rAS 1st hypothesis
6. ~(rAs) - ~ (~pv~q) Contrapositive of 5
7. ~r V~s—(pAQ) De Morgan’s law and double negation law on (5)
8. ~rv~s Inf. (4) and domination law
9.pA q Inf. (7),(8)
10.p Inf. (9)

Example 1.4.3. Use the logical equivalences to show that
() ~p—q=pA-~q,
(it) ~(p V~(p A q)) is a contradiction,

(i)~ (pv (~pAQ)) = (~p A ~Q),
(iv) pv (pAg) = p  (Absorption Law).
Solution.
(1) ~p—o>qQ=~(~pVvQ) Implication Law
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~(~p)A~aq. De Morgan's Law
pA~Q Double Negation Law

(i)  ~(pv~(pAQ)
=~pA~(~(pAQ)) DeMorgan's Law

=~pA(pPAQ) Double Negation Law

=(~pApP)AQ Associative Law

=FAQ Contradiction Law

=F Domination Law and Commutative Law.

(iff) ~ (pv (~pAQ))
= ~pA~(~pAQg) De Morgan’s Law

~p A (~~pV~Q) De Morgan’s Law

~p A (pvV~Q) Double Negation Law

(~pAp) V (~p A~q) Distribution Law

(pA~p)v(~p A~q) Commutative Law

= FV (~pA~Q) Contradiction Law
= (~pA~Q)VF Commutative Law
= (~p A~Q) Identity Law

(iv) p Vv (pAQ)
(pAT) V (pAQ)  ldentity Law (in reverse)

= pA(TVQ) Distributive Law (in reverse)
= pAT Domination Law
=P Identity Law

Example 1.4.4. Find a simple form for the negation of the proposition
“If the sun is shining, then I am going to the ball game.”
Solution.

p: the sun is shining g: I am going to the football game
This proposition is of the form p = q. Since ~(p — q) = ~(~ p vV q) =( pA~Qq).This is

the proposition “The sun is shining, and | am not going to the football game.”
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