
CH2: Functions

S2.1 : Functions and Their GraPhs

Detlnition: Afunction f (or amapping f lfromaset,4 toaset B
is a rule that assigns to each element a of A exactly one element b

of B, The set ,4 is catled the domain of f and the set B is called
the c/odomain of f ;lf / assigns b to a , then b is called the image

of a under f .The subset of B comprised of all the images of
elements of A under / ( which is denoted by f (A) I is.called the

image of A under / ( or the range of f I

weuse f :A -> B tomeanthat f isafunctionfrom,4 to B.We
will write f (a) = b to indicate that b is the image of a under / .

Let A: {\,4,51 , B: {1,2,3,6 } , and f zA -+ B be the function

defined by f (2):1, f (4):3, f (5):6. Then the domain of f is.

A= {2,4,5}, the codomain of f is B: { 1,2,3,6 }, and the range"

of f : {1,3,61.

Counter example :

Let C={1,2,3,4} and D:{2,3,4,5}, and let h bethe ruledefined

by h(1)= 2,h(l):4,h(2)=3, h(3):5,h(4)=4, then h is nota
function from C to D since there are two different elements ( 2 anci

4 ) belong to D are assigned to the same element I of C*

Exampte 2.1.2: Find the domain and the range of the function f
defined by f(x) = Jx+10

Solution: For y-f(x) = Jx+10 tobereal , x+10 mustbegreater
thanorequal to 0.Thatis, x+10 >0 whichmeansthat x 2 -10
Thusthedomain is {x:x > -10} andtherangeis {y:y > 0} .

Exercises:

1) Let A={2,415,7}, B={1,2,3,6,9 },and f :A *+ B bethe
function defined by f (2):9, f (4):3, f (5)=6, f (7)=2. Find
the domain of f ,the codomain of / , and the range of f .
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2l Let f be a furtcl,irr defined by f (x) = Find the domain and
x+2

the range of the function f -

3) Find the domain and the range of the function f defined by

pefjnitio4; The graph of a function f is the line passing through all

the points (*, f (x)) on the xy- plane .

Dejinition: The y- coordinate of the pointwhere a graph of a function

intersect the y-axis is called the y-intercept of the function .

Definition: The x- coordinate of a point where a graph of a function

intersects the x -axis is called an x - intercept of the function .

R.emarks :

1) The graph of any function f has at most one y - intercept. The

graph of the function / has exactly one /-intercept 0 is in the

domain of the function f and theEInt"-r""pt it /(0))
2l The graph of any function / has no x - intercept if there is no x

in the domain of the function / such that ,f (x) :0 .

The graph of a function / has one or more than one x - intercepts

if f (x)=0 forsome x in the domain of f , and the number of

x - intercepts is the number of the distinct solutions of the
equation f (x)=0,

Properties of Functigns :

1) A function y - f (x) is called an even function of x if
f(-x)-f(x) ,v x.

2) A function y - f (x) is called an odd function of x if
f(-x)--f(x) ,v x.

S2.2 : Linear Functions and their Graphs

Definitio_S Afunction f :R +R iscalledalinearfunction if f is

definedby f(x)-ux+b , u*0
where a and b are real numbers .



Example 2.2.1: The function f z R -+

is a !inear function .

?xampl9-.?.?2,: The function g : fr ->
is a linear function .

Example 2.2.3: The function h z R -+

is a linear function .

R defined by f (x)=3 x + 12

fr defined by S(x)=x-0.2

R defined by tt(x)=-1* +L

Example 2,2.4-: Let f , R -+ R be the linear function defined by

f (x)=4x+10. Findthe x-interceptandthe y-interceptof f -

Solution: /(x)-O 3 4x+ 10 = 0

+ 4x = -10

= r - -lo = -2.5
4

Therefore the x - intercePt is - 2.5

.f (0) = 10 = the y - intercePt is 10

ExamBle 2.2.5: Let g: R + ft be the linear function defined by

Ig(x) = lx - 6. Findthe x-interceptandthe y-interceptof g
3

Solutiott:

Therefore the x - intercePt is 30

g(0)--6 + the y-intercePtis -6

Graph of a linear functio$ :

The graph of a linear function / is the straight line passing through
thetwopoints (a,0) and (0,b) where a isthe x-interceptof the

function f and b is the y - intercept of the function / .

