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Chapter One
VECTOR ANALYSIS
In the study of Electricity and Magnetism a great saving in complexity
of notation may be accomplished by using the notation of vector analysis.
However this is the purpose of this chapter in order to give a brief
exposition of basic vector analysis and to provide the rather utilitarian
knowledge of the field which is required for the treatment of electricity

and magnetism.

1.1: Definitions

In the study of elementary physics several kinds -of quantities have
been encountered. In fact, they are mainly divided into two mainly Kinds;
which are scalars and vectors.

A scalar is a quantity which is completely characterized by its
magnitude. Examples for this sort are; mass, time, volume ... etc. A
simple extension of the idea of scalar is a scalar field, which is defined
as; a function of position that is completely specified by its magnitude at
all points in space.

A vector quantity may be defined as; a quantity which is completely
characterized by its magnitude and direction. As example for vector we
cite position from a fixed point, velocity, acceleration, force ... etc. The
generalization to a vector field gives a function of position which is
completely specified by its magnitude and direction at all points in space.
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1.2: Vector Algebra

The operation of addition, subtraction, and multiplication familiar in

the algebra of numbers are comparable, with suitable definition, of
extension to algebra of vectors. The following definitions are

fundamental:

1. Two vectors A and B are equal (A4 = B) if they have the same

magnitude (length) and direction. fig.1.
2,
Fig.1

2. The negative of the vector A is written —4, and has the same

magnitude but opposite direction to A. If A = BC, then —A = CB,

fig.2.
A
/—A’

Fig.2
3. The graphical sum<or resultant of vectors A and B is a vector C =
A + B, which is formed by placing the initial of B on the terminal point

of 4 and joining the initial point of A to the terminal point of B. This
definition is equivalent to the "Triangle Rule", as in part (b) from the
fig.3,°0r by "The Parallelogram Law", as in part (c) from fig. 3.

Fig. 3.

The magnitude or resultant vector can be determined by using either sine

law or cosine law, fig.4, such that:

-6-
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R? = A2 + B2 — 2ABcos(180 — (a+ ,3))

N 4
/t..--_._._. -
- _+
B -

2
Fig. 4
In case of more than two vectors, "Law of Polygon of Vectors" is.then

used to calculate the resultant, fig. 4.

d
_— s
T
E
i

Q

— >

(a)

Polvgon of vectors

Fig. 5.
3 Ul Al a6 g &5 i A e SU Aaiall Al ae daie JS Ales Jeas oy
Alasall oda pa Jalafii & (Ul aliall Legiliana s (agaie Jiai Lgd Gualia JS il
Clgaiall JS Ga el aad 13S0 5 clagiliana au i g ClUl) aniall ) Ciliay daa 4aieS
o) UKD Aiane ) 65 Gy callazall
N=P+Q+S+T
H.W.

1. Follow the last rule and calculate the resultant in details.

2. Find the graphical sum or resultant of vectors: 4, B, C and D, that has

shown in fig. 5.
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Fig. 6
4. The subtraction of vectors Aand B is represented by the vector
C = A — B, where C is defined as that vector which deduced by adding
BtoA.ie A+ (—§). However, when 4 = B then C is null or zero.

5. Multiplication of a vector A by a positive scalar. ‘m produce a
vector magnitude but leaves the direction, while in ‘case of negative
scalar the resulting vector will be reversed.

e H.W.: When m = 0, what is the result of mA-and what does it called?

1.2.1: Laws of Vector Algebra

If m and n are scalar and A,B and C are vectors, then:

1. A+ B=B+A (vector addition is commutative 2 as in graphs

below)

2. A+ (B+C)=(A+B)+C (vector addition is associative )
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)

3. m(nd) = n(mA) (associative law for scalar multiplication with
vector)

4. (m+n)A = mA +nA4, also, m(A + B) = mA + mB (distributive
=50 scalar multiplication)

1.2.2 Components of a Vector (Grifiths p3)

Any vector Aina3 - D. canbe represented with initial point at the

origin 0 of rectangular coordinates system, fig.7. Let (Ax,Ay,AZ) be the

rectangular coordinates.of the terminal point of vector A with initial point
at 0.

