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Chapter 1 

The rate of change of function. 

1.1 Cartesian coordinates in the plane 

Points in the plane can be identified with ordered pairs of real 

number. To begin, we draw two perpendicular coordinate lines that 

intersect at the 0-point of each line.   

These lines are called Coordinate axes in the plane  

 

 

 

 

 

          The Coordinate axis of this coordinate       

          or Cartesian plane divide the plane into 

          four regions called "quadrant"  

 

 

 

 

1.1.1 Increment and straight line: 

When a particle moves from one point in the plane to another, the net 

changes in its coordinates are called increments. They are calculated by 

subtracting the coordinates of the starting point from the coordinates of the 

ending point. If x changes from  1x  to 2x  the increment in x is  12 xxx     

EXAMPLE 1: A Particle moves from A to B in coordinate plane. Find the   

                             increment  x  and  y   in the particles coordinate. 

 

Sol:    12 xxx              52 y       31 y  

        42             22 x        41 x  

        2  
  12 yyy   
                              )3(5   8  
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    H.W 1.  A Particle in the plane move from (-2, 5) to the y- axis in such a way 

that y  is equaled  x3  what were the Particle new coordinate? 

 

2. The pressure P experienced by a diver under water is related to the diver’s depth 

d by an equation of the form 1kdP   (k a constant). At the surface, the pressure 

is 1 atmosphere. The pressure at 100 meters is about 10.94 atmospheres. Find 

pressure at 50 m.  

1.2 The slop of straight line: 

Any nonvertical line in the plane has the property that the ratio  

12
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  has the same value for every choice of the two 

points and on the line. 

 

 

 

 

 

EXAMPLE 1 Plot the points and find the slope (if any) of the line they determine. 

1) A (-1 , 2)     B (-2 , -1) 

2) A (2 , 3)      B (-1 , 3) 

Sol 1) 

12
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    3
1

1
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21
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1.2 The angle of inclination 

The angle of inclination of a line that crosses the x-axis is the smallest 

counterclockwise angle from the x-axis to the line. 

 

The relationship between the slope m of a nonvertical line and the line’s angle of 

inclination   is shown in Figure. 

                    tan





x

y
m  

 

 

 

EXAMPLE 1 Find the slop of the line that make angle 60 with x- axis ? 

 

Sol    tanm  

                                       60tan  

                                       3  

1.3.1 Parallel and perpendicular line 

 

a) Lines that are parallel have equal angles of inclination, so they have the 

same slope (if they are not vertical) 

 

 

 

21 L//L  , 21    

  21 mm   
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Hint: 1. The slope of vertical line is undefined  0 x  

         2. The slope of horizontal line is equal zero    0 y  

b) If two nonvertical lines and are perpendicular, their slopes 1m  and 2m  satisfy 

 121 mm  
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1.4 The slope form general equation 

 
cyBxA 

 

             B

A
m




 
EXAMPLE 1 Find the slope of the line 432  xy

 
Sol 

       432  xy                                          3A  ,  2B  

                423  yx  

                   B

A
m




 

                   2

3

2

)3(



m

 
1.4 Equation of straight line: 
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1.4.1 Equation of nonvertical straight line:  

a) Point –slope equation  

We can write an equation for a nonvertical straight line L if we know its 

slope m and the coordinates of one point on it. 

1

1

xx

yy
m




   

)( 11 xxmyy 

 
)( 11 xxmyy 

 
The equation is the point - slope equation of the line that passes through the point

),( 11 yx  and has slope m. 

b) Slope intercept equation 

A line with slope m and y-intercept b passes through the point (0, b), so it 

has equation. 

)0(  xmby  
Or  

bxmy 
 

The equation is called the slope-intercept equation of the line with slope 

m and y-intercept b. 

C) General linear equation 

cyBxA   

The equation is called the general linear equation in x and y because its 

graph always represents a line and every line has an equation in this form 

(including lines with undefined slope). 

1.4.2 Equation of vertical and horizontal lines  

All points on the vertical line through the point a on the x-axis have x-

coordinates equal to a            ax   (vertical line) similarly by  , (horizontal line) 
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Home work (H.W) 

12) Find the equation of line that make angle 30⁰ with y-axis and passes 

through (1, 2) 

13) Find an equation of line for 

 1) Line through P (2, 1) and parallel to  L   2 xy  

 2) Find an equation for the line through 

       point P and perpendicular to L   

14) Find the slope of the line 1
32


yx
 and what are the line x-and y-intercept? 

15) Find the equation of line that passes through P (2, -1) and parallel to 

the line 172  yx . 

16) Find the equation of line that passes through P (1,4) and perpendicular 

on the 764  yx ? 

1.5 Distance between two points 

The distance between points in the plane is calculated with a formula that comes 

from relation. 

 

 

 

 

2
12

2
12 )()( yyxxd   

 

EXAMPLE 1: Find distance between the point (1, -3) and (4, 2) 

Sol  

 2
12

2
12 )()( yyxxd 

 

 22 ))3(2()14( 
 

 
259

 
34

 
Function and graphs 

 The values of one variable quantity which we might call y, depend on the 

values of another variable quantity which we might call x 
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If the value of y is completely determined by the value of x, so y 

is function of x i.e. 

)(xfy   

  

 

 

  

                                                }3,2,1{fD
 

                                                
}6,4,2{fR

 
 

2)1( f
 

4)2( f
                                         

xxf 2)( 
 

6)3( f  

Note The variable x called independent variable, the variable y called dependent 

variable on value of x  

Function: A function from a set D to a set y  is a rule that assigns a unique (single) 

element yxf )(  to each element Dx . 

1. The set D  of all possible input values is call “Domain” 

2. The set of all values of )(xf as x varies throughout D  is called Range of the 
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function. The domains fD and range fR  of many functions in mathematics 

are interval of real number are shown in figure. 

 Root function 

General form kxfy  )(  

fD                     0)( xf
 

fR  we have two cases  

1. If the value of fD
 
unbounded 

}:{ kyyR f 
 

Find domain fD  and range fR of 

EXAMPLE 1: xy   
Sol 

0x  
}0:{  xxD f     

}0:{  yyR f      

H.W 

Ex 2: xy  4  

Ex 3: xy 31  

Ex 4: 732)(  xxf  

2. If the value of fD  bounded )( axa    

 )0( ayR f   

Relative function 

 General form 
)(

)(

xg

xf
y   

}0)(/{  xgRD f  

To find fR  rewrite function ))(( yfx   

Find domain fD  and range fR  

EXAMPLE 1: 
x

y
1
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}0/{  xRD f  

fR
    x

y
1

               
y

x
1

                 
  

}0/{  yRR f
 

H.W  Ex 1: 
1


x

x
y                Ex 2: x

x
y

71

33




          Ex 3:

 3

42






x

x
y   

         Ex 4: 
x

x
y






1

1
             Ex 5: 

21)( xxf                Ex 6:
 t

tf
1

)(   

          

Graphs of functions 

 

Another way to visualize a function is its graph. If ƒ is a function with 

domain D, its graph consists of the points in the Cartesian plane whose coordinates 

are the input-output pairs for ƒ. 