Remark : The graph of any linear function / has exactly one

x - intercept and has exactly one y - intercept .

1g(x)-0 = -x-6=0
I
Ilx=6 = x=30
5



Example 2.2.6: Let f , R -+ .lt be the linear function defined by

f(x)=-2x+7 . Findthe x-interceptandthe y-interceptof f
then graph the function f .

Solution: f(x):0 + -2x+7=0

- -2x - -7

- *=-' =3.51_L

Therefore the x - intercePt is 3.5

f (0)= 7 = the Y - intercePt is 7

Thus the graph of the function / is the straight line passing through

the two points ( 3.5 ,0 ) and ( 0 ,7 ) .

Thus the graph of the function / is the following graph

Exlrmple 2.2.7: Let g: ft -+ ,R be the linear function defined

S(x) =4x+12 , Find the x -intercept and the y -intercept of
graph the function g .

Solution: 8(x)-0 + 4x+12 = 0

= 4x - -12
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Therefore the x - intercept is - 3

s(0) = 12 + the y - intercePt is 12

by

g, then



Thus the graph of the function g is the straight line passing through
the two points ( - 3, 0 ) and (0 , 12) .

Thus the graph of the function g is the following graph

Exercises:

1) Let f , R + R be the linear function defined

Find the x - intercept and the y - intercept of

2l Let g I R -+ .l? be the linear function defined

Find the x - intercept and the y - intercept of

3) Let f z R -+ ,R be the linear function defined

Find the x - intercept and the y - intercept of
function f .

4l Let g: R -+ R be the linear function defined

Find the x - intercept and the y - intercept of
function g

by

f.
by

ol''

by

f,

f(x)=3x-10

S(x)=0.3x+0.7.

f(x)=-4x+8
then graph the

g(x)=5x+15.
then graph the

by
o5t

S2.3 : Some well-known Functions and their Graphs

1) A function f (x) - c where c is a fixed number is called
constant function .



Exan0ple 2..3.1 : The function y - f (x) - 1 isa constant function and

its graph is

2l The absolute vatue function y - f (x) - lxl is defined by the
formula 

( x if x>oy-f(x)-l!l =t_, f x<o
and its graph is

Remember that lxl - ^17 .

3) Afunction y-f(x): )c' where r isareal numberiscalleda
power function .

Example, 2.3.2:

The function y _ f (x) = xz is a power function (which is also a

quadratic function ) and its graph is

y-lLYts
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Example' 2.3.3 : The function y - f (x) = x3 is a power function
and its graph is

EXampler 2r9.S..: The function y = f (x): {x is a power function and
its graph is



Exqry?le 2.3.5.:

its graph is

Thefunction y-f(x) is a power function and

4) Let a be a positive reat number other than 1 . The function
y _ f (x) = g* is called the exponential function with base a

EXgmph, ?.3.6 : Graph the exponential function ! = 2x

Anqwqr : To draw the graph of 7 = zx , we Gan make use of a table

give values for x and find the corresponding values for y

x=0 giVeS !=20=1,
x:1 gives !=2t:2t

x=-l gives y:2-' : I ."2

Following the process we make the table

1

x

x -4 -3 a -l 0 I 2 3 4

2* 0.0625 0.125 0.25 0.5 I 2 4 8 t6



Example 2.3.7 : The function ! : 5x is an exponential function and
its graph is

Answer :

x: 0 gives

x: I gives

x = -1 gives

Exefcise,2.3.8 : Graph the exponential function ! : 1^}x

The properties of exponential function and their graph

. The domain is R (set of real numbers) .