-\v

v )
(a) (b)
Fig. 7.
The vectors A,1, 4, j and A,k are called the rectangular component

vectors or component vectors of A in the x,y and z directions,

respectively. A,,A, and A, are called the rectangular components or

-9.-
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components of A in x,y and z directions, respectively, and i, 7, k, are its

unite vectors in those axis, respectively.

The sum or resultant of A,1, 4, j and A,k is the vector 4, so that we

can write:

A= Ai+ Ay j+ A,k (Vector components)

This tells us the size of the vector 4 in three directions. The magnitude. of

N

Als:

A= |A| = JAZ + AZ + AZ (Vector magnitude)

The unite vector (vector with magnitude one "7 is called i-hat") for the

vector A given as;

>,
Il
Ny e Y

coladl) 3 Aind g Jabadl) oy Lo Lle dpdylaling gy 5 ASLall 50 1SN aoal 5o 3
oAl i (8 (JaallS dgic eal giall jalshall aal (iS) Gl 3l aadl & (5SS
OGS eyl a8 g illan 5 Linil) a8 sa Clilan) 48 yra (o pliadll uds &
Dbl Caiai sl a8 sall daia cam Loy Clgaiall jua alodiuly (el gall (g Adladl) Clsa

sl L adge 5V an a8 Jea¥) Akl dlaie) oy sale 7
In particular, the position vector or radius vector 7 from (x,y, z) to the

origin is'written:

7 =xi+yj+zk (Position vector)

with its magnitude: r=|7| = Jx% + y? + z2

and its direction or unite vector is; 1 =

R IN

Example:
Prove that the vector directed from M(xz, Y2, Z2) to N(X1, Y1, Z1) IS given

by; (1 — x2)T + (71 — ¥2)f + (21 — 22)k.

- 10 -
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Solution:

7~
/
QY
z Vi
M (s, y1, 21) 5 N (X2, Y2, 22)

&1

x,,(0,0,0) y

r = (x; =0+ —0)j+ (2 — O)E

Ty = x,0 4 v, ] + 2,k

The two vectors resultant (triangle rule) is: 7, = 7, + 7y

F21 = Fz -7

Tor = X0 + Yo + 25k — (x40 + y1f + 2, k)

Tor = (g — 21+ (V2 —y1)f + (22 — z1)k

H.W.:

1. What will be the result if the vector is directed from N to M?

2. Given that #; = 31+ 5] +4k and 7, =i+ 3] + k, what will be the
values of ; and 7,?
1.2.3 Dot (Scalar) Product

The dot or scalar product of two vectors 4 and B denoted by A. B is

defined as the product of the magnitudes of A and B times the cosine of
the angle between them (when constructing as a tail with tail); i.e.

/T.§=|/T||§|c056 0<6m . . .(#H)

Beos) A

A B =ABcosd
e oo Ul e Al Zpaae ol Lasas o3le ] Aabaal) (e ¥l o ylall E3llas )
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Note that 4. B is a scalar and not vector. The following rules are valid:
1. AB=B.A commutative law for dot product.
2. A.(B+C)=A.B+A.C distributivelaw = = =,
3. m(/f. E) = (mff).l? =A. (m§) = (/T. E)m, where: m is a scalar.
4. 1.i=j.j=k.k=11j=jk=k.i=0 the angle between each
two similar unite vectors is 0°, while it is 90 for those who are different.
S. HW:

If A=A+ Ayi+ Ak, B =B, i+ B,i+ Bk, then:

AB=A,B.+A,B, +4,B,

a) What is the difference between this formula and the formula (#)?
b) Find: A%and B2, where: A2 = A. A, also: B> = B.B.
6. HW:
If A.B = 0, and A and B are not null.vectors, then proof that A and B are
perpendicular.
1.2.4 Cross or Vector Product

The cross or vector_product of A and B is a vector A x B. The
magnitude of A x B-s defined as the product of the magnitudes of A and
B times the sine of the angle between them. The direction of the vector

A x B is perpendicular to the plane of 4 and B and such that 4, B and C

from a right-handed system. In symbols, geometric definition given as;