EXAMPLE 1:Graph the function over the interval 22  x
 

1. 2 xy  

 

 

 

 

 

 

 

 

 

2. 2xy   

 

 

 

 

 

 

 

H.W  Ex 2:Graph the function over the interval 22  x  

x y 

2 4 

1 3 

0 2 

-1 1 

-2 0 
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 1. 12  xy                           2. 12  xy  

         3. 21 xy                          4. 
21 xy   

 

Graphing piecewise –Defined function 

 

 Sometimes a function is described by using different formulas on different 

part of its domain: 

   

 EXAMPLE 1: Graph the absolute value function 
  

Sol            
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EXAMPLE 2: Graph the function 
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H.W  Graph the functions 
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10: Limits and continuity 

 Let )(xf  be defined on an open interval about x , except possibly at x
 

itself. The limit of )(xf
 
as approaches x  is the number L Lxf

xx



)(lim .  
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The limit of a function )(xf  as xx   never depend on what happen 

when xx   

Right hand limit Lxf
xx




)(lim

 

Left hand limit Lxf
xx




)(lim   

A function )(xf has a limit at point x  if and only if the right and left hand 

limit at x exit and equal 

LxfLxfLxf
xxxxxx


 

)(limand)(lim)(lim  

10.1 The Limit Laws: 

 If L, M, C and K are real number and  Lxf
cx




)(lim  ,  Mxg
cx




)(lim  

1) Sum rule    MLxgxf
cx




))()((lim  

2) Deference   MLxgxf
cx




))()((lim  

3) Product    MLxgxf
cx




))()((lim  

4) Constant multiple   Lkxfk
cx




))((lim  

5) Quotient rule   0,
)(

)(
lim 


M
M

L

xg

xf

cx
 

6) power rule  srsr

cx
Lxf //))((lim 


 

EXAMPLE 1: Find the limit of the function  34)( 23  xxxf
 
at cx 

 
Sol:  

 
34)( 23  xxxf

 

3lim4limlim)34(lim 2323

cxcxcxcx
xxxx




 

34 23  cc
 

H.W  Ex 1: 
5

1
lim

2

24





 x

xx

cx  
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H.W  Ex 2: 34lim 2

2



x

x
  

Find the limit of function 

a) The limit laws 

)4(lim
2x

            ,                )35(lim
2




x
x

          ,            
5

43
lim

2 



 x

x

x
 

 

  )32(lim 2

1



xx

x    

(To finding limits by calculating) 

        
43lim 2

3



xx

x       ,            
2

2

3 42

1
lim

xx

xx

x 



                 ,                  
)4(lim

13x  

 

b) Limit of Rational Function 

EXAMPLE 1: 211)1(lim
)1(

)1)(1(
lim

1

1
lim

11

2

1












x

x

xx

x

x

xxx  

Ex 2:
 4

2
lim

2
2 



 x

x

x  

Ex 3:
 3

9
lim

2

3 



 x

x

x  
 

Ex 4:
 2

16
lim

4

2 



 x

x

x
    

Ex 5:
 1

1
lim

1 



 x

x

x
 

Hint   ))(( 2233 babababa 
 

))(( 2233 babababa 
 

Ex 1 )42)(2()2()8( 2333  xxxxx  

c) Limit at infinity of Rational function 

If the value of x  

EXAMPLE 1: 
32

3

42

12
lim

xx

xx

x 




 

Sol: 

Limit of Rational function can be 

found by substitution if the limit of 

denominator is not zero 
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3

3

3

2

3

333

3
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x

x

x

x

x

xx

x

x

x

x





  

400

001

4
12

12
1

4
12

12
1
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3

32


























xx
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4

1

42

12
lim

32

3






 xx

xx
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Ex 2: 
7232

1324
lim

47

35





 xxx

xxx

x
     ans (0) 

Ex 3: 
1

32
lim

2 



 xx

x

x
       ans (1) 

Ex 4: 
13

27
lim

2 



 xx

x

x
       ans (7/4) 

 

d) Limit of Root function 

If we have Root  number 

Root   Root 

EXAMPLE 1: Find limit of  
x

x 11 
  at 0x  

 Sol: 

  
1

)1(1
lim

11

1111
lim

00 











 xxx

x

x

x

x

x

xx
 

  
)101(

1

)11(

1

)11(
lim

)11(

11
lim

00 



















 xxx

x

xx

x

xx
 

  
2

1

)11(

1







 

H.W  Ex 2 nn
n




1lim 2
       Ex 3: 

24

23

0 163

85
lim

xx

xx

x 




   Ex 4: 

44

33

0
lim

ax

ax

x 
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11. Continuity 

Continuous function: A function is continuous if it is continuous at each 

point of its domain. 

The Continuity test 

The function )(xfy   is continuous at cx    if and only if all three of following 

statement are true 

1. )(cf  exit  “c  in the domain of f ” 

2. )(lim xf
cx

 exit  “ f  has a limit at cx  ” 

3. )()(lim cfxf
cx


    

”The limit equal the function value”
 
 

Hint if f  continues at cx and g  continuous at cx  

1. gf   

2. fg   

3. gk   

4. gf /  

 

EXAMPLE 1: Determine if the following function is continuous at ?1x










1at2

1at53
)(

x

xx
xf

 

Sol: 

1) 2)1( f  

2) )53(lim)(lim
11




xxf
xx

2)5)1(3(   

)(lim)1(
1

xff
x


 

The function )(xf is not continuous at 1x   

H.W  Ex 2: Determine if the )(xf  is continuous at 3x  ? 












3at2

3at1
)(

2

2

xx

xx
xf

 

……. continuous 
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H.W  Ex 3: if 
1

3
)(

2 




x

x
xf

  

where is )(xf  continuous, and where it is 

discontinuous ?  

limit of trigonometric function 

1. 0sinlim
0




x
x     

0)0sin( 
 

 

2. 1coslim
0




x
x     

1)0cos(   

3. 0tanlim
0




x
x     

0)0tan(   

4. 1
sin

lim
0


 x

x

x
 

5. 1
sin

lim
sin

lim
00


 ax

ax

ax

ax

xx
 

6. 1
tan

lim
tan

lim
00


 ax

ax

ax

ax

xx
 

7. 0
cos1

lim
0




 x

x

x
 

 

EXAMPLE 1: Prove 0sinlim
0




x
x  

Sol:  0)0sin(sinlim
0




x
x

 

EXAMPLE 2: Prove 1coslim
0




x
x

  

Sol: 1)0cos(coslim
0




x
x

  

EXAMPLE 3: Prove 0tanlim
0




x
x

 

Sol: 0)0tan(tanlim
0




x
x

  