. The range is R. (set of positive real numbers) .

. The graph is always continuous (no break in the graph) .

Y:50:1r
-lY=5':5r

Y: 5-t = 0.2

x -2 _I 0 I 2
!.x
3 0.04 0.2 I 5 25



BUI-eq of Expgne[ts,.j lf a > 0 and b > 0, the following rules of
exponent should be hold for all real numbers x and y :

1. a*xa! = a**!
n tl* -.r--Yz, _- fi

av

3. flo=l

4.

5.

6.

7.
a*
t.

1
--=:= a

. fi't

(o*)' =
(, b). --
z r-Y
{u\
lb)

-1C

(or)' = ox!
o* b*

x 5) The function ! : ex is called the natural exponential function
whose base is e = 2.77BZBLB2B , and its graph is

x -2 -1 0 1 2
x

e 0.1353 0.3679 1 2.718 7.389

x-fixls

Remarh : Graph of e{ and

6) The function y : lo96x
b where b is a positive
of Y =log6x where b

.?.rsl2

e-rc are reflections of each other .

is called the logarithm function with base
number + 1 ; and x > 0, and the graph
is greater than L is the following graph



Remar(: y-lo96x meansthat x- bt

Exjrmple 2.3.9 : The function y - log2 x is a logarithm function with
base 2 and its graph is

x 0.25 0.5 1 2 4

-Y: log2 x -2 -1 0 I 2

Exqmpl,e 2.3.10 : Draw the graph of tog 16 x
Answer :

2

1.5

i

1).5

Rulgs of logarithm:Forx> 0 and y) 0, and b is a positive number +l
we have the following rules :

1. Iogsx/:logr x*log6y
2. loga 1= Iogu x - lo96 y
3. lo96 xt - y . Iogs x

4. togo a=ffS , where c can be any base.

x 0.5 I 5 10 15 2A 50 100
Y : logls x -0.301 0 0.699 I 1.176 1.301 1.699 2

y-tLYts



Rgmarks :

. The logarithm of any number to the base of the same number

will be 1 (logob=l, logr5=1 etc "' )'
. Logarithm of 1 to any base is 0 ( tognl:0 , logrl=0 etc "')'
' The logarithm function is defined only for positive numbers .

. The domain of the logarithm function is R* '

' The range of the logarithm function is R '

7l The logarithm function with base e is called the natural logarithm

function and wilt be denoted by ! :lnx ( i.e. / = log" x =lnxl
and its graPh is

Remarks :

, lne=1
, lnL=0

( since ln e = log. e )

Exercise 2.3,12 : Draw the graph for the following logarithmic
functions:

1. logr x
2. 1og, x
3. 1og, x

8) A polynomial function is defined as

y - f(x) = onxn * an-1xn-1 + "' * a1x * ao

ag , o1,... , an-! , an arg GOnstants '

where



Example?.3.13:Thefunction I = xz - 5x* 6 is a polynomial
function .

Algebra of Functions

Definjlipl: The sum , difference , product , and quotient of the I

functions / and g are the functions defined by

(f +g)(x)= "f (x)+ S(x) sum function

( f -S) (x)= f(x)- g (x) difference function

product function

quotient function

(f .s)(x)= f (x).s(x)

[/],,, =r\*! g@) *o
\8/ s(x)

The domain of each function is the intersection of the domains of f
and g , with the exception that the values of x where S(x ) = 0 must
be excluded from the domain of the quotient function .

Definition: Let f and g be functions
composite of g and f and is defined
(f,s)(x)= f(s(x))
The domain of f o g is the set
D - {xe domain g I g(x) e domain

, then l' o g is called the
by the equation

fI
Example 2.3.14 : Let f and g be the functions defined by

f(x)=x-7 and s(x)=x2+5.Findthefunctions f +s, f -g
, f .r , ? , f og , gof and find their domains.