A x B = (|A||B|sin6)n 0<6<nm
where: |ff X §| = |/T||§|sin8

AxDB

7

-12 -
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~—— ||T x 10 || = Area of parallelogram
Unit normal determined by U X W
right-hand rule
g w
w
4 -2 9
O il
Figure 13.36: Area of parallelogram = |7 x @ || Figure 13.37: The cross product 7 X @

A

where 4 is a unite vector indicating the direction of 4 x B. This
formula gives both the magnitude and direction. The following rules are
valid:

1. AxB=-BxA (anti-commutative cross product)

2. AX(B+C)=AxB+AxC (distributivelaw’ = = =)

3. m(A x B) = (mA) x B = A x (mB) = (A% B)m, where: m is a

scalar.
4. ixi=jxj=kxk=0ixj=k jxk=1kxi=]

where the result depends on the product direction (angle).

osmv negative atw
X 1 k .
k=1 ; % 3 k
* i = j ~ R | ; i
\_,/
5. If A= Az+Az+Ak Bl-l-Bl-I-Bk Then: Algebraic
definition for A x B iS;
i j k
A X B = Ax Ay AZ
B, B, B,

6. |A x B| the area of parallelogram (= area of rectangular) with sides
Aand B.

- 13-
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7. Give the Physical meaning of |4 x B| = 0 when 4 # B and both A
and B are not null.
Example: Prove that |4 x B represents the area of a parallelogram with

sides 4 and B.

Solution:

Area of parallelogram = Height X Base

e

Area = h - |A|
= |B|sin6 - |4]
= |B||A]|sin6

~ Area = |/T X §|

H.W:
1) If A x B # B x A what about |4 x §|; |B x 4.

2) Given A = 31 — j + 2k and B = 21 + 3j — k find 4 x B.

3) Find the area of the parallelogram withedges # =2i +j — 3k andw’ =i +3j +2k

1.2.5 Triple Product

AA <D

A

AxB . C== wihunr of
A, B, C parelkdepapes

- 14 -
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Area of base of parallelepiped = ||b x €.

Figure 13.39 \“’ollume ofa  Figure 13.40: The vectors &. b. & are Figure 13.41: The vectors @. b.  are
Parallelepiped called a right-handed set called a left-handed set

The following rules are valid,;
1. (4.B)C # A(B.0)
2. A (BxC)=B.(CxA)=C.(AxB) =.the volume of a

parallelepiped having A,Band C as edges, where;

A, A, A,
/T. (E X C_:) = Bx By BZ
c, C, G

3.Ax (B xC)=(AxB)xC,associative law for cross product.
4. Ax (BxC)=(4.€)B - (A.B)C
(AxB)xC =(A.C)B—(B.C)A
Notes:
a. The product A.(B x C) is sometimes called the scalar triple
product or box product; why?

b. The product 4 x (B x C) is called the vector product.
Why the parentheses in the box products A.(B x C) can be
omitted, while, it is note valid for the vector triple product; 4 x (B x C)?

Example:

-15-
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Prove that A.(B x C) is in absolute value equal to the volume of

parallelepiped with sides A, B and C.
Solution:

Volume = height (h) x area parallelogram
Volume = |A| cos8 x (|B x C|)
Volume = |4| -7 (|B  C|)

Volume = |4| - (|B x C|#)

Volume = |A - B x (|

1.3 Derivative

Assume we have a function of one variable say:f(x), the derivative

% will measure how rapidly the function f(x) varies when we change the

argument x by a tiny amount dx, i.e.

df = (%) dx ... (1-1)
In other words, when we change x by an amount dx, then f will
change by an amount df. Hence, the derivative being a proportionality
factor. For example in-the figure 6-a below, the function varies slowly

with x and hence the corresponding derivative will be small.
X /
/\/-\

(a) ' (b)

Fig.6
In part (b) from the previous fig., f increases rapidly with x and the

derivative is large as we move away from x = 0. The geometrical

- 16 -
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interpretation of the derivative df /dx is that it is the slope of the graph of

fversus x.