EXAMPLE 4: Prove 1
sin

lim
0


 x

x

x
 

Sol: the Taylor series for  xsin
 


!5!3

sin
53 xx

xx
 



16 
 





















 x

xx
x

x

x

xx

!5!3lim
sin

lim

53

00  

xxx  sin0at   so we can neglected 
!5!3

53 xx

 

x

x

x

x

xx 00
lim

sin
lim




 

1
sin

lim
0


 x

x

x  

Exercises 

Q1) Find the limits 

a) 
12

3
lim

2

1 


 x

x

x
 

b) xx
x

sinlim
2/

  

c) 
 


 1

cos
lim

x

x
 

Q2) Calculate limits using the limit laws 

a) 
2

23
lim

2

2

1 




 tt

tt

t
 

b) 
1

38
lim

2

1 




 x

x

x
 

c) 
1

1
lim

3

4

1 




 u

u

u
 

d) 
2

2

0

10100
lim

x

x

x





 

e) 
x

xx

x 




 2

4
lim

2

4
 

Q3) Using 1
sin

lim
0


 




 

Show that a) 0
1cosh

lim
0





 hh

 



17 
 

        b) 
5

2

5

2sin
lim

0


 x

x

x
 

Transcendental function 

1.1 Logarithm function 

 Definition xalog  

 Properties of Logarithm function 

 Rule of Logarithm function 

 Example 

1.2 Exponential function 

 Definition of 

 Properties and rule of Exponential function 

 Example 

1.3 Invers function 

 Example 

1.1 Logarithm function 

Logarithms with Base a  

Definition xalog  

For any positive number 1a  
xalog  is the inverse function of 

xa  . 

Example: xy 2log  reflecting the graph of xay   when 2a  as shown in Fig. 

So that mean 

xy alog  

xa y   

 

 

Inverse Equations for 
xa and xalog  

1. xa
xa 

log
  0x  

2. xax
a )(log   xall  

 

Rules for base a  logarithms for any numbers 0x  and 0y  
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1. Product Rule: yxyx aaa logloglog   

2. Quotient Rule: yx
y

x
aaa logloglog   

3. Reciprocal Rule: y
y

aa log
1

log   

4. Power Rule: xyx a
y

a loglog   
Also 

1log aa         ,   01log a       ,             
a

x
xa

ln

ln
log       ,      

a

x
xa

log

log
log   

EXAMPLE 1: Prove that 
a

x
xa

ln

ln
log   

Proof:  xa
xa 

log
 

lntak   xa
xa lnln

log
    using properties  

xaxa lnlnlog                   
a

x
xa

ln

ln
log   

EXAMPLE 2: Calculate 
30log

1

30log

1

310

  

Sol: 

 

3ln

30ln

1

10ln

30ln

1

3log

30log

1

10log

30log

1
 or  

 
30ln

3ln10ln

30ln

3ln

30ln

10ln 
  

 1
30ln

30ln

30ln

)310ln(





 

H.W  : Find value of y  

1. 75
7log5  yy    2. 236log6  yy  

3. 2)9/1(log3  yy    4. 2/13log3  yy  

5. 3/2)4(log 3/2
4  yy   6. 2/1)/1(log  yxy x  
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Exponential function 

constant:aay x    

718.2 eey x  

Properties and rule of Exponential function 

1. yxyx eee   

2. yxyx eee /  

3. nxnx ee )(  

Rule 

1. 1ln e  

2. 01ln   

3. ueueu  lnln  

4. 101ln  ee  

5. ue u ln
 

EXAMPLE 1: Solve for 
)1ln(2ln   xxy ee  

Sol: 

 
)1ln(2ln   xxy ee  

)1(2ln  xee xy
 

)1(2  xey x
 

xexy 2/)1(   

1.2 Invers function 

IF  yxxy sinsin 1                      OR      xyyx 1sinsin   

EXAMPLE 1: Prove that xx 11 sin)(sin    

Sol: 

Let )(sin 1 xy                    yx sin        yx sin          )(sin 1 xy   

        

Hyperbolic Function 

Definition of hyperbolic function 

1. 
2

)(
)(

2

1
sinh

xx
xx ee

eex
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2. 
2

)(
)(

2

1
cosh

xx
xx ee

eex


 
  

3. 
)(

)(

cosh

sinh
tanh

xx

xx

ee

ee

x

x
x








  

4. 
)(

)(

sinh

cosh
coth

xx

xx

ee

ee

x

x
x








  

5. 
)(

2

cosh

1
sechx

xx eex 
  

6. 
)(

2

sinh

1
cschx

xx eex 
  

Identities 

1. 1sinhcosh 22  xx       Prove?  

2. xxx coshsinh22sinh         Prove? 

3. xxx 22 sinhcosh2cosh        Prove? 

4. 
2

12cosh
cosh2 


x

x        Prove? 

5. 
2

12cosh
sinh2 


x

x        Prove? 

6. xx 22 hsec1tanh         Prove? 

7. xx 22 hcsc1cosh         Prove? 

8. yxyxyx sinhcoshcoshsinh)sinh(   

9. yxyxyx sinhsinhcoshcosh)cosh(   

10.  xexx  coshsinh  

11.  1sinh22cosh 2  xx  

12.  1cosh22cosh 2  xx  

13. xx cosh)cosh(   
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14.  xx sinh)sinh(   

15. xexx  sinhcosh  

EXAMPLE 1: Prove that xexx  coshsinh  

Sol: 

 
2

)(
sinh

xx ee
x


   

2

)(
cosh

xx ee
x


  

L.H.S 
22222

)(

2

)( xxxxxxxx eeeeeeee 







 

                 x
xx

e
ee


22

 R.H.S 

EXAMPLE 2: Prove that xexx  sinhcosh  

Sol 

L.H.S 
22222

)(

2

)( xxxxxxxx eeeeeeee 







 

           x
xx

e
ee 



22

 R.H.S 

 

Derivatives 

Rule of Derivatives: Let c  and n  are constant, u , v  and ware differentiable 

function of x : 

1.  0c
dx

d
 

2. 
dx

du
unu

dx

d nn 1  

3. 
dx

du

uudx

d
2

1
)

1
(   

4. 
dx

du
cuc

dx

d
  



22 
 

5. 
dx

du
v

dx

dv
uvu

dx

d
 )(   and   dx

du
wv

dx

dv
wu

dx

dw
vuwvu

dx

d
 )(  

6. 
2

)(
v

uv

v

u

dx

d dx
dv

dx
du 

   where 0v  

EXAMPLE 1: Find 
dx

dy
for the following function. 