Solution :

(f +S)(x)= -f (x)+g(x) : x-7 * x2+5

(f -g)(x)=f(x)-g(x): x-7 - x2-
xz + x-2

= -x2+x-12

(f .S)(x): f (x).g (r) : (x-7 ) .(*'+ 5) = x3 -'lxz + 5x- 35

( s\,--., - g(x) - x2 +5

[7.J'^']- f@)- x1
( f,g)(x)= f(g(x)) = f(x2+ 5) : x2+ 5-7 - x2 * 2

( s,f)(x)= s(f(x)): S (x*7) = (x- 7)'+5
: x2 - 14x+ 49+ 5 : x2 - 14 x+ 54

The domain of f : R

The domain of g : R

The intersection of the domains of f and g is R

Thusthedomainof eachof thefunctions,f + g, f -g, f .g ,f og

, and go-f is R .

The domain of + : R-{7 }f\/
Rennarh : The domain of any polynomial function is R .

Examp-le 2.3.15: Let f and g bethe functions defined by

f(*)-x*5 and g(x) -x2-3,Find f ,S(x),8of (x),
f "sG) and s,f (3).

Sotution: f og(r):f(S(x))- f(x' -3)
= )c2 - 3+5

= x2+2

s,fG) = s(f@)) = s(x+5)

- (x+5)z-S

= xz +lox*25-3
= x2 +Lox*22



f ,sG)
s, f (3)

1) y=

2l v-
3) !=tanx =

lf xradians= t"( degrees),
then the following six
trigonometric functions of x
are defined in terms of the
coordinates of the circular
point P(a,b):

(z)'+2-9 *2-LL
(t)'+ 10(3) +zz = g+30+zz, = 6t

Exer.s_ice 2.,3.,16; Let f and g be the functions defined by
f(x):x-4 and S@):^[; .Findthefunctions f +5, f -g

f
, f .g , L and find their domains .g

s 2.4 : unit circle and Basic Trigonometric Functions
Definition 1: Let x be any real number and ret u be the unit circle
with equation a'+ b' - I ( the centre of the circle u is the point o (0,0) 

,

and the radius of the circle uequals 1 ) . Start from the point A(1,0) on
u and proceed counterclockwise if x is positive and clockwise if x
is negative around the unit circle u until an arc length of [rl has
been covered . Let P(n,b)bethe point atthe terminal end of the arc.
The measurement of the angle AOp is x radians .

/,"\!,,,,,,
o(0,0) a A(1,0)

sinx : D : sin (x radians ) = sin (l degrees )= sin /"

cos .tr : ,, = cos (x radians ) = cos (l degrees ) = cos lo

!
a

tan

a

b
cot

(a*0)
( x radians ) = tan (t degrees ) = tan to

(b*0)
(x radians ) - cot(t degrees ) = cot l"

4l != cot x



6) .P=cscx:

Remark 2: Remember that to = t x

x rorrians = (* , l8o 
)"

TI

Theorem 1:

For any real number x

(a+0)

( x radians ) - sec (r degrees ) :

(b+0)

( x radians ) - csc (r degrees ) =

J- rucliuns
180

5) -/=secx: !
u

sec

I
b

csc

Remark 1: Definition 1 uses the standard function notation ;, i - f @),, with

f replaced by the name of a particular trigonometric function . For example ,

-/ = cos x actually means / = cos (x) and

cos lo actually means cos (1") .

and',
)

I :-1i i.

l.-$.j;3,'.,: ;,'-::':
i-1.'1.: ,r1 rt.-1,' ' ' ,

.. - ".i .. li"-..^
-l .j-' .r', -:'r -i}, ; j.!r;:

^ ...4. , -:

t ''.r * .rJ.' -:, '.,.