1.3.1 The Gradient (V)

Let us assume now that the function f of a three variables say (x, y, z)

instead of one (x). Here again, the derivative measures how fast the
function f varies if we move a little distance. But the situation now is
more complicated because it depends on what direction we move.
Correspondingly, the theorem on partial derivative may describe this

situation, i.e.

of = () e+ () i+ (Dar . (12

This equation state that how the function f changes when we alter all
three variables by the infinitesimal amounts dx;dy and dz. However, this

equation reminiscent of dot product;

df = {ﬁ +%]+g—fk} (dxi + dyj + dzk)

=Vfidl ...(1-3)
Where;

_ of ,of .Of
Vf—la‘l'f_"'k_

is the gradient of f. Actually Vf IS a vector quantity with three
components, in comparing with f which was a scalar function, one
dimensional with any number of variables.

The geometrical interpretation of the gradient may thought as in the
following. The gradient like any vector has a magnitude and direction. To
determine its geometrical meaning lets rewrite the dot product in equation
(1 —3) in the following form;

df = Vf.dl = |Vf|.|dl|cos6

-17 -
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where 8 is the angle between Vf and di. Now by fixing the magnitude
|df| and search around in various directions (that is vary 8), one may
found that the maximum change in f evidentially occurs when 6 =
0,i.e.(cos® = 1). This mean, however, for a fixed distance |dl|, df is
greatest when dl move in the same direction as Vf . Thus;

"the gradient l7f points in the direction of maximum increase of the
function and the magnitude |l7f| gives the slope (rate of increase) along

this maximal direction".

JE

Diagram 2

Further observations on the gradients of tangents to the curve are:

to the left of A the gradients are positive (+)
between A and B the gradients are negative (
to the right of B the gradients are positive (+

)

) ,
where A and B‘are stationary points.

H.W: What would be the meaning of Vf = 0?

Example:
Find the gradient for the magnitude of the position vector: |r| =1 =

\/x2+y2+zz.

Solution:

- 18 -
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Vr=a—ri+a—rj+a—“
dx Jdy 0z

Gl 1 b 1w
2 /x2+y2+2z2  2\x2+yZ+272 2 [x%+4y? 4 72

_\/x2+y2+zz_

5 xi+ yj + zk T
r

This result means that the distance from the origin increases most rapidly
in the radial direction and the rate of increase is 1.
1. Find the gradient of the following functions;
a. f(x,y,z) =x%+y3+2z*
b. f(x,y,z) = x?y?z?
2. Let 7 be the separation vector from a:fixed point (x,y,2) to the

point (x,y, z) and r be its length. Show that;

a. V(r?) =27
b. v(1/1”) = _F/r3
=1 3
C. Vr—3= —T—Z
Remarks:

1. The del operator is not a vector in the usual sense because it is without

specific meaning until we provide it with a function to act upon.
2:“An ordinary vector A can multiply in three ways;
a. aA (multiplication by a scalar a)
b. A.B (multiplication by another vector via dot product)
c. A x B (multiplication by another vector via cross product)
Accordingly, there are three ways the operator V can act namely;

a. On ascalar function f : Vf — gradient.

-19-
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b. On a vector function V via the dot product; V.V — divergence.
c. On a vector function V via the cross product: VxV - curl

1. 3. 2 The Divergence (V -)

The divergence of a vector V is written V.V and defined as;

VI7—< “+a“+aE>(V“+V“+V12)
_alay]az xt Ty
oy, oV, o,
V.I =
6x+6y+az

It can be seen that, the divergence of a vector function V is a scalar
quantity. The geometrical interpretation for V.V is that-it' measure how

much the vector V is spread out (divergences) fromthe point in question.
For example the vector function in part (a) from the following figure has
a large (positive) divergence. In fact when the arrows are pointed in, it
would be a large negative divergence. Anyway, the function in part (b)
from the same figure has a zero divergence, while that in part (c) from it
has a positive divergence.

“Diverge” means . to) move away from, which may help you,
remember that divergence is the rate of flux expansion (positive div) or

contraction (negative div).

The divergence of a vector F is a derivative that measure how much
this vector will spread or diverged from point to point in space. However,

this process may defined as follows;

-20-
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Fig.
“ the divergence of a vector is the limit of its surface integral per unit

volume as the volume enclosed by the surface goes to zero. i.e.