1. 
2

1
2

2






xx

x
y  

Sol: 

 
22

22

)2(

)1()12()2(2






xx

xxxxx
y  

22

2

22

2323

)2(

12

)2(

122422











xx

xx

xx

xxxxxx
y  

H.W  Ex 2: 
42

3412

xxx
y   

H.W  Ex 3: 523 )632(  xxxy  

H.W  Ex 4: 
2

1
2

2






xx

x
y

 

The chain rule 

1. Suppose that fgh   is the composite of the differentiable functions 

)(tgy   and )(tfx  , then h  is a differentiable function of  x  whose 

derivative at each value of x is 

dt

dx

dt

dy

dx

dy
  

EXAMPLE 1: Find 
dx

dy
 if  

1

1
2 


t

y

 
, 14  tx  

Sol: 

 
12 )1(  ty , 14  tx  
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2/1

12

)14(

)1(
/








t

t

dt

dx

dt

dy

dx

dy

dt
d

dt
d

 

2/1

22

2/1

2
1

22

)14(2

)1(2

4)14(

)2()1(


















t

tt

t

tt
 

2/1

22

)14(

)1(









t

tt
 

2. If y  is a differentiable function of  t  and t  is a differentiable function of  x

,then y  is a differentiable of  x : 

)(and)( xfttgy   

      
dx

dt

dt

dy

dx

dy
  

EXAMPLE 1: Use the chain rule to express
dx

dy
 in terms of x and y   

               
12

2




t

t
y

  
,  2/1)12(12  xxt  

 
Sol: 

 )2()12(
2

1

)1(

)2(2)1( 2/1

22

22





 x

t

tttt

dx

dt

dt

dy

dx

dy
 

 2/1

22

33

)12(
)1(

222 



 x

t

ttt
 

 
12

1

)1(

2
22 





xt

t
  sub t   

 
22 )22(

2

12

1

)112(

122












xxx

x
 

Higher derivative 

If a function )(xfy   possesses a derivative at every point of some interval. We 

may   form the function )(xf   and take about its derivate if it has one. 
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)()(
2

2

xf
dx

d

dx

dy

dx

d

dx

yd
  

This derivative is called the second derivative of y with respect to x . In some 

manner we may define third and higher derivatives using similar notations.   

 

EXAMPLE 1: Find all derivatives of the following function.  

              10743 23  xxxy  

Sol: 

 789 2  xxy  

 818  xy  

 18y  

 0y  

Implicit derivative  

If the formula of f  is an algebraic combination of power of x  and y .To calculate 

the derivative of the implicitly defined functions. We simply differentiable both 

sides of the defining equation with respect to x . 

 EXAMPLE 1: Find 
dx

dy
for the following function. 

1. 2222 yxyx   

Sol: 

 yyxxyyyx  2222 22

 
 22 2222 xyxyyyyx 

 
 22 22)22( xyxyyxy 

 

 
yyx

xyx

yyx

xyx
y











2

2

2

2

22

22

 

Trigonometric function 
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1. usin      
dx

du
uu

x

d
cossin   

2. ucos      
dx

du
uu

x

d
sincos   

3. utan      
dx

du
uu

x

d 2sectan   

4. ucot      
dx

du
uu

x

d 2csccot   

5. usec      
dx

du
uuu

x

d
tansecsec   

6. ucsc      
dx

du
uuu

x

d
cotcsccsc   

EXAMPLE 1: Prove that 
dx

du
uu

x

d 2sectan   

Sol: 

  
u

u

x

d
u

x

d

cos

sin
tan   

  
dx

du

u

uuuu
2cos

)sin(sincoscos 
  

  
dx

du

u

uu
2

22

cos

sincos 
  

  
dx

du
u

dx

du

u

2

2
sec

cos

1
  

 

Hint: 

1. uy nsin     
dx

du
uuny n cossin 1  

2. uy ncos     
dx

du
uuny n )sin(cos 1  

 

3. uy ntan     
dx

du
uuny n 21 sectan   
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4. uy ncot     
dx

du
uuny n )csc(cot 21  

 

5. uy nsec     
dx

du
uuuny n )tan(secsec 1  

6. uy ncsc     
dx

du
uuuny n )cotcsc(csc 1  

 

EXAMPLE 1: Find 
dx

dy
for the following function. 

1. )(costan2 xy   

)sin()(cossec)tan(cos2 2 xxxy   
 

xxy 44 tansec   

xxxxxy 233 sectan4tansecsec4   

xxxx 234 sectan4tansec4   

)tan4tansec4(sec 322 xxxx   

Transcendental function derivative 

1- Logarithm function   الدالة الوغارتيمية  

(1) If xy ln    
dx

du

u
u

dx

d 1
ln   

EXAMPLE: xy ln   

         
x

y
1

  

(2) 
dx

du

uaa

u

dx

d
u

dx

d
a

1

ln

1
)

ln

ln
(log   

EXAMPLE: 
a

x
xy a

ln

ln
log    xa

y
1

ln

1
  

(3) If 
x

y
x

xy
1

10ln

1

10ln

ln
log   

)(cossec)tan(cossin2 2 xxxy 
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dx

du

u
u

dx

d

10ln

11
log   

EXAMPLE 1: )secln(sin xxy   

     
xx

xxx
y

secsin

tanseccos




  

 

2- Exponential function If is u  any differentiable function of x  then: 

1) 
dx

du
aaa

dx

d uu ln  

2) 
dx

du
ee

dx

d uu   

EXAMPLE 7:  Find 
dx

dy
  for the following function: 

1. xy 32  

2ln323xy   

2. xx yy 22 2)2(   

2ln2)2(2ln2 122  xxy  

Inverse function 

1. Trigonometric function 

(1)  
dx

du

u
u

x

d

2

1

1

1
sin


  

(2)  
dx

du

u
u

x

d

2

1

1

1
cos


  

(3)  
dx

du

u
u

x

d
2

1

1

1
tan


  

(4)  
dx

du

u
u

x

d
2

1

1

1
cot
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(5)  1
1

1
sec

2

1 


 u
dx

du

uu
u

x

d
 

(6)  1
1

1
csc

2

1 


 u
dx

du

uu
u

x

d
 

 

EXAMPLE 1: Prove that 
2

1

1

1
sin

x
x

x

d




 
Proof: 

Let  xy 1sin

 
yx sin

 

)(sin y
x

d
x

dx

d


 

dx

dy
ycos1

 

ydx

dy

cos

1


  

ydx

dy

2sin1

1




  

21

1

xdx

dy




  
Hyperbolic function 

If u is any differentiable function of x  

1. 
dx

du
uu

x

d
coshsinh   

2. 
dx

du
uu

x

d
sinhcosh   

3. 
dx

du
uu

x

d 2hsectanh   

1cossin 22  yy  

yy 22 sin1cos   

yy 2sin1cos   

21cos xy   
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4. 
dx

du
u

x

d 2hcsccoth   

5. 
dx

du
uuu

x

d
tanhhsechsec   

6. 
dx

du
uuu

x

d
cothhcschcsc   

EXAMPLE 1:  Find 
dx

dy
  for the following function: 

1. )coth(tan xy   

Sol: 

 xxy 22 sec)(tanhcsc
 

2. )(tanhsin 1 xy   

Sol: 

 x
x

x

x

x
y hsec

hsec

hsec

tanh1

hsec

2

2

2

2





 

The Inverse hyperbolic function If is u  any differentiable function of x  then: 

1.  
dx

du

u
u

x

d

2

1

1

1
sinh


  

2. 
dx

du

u
u

x

d

1

1
cosh

2

1


  

3. 1
1

1
tanh

2

1 


 u
dx

du

u
u

x

d
 

4.  1
1

1
coth

2

1 


 u
dx

du

u
u

x

d
 

5.  
dx

du

uu
u

x

d

2

1

1

1
hsec
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6. 
dx

du

uu
u

x

d

2

1

1

1
hcsc






 

EXAMPLE 1: Find 
dx

dy
for the following function. 