1 ..'.i-.r';- !.".1.

we have the following trigonometriciideintities :

.i

j'll csc x =

2l secx=

3) cotx=

4l tanx=

sin x
1

cos x

I
tan x

sin x

5)

6)

7)

8)

e)

10)

111

12)

cos x
cos xcotx-
sin x

sin (- x) = -sin (x) .

cos (- x) = cos (x)
tan (- x) = -tan(*) .

cot(-x) = -cot(r).
sin'x+cos'x=l
sec'x=tanzx+l
csc'x=cotzx+l

. j;'



S 2.5i Graphs of Sine and Cosine Functions

2.5.1': Table for values of sin x . cos x . and tan { for selected values
ofx

Definitioni Arfunetion / is periodic if there exists a positive real number
p suph thaL f (x) - f (x + p) for all x in the domain of f .

The smal{est such positive number p is the period of f .

1)' The functions sinx, cosr, secx, and csc)c are periodicfunctions
with period Zn .

2) Thefunctions tanx ond cot.,r are periodicfunctionswith period n .

Values of -
x

Degrees 0 30 45 60 90

Radians 0 !
6

!
4

!
3

!
2

sln x 0 1
2

1

E ^6
2

1

- cosx 1 ^li
;

1

T,
I
2

0

r.= tan x 0
I

E 1 .6 Undefined

:

Values of
'x

Degrees
r-'

120 135 150 180 270

Radians
2n

3

3n

4

5,ru

6
fi 3n---

2

.sinx Ji
2

I

T,
1
2

0 -1

cos x _1
2

I_G {3_T -l 0

"''tan x -Ji -1
I

Js
0 Undefined



for the interval [0 ,2n ] is the line

,;,:),(;,r), ( +,;), (,,,0),

7nI3n71nI(;,-;) , (;,-l) , (;,-;), and (2r,0) which is shown in the

following figure

2.5.2: The Graph of sin x

The graph of the function y: sin x
(x, sinx) on the x y-plane .

The graph of the function y: sin x

passing through the points ( 0, 0 ),

(0,0)

is the line passing through all the points

r 7ttt_\o'

.if..----,:-.---.L..r - ._,----,-t-- X
i' i 3x ukn

\./
'..2i

L\Q, ?r7tn 1r-z) \.. ,/' \i,-z)
-/"-a--

r3n \
\z'-')

The graph of the function y: sin x is shown in the following figure

The period of the function y: sin x is 2n . The domain of the function

y: sin x is the set of all real numbers R .

The range of the function y: sin r is the interval [- 1,l l

\. rSz 1rrl- - I\ 6',zl

5



2.5.3: The Graph of cos x

The graph of the function / : cos x is the

the points ( x , cos x) on the x y - plane .

The graph of the function y': cos x for the

Passing through the points ( 0, 1 ), ( I,),

v
(0,1)rq -...

l\
,, I,

I

J

'f-
t

ms l-

I
I

n' ol-

The graph of the function /: cos x is shown in the following figure

interval [0,2n] is the line

, (;,0) , ( +,-)r ,rn,-t),
which is shown in the

line passing through all

.,,G (Zr,L)

numbers R .

(+,-)t , (+,0) , (+,)) ,uno (2rc,1)

following figure

, rn lt':(;,;) ff,|)i'

The period of the function /: cos x is 2n .

The domain of the function /: cos x is the set of all real
The range of the function /: cos x is the interval [- I, r ]



2.5.4: The Graphs of tanx and secx

The graph of the function / = tan (x) is the line passing through

the points ( x , tan x) on the x y - Plane .

The graph of y =tan (x) is shown in the following figure

The graph of /=sec (x) is shown in the fotlowing figure
y-&xts

x-axts

all

,__ r _-_-L.

6

4

4

$

I

3tt ,E
_i : 

--2-Ttz
r3r
lrtz

0



Exqrcise,: Draw the graph of the following trigonometric functions :

1) y=csc (x)

2) y:cot (x)