- — 1 -
divF =V-F =lim— F.fida
V-0V S

Example: Calculate the divergence of the following vector functions;

—_

1. V.I7a=xi+ yj + zk

2. Vbzl’é
3.]7;=le
Solution:
1LV, =20 +20)+2(z)=1+1+1=3
| 'a_axx 6yy azZ o o
2. VWV, =2 (0)+>(0)+2(1)=0+0+0=0
© DT gy ay 9z - -
3V =2+ +2(2)=0+0+1=1
' 'C_axx ayy azZ - -
H.W:

1. Calculate the divergence of the following vectors;

= x21 + 3xz%j + 3xzk

c. V. =y + (2xy + z)j + 2yzk

-21 -
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2. Find the divergence of the vector function; V= :—2 and explain the
result.

1. 3.3 The Curl (V x)

The curl of a vector V is written V x V or (curl V) and defined as;

~

o { ] k
VXV =10/0x d/0y 0/0z
/A A 4

= avz_avy) A(avx_avz) A(avy_avx)
VXV“(@ ) TI\G ) thay — 5

It is seen that the curl of a vector function V/, is like any cross product, is
a vector. Actually one cannot have a curl for a scalar quantity since it has

no direction and hence the result being of a meaningless.

VXvy = d/ox d/dy d/0z
V-

| Uy Uy

. [ 0v- du, . [ 0y du- . [ ovy  duy
= Ef oS L ) R e
ay daz dz ax ax ay

The geometrical interpretation for the curl process (V X 17) Isthatitis a

differential process which measure how much the vector v will curl
(rotate) around the point in question. Thus, all vectors shown in previous
figure“have a zero curl. Whereas the function shown in the following

figure have a curl pointing in the z-direction.

/ (&) / (b)
L4

-22 -
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The curl operator is also a derivative process by which the rotation of a
vector 1s measured. However, it is defined as; ““ The curl of a vector is the
limit of the ratio of the integral of its cross product with the outward
drawn normal, over a closed surface, to the volume enclosed by the

surface as the volume goes to zero™. i.e.

curl F=VxF=1lim%§ axé da... (1-7)
v-0VJs

da

¢ 4
- A4 \
B o
N+ dl

1. Calculate the curl of the following vectors;

=—yi+xj

U st

d.
b. = xyi
1.4: Coordinate systems

Actually different kinds of coordinates systems usually used in
physics. The most often used ones are Cartesian, Cylindrical, and
Spherical. A point. P may described by these three coordinates as shown

in the figure below;

The order of specifying the coordinates is important an should carefully
be followed. The angle ¢ is the same in both cylindrical an spherical

systems. But in the order of the coordinates, ¢ appears in the second

-3 .
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position in cylindrical (r, ¢, z) and third position in spherical (r, 9, ¢).
The same sample r is used in both cylindrical and spherical coordinates
but for two quit different things. In cylindrical coordinate r measure the
distance from z-axis to a plane normal to the xy-plane. While in the

spherical system r measure the distance from the origin to the point
P(r,0,p).

Remarks:

1) The domain of the coordinates are as follows;

Cartesian Cylindrical Spherical
—00 < x < 00 0<r<o 0<r<o
—0 <y <+ 0<p<2nm 0<6<m
—0<z< +o —00 <z < 0 0<@p<2nm

2) The transformation equations from cylindrical to Cartesian

coordinates are;

X- =T cos@
y =1 Ssing
zZ=z

3) The transformation equations from spherical to Cartesian coordinates
are;
X =1 sinf cos@
y =1 sinf sing
Z =1 cos0O

4) The components forms of a vector in three systems are;

A= A i+ A, f+ Ak (Carteisan)

A=A+ A4,p+ Ak (Cylindrical)
A=A+ A0 + A,p (Spherical)

-4 -
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Question: What will happened when a point P(x,y, z) is expanded to
(x+dx,y+dy,z+dz) or (r+dr,o +de,z+dz) or (r+dr,0 +
do, ¢ + dp)?

