
 1. The Exponential Function    𝑒𝑧 

Def.  Let                    (          ) ---------(1) 

                                 ----------(2) 

Properties of  𝑒𝑧 

1. 𝑒𝑧 ≠ 0  , ∀𝑧     ∈

2.                  

3. 
   

   
         

4. (𝑒𝑧)𝑛  𝑒𝑛𝑧   

5.  ( )  𝑒𝑧    𝑖𝑠 𝑒𝑛𝑡𝑖𝑟𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑎𝑛𝑑  ́( )    𝑒𝑧  ( )   

6.                𝑒   (          ),         |  |    ,      𝑧 𝑒𝑧   

 

Therefore we find from  (1) that    𝑒   (          )  is the Image 𝑧

of             

 

Ex.  Find all     from which            

Sol.        (     )      (     ),   0,  ,  ,   

               (     )       (     ) 

             (     )  ,   0,  ,  ,     . 

Ex.  Solve the equation               

Sol.                    ,        0,  ,  ,   

                                    
 

 
        ,     0,  ,  ,      . 

Q.  Write  |     |       |   
 
|                         , then show that  

        |         
 
|             . 

 

 

 



2-     The Trigonometric  Functions  

 

Def.        
        

  
    ,          

        

  
  ,      

    

    
   ,      

 

    
  

                   
 

    
  ,         

    

    
  . 

Theorem 1. 

                                                               ,     

                        
 

  
             ,     

 

  
               

Theorem 2.   tanz is  analytic function in all    except     which make       0. 

       
 

  
              ,    

 

  
               

                                    
 

  
                 ,    

 

  
               

Another way to write                         

        
        

  
 
  (    )    (    )

  
 
            

  
 

             
   

  
,          -  

  

  
,          - 

     ,
      

 
-       ,

      

 
- 

                                                    . 

Similarly   

                                                 . 

 

Properties of Trigonometric Functions: 

1-  |    |               

2- |    |               

3-               

4-    (     )                          

5-    (     )                          

6-    (  )         ,       (  )       

7-      0               ,      0,  ,  ,       

8-      0           (  
 

 
)   ,      0,  ,  ,    



 Proof of  7:       0                              0   0 

               0  ----------(1) 

                0  ----------(2) 

From (1)  either      0            0    ,         ≠ 0                 

       
      

 
    

      0         ,   0,  ,  ,    

Substitute x in  (2)   

    (  )        0  (  )        0        0    0 

        0       ,     0,  ,  ,     

Conversely  ( H.W) 

Ex.  Find all the roots of the equation                

Sol.        
      

 
    

                                    0 

                    ---------(1) 

           0              --------(2) 

From (2)  either       0             0 

          0    0  

Substitute     in (1) , we get    

         0                      contradiction because            

      0    (  
 

 
)     ,   0,  ,  ,      

Substitute     in (1) , we get   



     ,(  
 

 
) -             (  )                    

   (  
 

 
)      . 

 

 

 

3- Hyperbolic Functions 

 

Def.         
      

 
   ,          

      

 
  ,         

     

     
  ,   

                
 

     
      ,         

 

     
      ,       

 

     
  . 

Theorem.1.  
 

  
              ,    

 

  
                ,

 

      
              

                     
 

  
                 ,     

 

  
                    ,

 

  
                        

 

Real and Imaginary Parts  

                                                                                . 

   

                                                                          . 

 

 

Properties of Hyperbolic Functions: 

1-                 

2-     (     )                              

3-     (     )                              

4-     (  )          ,        (  )        

5-     (  )         ,        (  )       

6- |     |               

7- |     |               

8-     (     )        ,        (     )         ,     (     )        

9-        0                   ,            0,  ,  ,   

10-        0            .  
 

 
/     ,     0,  ,  ,   

 



Ex.  Solve the equation          
 

 
     

Sol.                                 
 

 
 

                  
 

 
       ---------(1) 

                   0      ---------(2) 

From (2)  : 1-           0    0 ,  Substitute     in (1) , we get 

    (0)       
 

 
      

 

 
   

 

 
     ,   0,  ,  ,   

   (
 

 
   )      ,      0,  ,  ,   

2. If      0    0      ,                     ( ) ,        

         (  )  
 

 
 (  )        

 

 
       

      

 
 (  )  

 

 
  

                             

             
      

 
 
 

 
  ,        -              0 

                    0    
  √   

 

 
   √ 

 
                  

        .
 

 
   /      ,      0,  ,  ,     . 

 

Q.  1- Find all                    

       2- Solve the eq.              

 

 

4-  The Logarithmic Functions  

 

Def.  Let        ,                      called Logarithmic function,  

          where    | |   ,             , if    is the principle value of arg z , 

          (      ), we can write           ,   0,  ,  ,     , 

           (      )  ,   0,  ,  ,      the general logarithm 

                     the principle value of         

Therefore , we say that :                       . 

 



Theorem .  The function        is analytic in the domain  ,  0 ,       -  

                   Furthermore ,  if           ,
 

  
         0

 

 
  01  

 

    
 
 

 
  . 

 

Properties of Logarithms  

1-         ,  ≠ 0  

2-         |  |            (     )         ,   0,  ,   

3-    (    )            

4-    
  

  
                ,   ≠   ≠ 0 

5-     
 

  
 

 
       ,   0,  ,   

6-      ≠        

 

Proof of 5: 

        ,         

Let   be a positive integer  

     . 
 

 /      *√ 
 
     .

 (     )

 
/+  

                       √ 
 
  .

 (     )

 
    /  

 

 
     (

   (    ) 

 
)  

      
 
  

 

 
*     (     )+   ,    , , ,   

                                      =
 

 
       

Ex. for (6)   

  Let       ,      , , ,,     ( ) ≠            

L.H.S.        ( )    (  )       (     )    (    ) 

 R.H.S.          ,     (
 

 
    )-    (    )   

     ( ) ≠         . 



Note: when    0 , it mean that we get the equality only  in case of the  

          principle value :     ( )          . 

 

Ex.  Solve the eq.               

Sol.      √  0   .
  

 
    /      .

  

 
    /1     √   .

  

 
    / 

        
 

 
     .

  

 
    / 

   
 

 
 
 

 
     .

  

 
   /  ,  0,  ,    . 

 

   

         

  

 

 

 

 