1. )(sechcos 1 xy   

Sol: 

 x

xx

x

xx
y

22 tan

tansec

1)(sec

tansec





 

 

0tanwheresec
tan

tansec
 xx

x

xx
y  

Application of derivative 

1. The slop of curve 

Secant to the curve is a line through two points on a curve. 

Slope and tangent lines 

1. We start with what we can calculate, namely the slope of the secant through 

P and a point Q nearby on the curve. 

2. We find the limiting value of the secant slope (if it exists) as Q approaches P 

along the curve. 

3. We take this number to be the slope of the curve at P and define the tangent 

to the curve at P to be the line through P with this slope.  

The slop  
dx

dy
xfm  )(  

EXAMPLE 1: Write an equation for the tangent line at 1x  of the 

curve 24)( xyxf   

Sol: 

 x
dx

dy
2  

The slope at 1x

 
11

)2( 
 xy

x
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2)1(2   

2m  

3)1(4 2 y  

The line through )3,1( with slope 2m  

))1(()2(3  xy

 322  xy

 5 xy  

Increasing and decreasing function 

Let f  be a function defined on an interval I and let 1x  and 2x  be any two 

points in I. 

1. If )()( 21 xfxf 
 
whenever 21 xx   then f is said to be increasing on I. 

 

 

 

 

2. If )()( 12 xfxf 
 
whenever 21 xx   then f is said to be decreasing on I. 

 

 

 

First Derivative Test 

1. If 0)(  xf at each point b) a,(x , then f   is increasing on b] [a, . 

2. If 0)(  xf  at each point b) a,(x , then f  is decreasing on b] [a, . 

 

Definition Concave Up, Concave Down 

The graph of a differentiable function )(xfy   is 
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(a) Concave up on an open interval I if f  is increasing on I 

(b) Concave down on an open interval I if f  is decreasing on I. 

Second Derivative Test 

1- If 0)(  xf on I, the graph of  f   over I Concave up 

2- If 0)(  xf on I, the graph of  f  over I Concave down 

 

 

 

 

To find critical point (local maximum point and local minimum), concavity 

(Concave up and Concave down) and point of inflection point. 

 لايجاد النقاط الحرجة النهاية العظمى والصغرى والتحدب بنوعيه ونقطة الانقلاب.

1. First derivative test for local extrema yf  or  

2. 0y  the First derivative is zero at ?x , find the value of x  

either                                                             or 

 

 

 

 

3. Second derivative test for concavity  

4. Also 0y the second derivatives is zero that mean find value of x  

 

 

 

 

 

EXAMPLE 1: Find all critical points, local minimum and maximum, concavity 

and inflection point. 31232 23  xxxy  

Sol: 

Test 1 
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 012660 2  xxyy  

 026 2  xx  

 0)1()2(  xx  

 202  xx   

 101  xx  

ونلاحط اشارة  2لكي نجد مناطف التزايد والتناقص نختبر المشتقة الاولى في خط الاعداد باخذ عدد اكبر من 

 كما في الرسم اعلاه 1-اقل من  عدد وكذلك عدد )2,1(في الفترة  عدد المشتقة وكذلك

1. 
}1,:{

}2,:{





xRxx

xRxx
الدالة تكون متزايدة         

2. )2,1(  ومتناقصة في الفترة                        

Sub -1 in 31232 23  xxxy  

103)1(12)1(3)1(2 23 y  

)10,1(P   Maximum point  نفطة عظمى 

Sub 2 in 31232 23  xxxy  

173)2(12)2(3)2(2 23 y  

)17,2(P   Minimum point  نقطة صغرى 

 

Test 2 

 612  xy   0y  

 2/10612  xx  
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ونلاحط /1  2لكي نجد مناطف التفعر والتحدب نختبر المشتقة الثانية في خط الاعداد باخذ عدد اكبر من 

ونلاحض اشارة المشتقة كما في الرسم اعلاه 1/2  اقل من  اشارة المشتقة وكذلك عدد
 

1. }2/1,:{  xRxx       Concave up   منطقة التفعر 

2. }2/1,:{  xRxx      Concave down  منطقة النحدب 

Sub  1/2 in 31232 23  xxxy
 

5.33)2/1(12)2/1(3)2/1(2 23 y
 

5.32/1at  yx
  

)5.3,2/1(P    Inflection point  نقطة الانقلاب 

Chapter five 

Integration 

Integration is the reversal of differentiation hence functions can be integrated by 

indentifying the anti-derivative. 

Terminology 

Indefinite and Definite integrals 

There are two types of integrals: Indefinite and Definite. 

Indefinite integrals are those with no limits and definite integrals have limits. 

When dealing with indefinite integrals you need to add a constant of integration. 

For example, if integrating the function f(x) with respect to x: 

  Cxgdxxf )()(  

where )(xg  is the integrated function. 

C is an arbitrary constant called the constant of integration. 

dx indicates the variable with respect to which we are integrating, in this case, x. 

The function being integrated, f(x), is called the integrand. 

The Rule 

1) Constant Rule    caxdxa   where a is constant 

EXAMPLE: 1.   cxdx 33
 

    2. 
   cydy 44
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    3.    czdz
2

7

2

7
 

2) Sum Rule      dxgdxfdxgf )(  

 

EXAMPLE: 1.    cyxdydxdydx 434343
 

 

3) The Power Rule 1n    





c
n

x
aduax

n
n

1

1

 

EXAMPLE: 1. cxc
x

dxx 
6

6
5

3

2

6
44

 

2. cxc
x

dxx 


 





4

4
5

2

5

4
1010

 

4) The Substitution Rule 

If )(xgu  is a differentiable function whose range is an interval I and ƒ is 

continuous on I, then 

  duufdxxgxgf )()())((
 

EXAMPLES: 1. c
x

dxx 


 4

)1(
)1(

4
3

 

Root function integral 

EXAMPLES: 1.    dxxxdxxx 2)3(32 2/122  

c
x




2/3

)3( 2/32

 

cx  2/32 )3(
3

2
 

H.W  Evaluate 

1.   dxxx 42  

2.   dxxx )2()1( 22
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3. 



dx

xx

x

14

42

2
 

 تكامل الدوال المثلثية

Trigonometric function integral  uu cos,sin  

7. usin      
dx

du
uu

x

d
cossin   

  cuduu sincos
 

 

8. ucos      
dx

du
uu

x

d
sincos   

  cuduu cossin  

EXAMPLES:  1.   c
x

dxx
3

3sin
3cos  

    
 

 

 القوانين التاليةاذا كانت الدالة اسية ومشتقة داخل القوس متوفرة عندها نستخدم 

1. c
an

au
duauau

n
n 






 )1(

sin
cossin

1

 

2. c
an

au
duauau

n
n 








 )1(

cos
sincos

1

 

 

EXAMPLE: 1. c
x

dxxx  )3()8(

3sin
3cos3sin

8
7

 

   

 

 اذا كانت الدالة اسية والمشتقة غير متوفرة نتبع مايلي

 اذا كانت الدالة اسية والمشتقة غير متوفرة وكان الاس عدد زوجي .1
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xx 2cos
2

1

2

1
cos2 

   

xx 2cos
2

1

2

1
sin2 

 

EXAMPLES: 1.   dxxdxx )2cos
2

1

2

1
(sin2

  

      dxxdx 2cos
2

1

2

1

 

    
c

x
x 

2

2sin

2

1

2

1

 

 القانون الاس عدد فردي نستخدم اذا كانت .2

1cossin 22  xx  

xx 22 cos1sin    

xx 22 sin1cos   

EXAMPLE 1   dxxxdxx sinsinsin 23
 

  dxxx sin)cos1( 2  

  dxxxx )sincos(sin 2  

  dxxxdxx sincossin 2  

c
x

x 
3

cos
cos

3

 

 عندها نتبع الفوانين التاليةاذا كان السؤال حاصل ضرب دالتين 

 اولا الاسس فردية عندها نفك الاس الفردي الاقل مرتبة ونحل حسب القوانين الفردية  .1

EXAMPLE :   dxxxxdxxx 5253 cossinsincossin
 

  dxxxx 52 cossin)cos1(
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  dxxxxx )sincoscos(sin 75

 

  dxxxx sincossincos 75

 

c
xx


8

cos

6

cos 86

 

 اذا كان احد الاس فردي والاخر زوجي عندها نفك الاس الفردي حسب القوانين الفردية .2

EXAMPLE :   dxxxxdxxx 22225 cossin)(sincossin
 

  dxxxx 222 cossin)cos1(
 

  dxxxxx 242 cossin)coscos21(
 

   dxxxdxxxdxxx sincossincos2cossin 642

 

c
xxx


7

cos

5

cos
2

3

cos 753

 

والزوايا مختلفة عندها نستخدم القوانين التالية اذا كان السؤال حاصل ضرب دالتين
 

 dxnxmxsinsin    dxnxmxcossin    dxnxmxcoscos  

1. xnmxnmnxmx )cos()cos(sinsin
2
1

2
1   

2. xnmxnmnxmx )sin()sin(cossin
2
1

2
1   

3. xnmxnmnxmx )cos()cos(coscos
2
1

2
1   

Evaluate 

 

1.  dxxxcos7sin  

  dxxx )8sin6(sin
2

1

 

c
xx


8

8cos

2

1

6

6cos

2

1

 

cxx  8cos
16

1
6cos

12

1
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ثانيا تكاملات 
 Integral xtan , xcot , xsec and xcsc  

 اولا تكاملات مباشرة -

1. If 
dx

du
uyuy 2sectan   

cuduu  tansec2

 

2. If 
dx

du
uyuy 2csccot   

cuduu  cotcsc2

 

3. If 
dx

du
uuyuy tansecsec   

  cuduuu sectansec
 

4. If 
dx

du
uuyuy cotcsccsc   

  cuduuu csccotcsc
 

 القونين التاليةثانيا اذا كانت الدالة اسية المشتقة متوفرة عندها نستخدم  -

c
an

au
duauau

n
n 






 )1(

tan
sectan

1
2

 

c
an

au
duauau

n
n 






 )1(

cot
csccot

1
2

 

c
an

au
duauauau

n
n 






 )1(

sec
tansecsec

1

 

c
an

au
duauauau

n
n 






 )1(

csc
cotcsccsc

1
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1) c
x

dxxx  2

tan
sectan

2
2

 

 متوفرة عندها نستخدم القونين التاليةغيراذا كانت الدالة اسية المشتقة  ثالثا -

1tansec 22  xx  

1sectan 22  xx  

xx 22 tan1sec   

1cotcsc 22  xx  

xx 22 cot1csc 

 1csccot 22  xx  
 

EXAMPLE 1:    dxxdxx )1(sectan 22  

  dxdxx2sec  

cxx  tan  

EXAMPLE 2:   dxxxdxx 224 secsecsec  

  dxxx 22 sec)tan1(  

  dxxxdxx 222 sectansec  

c
x

x 
3

tan
tan

3

 

Transcendental Function Integral  

 

Logarithm  exponential   invers 

(4)  If uy ln    
u

du
y   
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 xy ln    
dx

du

udx

dy 1


 

cu
u

du
 ln

 

 

  ln المقام    البسط = المقام فان التكامل هوبمعنى ان مشتقة 

EXAMPLE 1:  cx
x

dx
 ln

  

 2. cx
x

dxx



 1ln

1

2 2

2
 

Theorem 

1. cxdx
x

x
x   cosln

cos

sin
tan  

2. cxdx
x

x
x   sinln

sin

cos
cot  

3. dx
xx

xx
xx  




tansec

tansec
secsec  

 


 dx

xx

xxx

tansec

tansecsec2

 

cxx  tansecln  

Exponential function 

1. If 
dx

du
eyey uu   

cedue uu 
 

2. 
dx

du
aayay uu ln  

c
a

a
dua

u
u  ln
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 EXAMPLE 1: dxeedx
e

e xx

x

x
1

)31(3
3

1

31



 


 

   dx
e

e
x

x





)31(

3

3

1
 

cex  )31(ln
3

1
  

Invers function 

1. If 
dx

du

u
yuy

2

1

1

1
sin


   

 


 cx
u

du 1

2
sin

1  


















c

c

ua

du

a
x

a
x

1

1

22 cos

sin

 

2. 
dx

du

u
yuy

2

1

1

1
tan


 

 

cxdu
u





1

2
tan

1

1

 













 




a
u

a
u

a

a
du

ua 1

1

22

cot
1

tan
1

1

 

Hyperbolic Functions 

(1) If uy sinh   
dx

du
uy cosh  

uy cosh   
dx

du
uy sinh  

uy tanh   
dx

du
uy 2hsec   

1. cxdxx  coshsinh  

2. cudxx  sinhcosh  

3. cxdxx  tanhhsec 2
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 التالية اذا كانت مشتقة الاس متوفرة نستخدم القوانين

 

(2) c
na

dxaxax
n

n 





 )1(

sinh
coshsinh

1

 

(3) c
na

dxaxax
n

n 





 )1(

cosh
sinhcosh

1

 

 

(4) If  dxxnsinh     or   dxxncosh    

 اذا كانت الدالة اسية والمشتقة غير متوفرة وكان الاس عدد زوجي

Case 1: if n is even, we use identity  
2

12cosh
cosh2 


x

x , 
2

12cosh
sinh2 


x

x    

 قة غير متوفرة وكان الاس عدد فردياذا كانت الدالة اسية والمشت

Case 2: if n is odd, we use identity  1sinhcosh 22  xx , 1coshsinh 22  xx   

 

 الزائديةمعكوس الدوال 

(5)  If uy 1sinh  
dx

du

u
y

21

1


  

c
ua

du
a
u 






1

22
sinh  

c
au

du
a
u 






1

22
cosh  

 

(6)  If uy 1tanh  
dx

du

u
y

21

1


  

cu
a

du
ua







1

22
tanh

11
 

EXAMPLES: dxx
3sinh  

dxxx sinhsinh2

  

dxxx sinh)1(cosh2    

  dxxdxxx sinhsinhcosh2
 

cx
x

 cosh
3

cosh3

 



44 
 

H.W  Ex 1: dxx2cosh4

                      Ex 2:  

   Ex 3: 
14x

xdx

              

              Ex 4:  

 

EXAMPLE: dxxex

 2sinh  

Sol:  

   


 dx
ee

e
xx

x )
2

(
22

   2
sinh

xx ee
x




  

   


 dx
ee xx

2

3

 

   
dxedxe xx




2

1

2

1 3

 

   
)(

2

1
3

3

1

2

1 3 dxedxe xx  


 

cee xx   ]
3

1
[

2

1 3

 

  الدوال الزائديةتكامل 

1. cxdxx  coshhsin  

2. cxdxx  sinhcosh  

3.   cxdxx tanhhsec 2  

4. cxdxx  cothhcsc 2  

5. cxdxx  hsectanhhxsec  

6. cxdxx  hcsccothhxcsc  

  الدوال الزائديةتكامل معكوس 

1. cxdx
x







1

2
sinh

1

1
 

2. cxdx
x







1

2
cosh

1

1
 

3. 











 




1ifcoth

1iftanh

1

1
1

1

2
xc

xc
dx

x
 


 41 x

dxx


 6

2

1 x

dxx
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x

x






1

1
ln

2

1
 

4.  cxdx
xx







1

2
hsec

1

1
 

5. cxdx
xx







1

2
hcsc

1

1
 

 

Methods of integration  

 طرق التكامل 

1. Integration by parts       التكامل بالتجزئة  

  تبنى هذه الطريقة على قاعدة مشتقة حاصل ضرب دالتين
vduudvvud )(  

vduvududv  )(  

  vduvuudv
 

نلجا الى هذه الطريقة اذا لم نتمكن من الحل بالطرق السابقة وتمكنا من تجزئة السؤال الى جزئين احدهما 

قابل للتكامل والاخر قابل للاشتقاق. حيث يجب ان نحصل على   vduvuudv  الذي يفترض ان

 يكون ابسط من صيغة التكامل الاول في السؤال.
udvكيفية يتم اختيار  ,  

   السؤال يحتوي على: اذا كان  الحالة الاولى .1
1. Ln 
2. invers 

ulnوالمشتقة غير متوفرة عندها نختار 
invers ثم نشتقها والباقي يكامل 

Find the integration  

Evaluate  

EXAMPLE 1:  dxxx ln  

2

1
ln

2x
dxxvdxxdvdx

x
duxu    

  vduvuudv  

 dx
x

x
x

x 1

2
ln

2

22

 

 dxxx
x

2

1
ln

2

2

      
 

 

cxx
x

 2
2

4

1
ln

2
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EXAMPLE 2:  dxxln  

xvdxdv
x

dx
duxu  ln  

  vduvuudv  


x

dx
xxx ln

 
 

lnاذا لم تحتوي الدالة على 2.  او دالة معكوسة نختارالدالة التي اذا تم اشتقاقها لعدة مرات الى ان تصل الى  

 dvاما الباقي فهي   uالصفر هي 

EXAMPLE 1: cedxex xx 
22

2

1
 

EXAMPLE 1:  dxex x  

xx evdxedvdxduxu   

  vduvuudv
 

 dxeex xx

 

H.W  

 

 

وهنالك دالة تحتاج الى عدد من الاشتقاقات لكي  invers و lnطريقة الجدول: اذا لم تحتوي على  .3

 تصل الى الصفر

EXAMPLE 1: dxxx cos  

   cxxxdxxx  cossincos  

 

 

 

EXAMPLE 2: dxex x


3  

   ceexexex xxxx  663 23
 

 

 

 

 

 

 

(5) Trigonometric substitution integration  التعويض باستخدام الدوال المثلثية 

cxxx  ln

ceex xx 

 dxxx 2sin

 التكامل المتكرر  المتكررالاشتقاق 

x xcos 

1 xsin 

0 xcos 

u  dv 
3x 

xe 
23x 

xe 

x6 xe 

6 xe 

0 xe 
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If we have 
22 ua   Special case  1a   

21 u  
22 ua   Special case  1a   

21 u  
22 au   Special case  1a   12 u  

 

Case 1        التالية الصور ياخذ
22 ua    شكل الاولى الحالة في

a. 
22 ua   

b. 22 ua   

c. nua )( 22   

Let sinau    sin
a

u
  

a
u1sin     dadu cos  

And used    22 cossin1   

EXAMPLE: 


dx
x

x
21    222

22

1

1

xux

aua




 x1sin   

Let 




sin

sin





x

ax
   ddx cos  




 



d

2sin1

cossin

 

 



d

2cos

cossin

 

 



d

cos

sin

 

c cosln
 

cx   )cos(sinln 1

 

EXAMPLE: 



dxxxdx

x

x 2/12

2
)1(2

2

1

1   

   
c

x





2/1

)1(

2

1 2/12

 

or
  

Let 




sin

sin





x

ax
   ddx cos  x1sin   
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d

2sin1

cossin

 

 



d

cos

cossin

 

cd    cossin
 

cx   )cos(sin 1

 
 

Prove    c
xa

dx
a
x 






1

22
sin

  
  

Let  sinsin 
a
xax    dadx cos   a

x1sin   




 



d

aa

a

222 sin

cos

 




 



d

a

a

)sin1(

cos

22
 

  cdd
a

a






)cos

cos

22
 

c
a
x  1sin  

 

Case (2)         الثانية الحالة  

a. 
22 au    

b. 22 au   

c. nau )( 22   

Let  secau    a
u1sec

  
 dadu tansec  

And used    22 tan1sec   

EXAMPLE 1: cx
x

dx







1

2
cosh

1   

   Let  secax    1a  

  secx   x1sec
  

 ddx tansec  

 






d

d
sec

1sec

tansec

2

 
c  tansecln
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cxx   )tan(sec)sec(secln 11

  

Case (3)         الثالثة الحالة  

a. 
22 ua    

b. 22 ua   

c. nua )( 22   

Let  tanau    a
u1tan 

  
 dadu 2sec  

And used    22 sectan1   

EXAMPLE 1: c
x

dx x 




 2

1

2
cosh

4   

   Let  tanax    2a  

  tan2x   2

1tan x
  

 ddx 2sec2  





 






2

2

2

2

tan12

sec2

tan44

sec2 dd

 

  



d

d
sec

sec

sec2

 
c  tansecln

 
cxx   )tan(tan)sec(tanln

2

1

2

1
 

3. Partial fractions integration      التكامل بالكسورالجزيئية 

 اولا .1

 

nmdx
xV

xU
n

m

 if
)(

)(

 

 

Used  

 

   dx
xV

a
xCdx

xV

xU
n

m

)
)(

)((
)(

)(
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EXAMPLE 1:   x

dxx

1  

dx
x

)
1

1
1( 




 

 


x

dx
dx

1  
cxx  1ln

  

 ثانيا

 dx
xV

xU

)(

)(

 

If )........()(()()( ExcxbxaxxV   

)()()()(

)(

)(

)(

Excxbxax

xU

xV

xU




 

)()()()()(

)(

Ex

D

cx

C

bx

B

ax

A

xV

xU













 

If ).......()()()( 222 cxbxaxxV   





)()()(

)(

)(

)(
222 cxbxax

xU

xV

xU

 

)()()()(

)(
222 cx

fEx

bx

DCx

ax

BAx

xV

xU
















 

If 
naxxV )()(   

nn ax

Z

ax

B

ax

A

ax

xU

)()()()(

)(










  

And last step must be find the values of A,B,C------and  etc. 

 

Evaluate  

1. dx
x

B

x

A
dx

xx

x
dx

x

x
)

)3()3(
(

)3()3(

92

9

92
2  













 

)3()3(9

92
2 









x

B

x

A

x

x

 

)3()3(

)3()3(

)3()3(

92










xx

xBxA

xx

x
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BBxAAxx 3392 
 BABxAxx 3392 
 xBAx )(2 

 )(39 BA
 2BA

 3 BA
 52 A

 
2
5A

 2
2
5  B

 
2
52 B

 
2
1B

 
dx

x

B

x

A
)

)3()3(
( 






 

dx
xx

)
)3(

)2/1(

)3(

)2/5(
( 







 

cxx  )3(ln
2

1
)3(ln

2

5

 
 

 ( zطريقة )

 تستخدم هذه الطريقة في حالة احتواء السؤال دوال مثلثية فقط

Let 
21

2
sin

z

z
x


  

22222 )1()2()1( zzz   
42242 21421 zzzzz   

42422 21241 zzzzz   
4242 2121 zzzz   

21

2
sin

z

z
x


  

2

2

1

1
cos

z

z
x




  

x
x

cos

1
sec   

2

2

1

1
sec

z

z
x




  

z

z
x

2

1
csc

2
  

21

2
tan

z

z
x


  

z

z
x

2

1
cot

2
  

2
tan

x
z   

2
tan 1 x

z 
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21

2

z

dz
dx


  

EXAMPLE 1: 







2

2

1

2
1

1

2

sin1

z

z
z

dz

x

dx
 

   dz

z

zz

zz









2

2

2

1

21

1/2
 








12

2

21

2
22 zz

dz

zz

dz
 








2)1(

2

)1()1(

2

z

dz

zz

dz
 





 dzz

zz

dz 2)1(2
)1()1(

2
 


 dzz 2)1(2  

c
z




 

1

)1(
2

1

 

c
x




 

1

)1(tan
2

1

2  

 

 طريقة الفرضية
 اذا لم نستطع الحل بكل الطرق السابقة وكانت الدالة معقدة

EXAMPLE : 
 )1( xx

dx
 

    





y

dy

yy

dyy

1

2

)1(

2
 

    


y

dy

1
2  

   cy  1ln2  

   cx  1ln2  

 
 

 طريقة اكمال المربع

 نفرض ان

xy  

2yx  

dyydx 2 
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cbxax  لايمكن تحليلهاذا كان السؤال  2  12معامل x 

)( 2

a

c
x

a

b
xa   نضيف ونطرح نصف

2

x
أي ان  

2)
2

(
a

b
  

EXAMPLE 1: 
 222 xx

dx
 

   



 1)1(2112 22 x

dx

xx

dx
 

   cx   )1(tan 1  

The Area )المساحة( 

xfy)(الدالة منحني تحت المساحة ايجاد هو المحدد للتكامل المهمة التطبيقات من  دالة  xf)(حيث ان  

],[مستمرة في الفترة  ba 

xfy)(المساحة المحددة بمنحني الدالة  .1   ومحور السيناتx-axis  لايجاد ذلك نتبع الخطوات

 التالية.

)(0لمعرفة  0yوذلك بجعل  x-axisنقاطع المنحني مع محور السينات  xf  0او)( xf

)(0 عندما   xf المساحة تساوي 
b

a

dxxfA )( 

)(0وعندما  xf  فان المساحة تستوي
b

a

dxxfA )( 

EXAMPLE: finds the area bounded by the x-axis and the curve  22 xxy   

Sol: 

 
22 xxy   

0y  

02 2  xx  

0)2(  xx  

Either  0x   or 02  x  2x  

 
2

0

2 )2( dxxx  

2

0

3
2

0

2

32

2 xx
  

)0
3

8
()04(

3

2

0

3
2

0

2 
x

x  
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3

4

3

8
4   

 

EXAMPLE: finds the area bounded by the y-axis and the curve  32 yyx   

Sol: 

 0xهنا نجعل   y  y-axisلاحظ ان في السؤال مطلوب المساحة تحت المنحي مع المحور 

 
32 yyx   

032  yy  

0)1(2  yy  

02 y   0y   or 01  y  1y  


1

0

dyxA  

 
1

0

32 )( dyyyA  

2

0

4
2

0

3

43

yy
  

12

1

4

1

3

1
  

 

 المساحة المحصورة بين دالتين  .2

 نجد نقاط التقاطع لايجاد حدود التكامل

 
b

a

x dxyyA )( 2    12if yy   

 
b

a

dxyyA )( 21    21if yy   

EXAMPLE: finds the area bounded by the curve 2xy  and the line xy   

Sol: 

02  xx            Either    or   

2xxان  ]1,0[لاحظ خلال الفترة   

 
1

0

2
12 )()( dxxxdxyy

b

a

 

 

0)1( xx 0x 01x 1x

]00[]
3

1

2

1
[

32

1

0

32


xx

6

1