Answer:

As show in the figures;

3
w

{1

‘fl\%gi-‘; <ok o
|<--“' v /\fﬁ 4
1) A differential volume dV is formed;
dV = dxdydz (Cartesian)
dV = rdrdepdz  (Cylindrical)
dV = r?sinfdrdf@de  (Spherical)
2) A differential area dS is formed,;
ds = dxdy,= dxdz,= dydz (Cartesian)

~L.

ds = drdz;,=rdrdep,=rdedz  (Cylindrical)
ds = rdrd8,= r?sin8d0de, = rsinfdrde  (Spherical)
3) A differential’line d? is formed;
dl = dxi + dyj + dzk  (Cartesian)
dl = dr# + rded + dzz  (Cylindrical)
dl = dr# + rd60 + rsinfded  (Spherical)
However;
dl? = dx? + dy* + dz*  (Cartesian)
dl? = dr? + r?de? + dz?>  (Cylindrical)
dl? = dr? +r?d6? + r?sin*6de?  (Spherical)
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-

L
‘[1: ¢ ;;;' L';'
A I

~dp —
a) Differential volume b) Exploded view

I) What are the forms of V and VZin the three coordinates systems?

11) Prove the following identities (table "1-1" in the text book):
A. Grad.:

1. V(V+V)=0V+TV
2. V(A.B) = (B.V)A+ (A.V)B+Bx (VxA)+Ax((VxB)

3. Vfg=fVg+gVf

B. Div.:

1. V.(A+B)=V.A+V.B
2. V.(VA) = (VV).A+V(V.A)
V.(AxB)=B.(VxA)—A.(VxB)

v.(vv) =r2y

o ~ w

V.(VxA) =0 (the divergence of the curl of 4 is zero)

C. Curl:

1. Vx(A+B)=VxA+VxB
2. Vx(VA)=VUXxA—-Ax(VW)=VxA+V(VxA)
3. Vx(AxB)=(B.V)A-B(V.A) - (A.V)B + A(V.B)
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4. Vx(VxA)=V(V.A)- V24
5. VX (ﬁv) = 0 (the curl of gradient of V is zero)

6. VXA=0 . when A be a constant vector.

1 - 5 Vector Integration

In fact three types of integrals one may consider namely;. linear, surface
and volume integrals according to the nature of the differential element
appearing in the integral. The integral may be either vector or scalar.

1. Line integral

These are integrals along lines or curves, open or closed( [ or ¢). The
line integral of a vector F is written;

[eF.dl B
a

Where c is the curve along-which the integration is performed, a and b

are the initial and final positions on the curve, and dl is an infinitesimal

vector displacement along the curve c.

line integral of A along L = fA ol
L

L A

al

Since F.dl is a scalar quantity so the line integral is a scalar quantity.

the definition of line integral can be thought as follows; if the segment of
the curve c is divided into a large number of small increments Afi. For

each increment there will be a corresponding value of the vector F,ie. ﬁi.
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Then the line integral is defined as the limit of the sum for the scalar

product (ﬁi.Ali) as the number of increments goes to infinity in such a

way that each increment goes to zero, i.e.;
n

[RESTLIRE:

i=1

1. Line integral depends on the end points a and b.

'TJL

Remarks:

2. Line integral depends on curve along which the integration is
performed.

3. The line integral around a closed curve is denoted by;

39 F.dl
C

which may or may not be zero.

2. Surface Inteqgral:

The surface integral of a vector F-is defined as the integral of the scalar

product of F with the unit vector that normal on infinitesimal area da of

the surface S. i.e.

Remarks:

1. The surface integral of F over a closed surface s is denoted by;
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55 F.Ada
S

2. The surface integral is a scalar quantity.

3. The surface integral usually depends on the surface S.

3. Volume Integral:

The volume integral for a vector F and a scalar ¢ over a volume v is

defined as;
I?=fV Fdv and J=, edv
Where K is a vector and J is a scalar.

1 - 6 Divergence Theorem

The volume integral of the divergence of a vector over a volume V is
equal to the surface integral of the normal component of that vector over

the surface S bounding it, such that:

fﬁjhun=f FAda ...(1-6)
v S

daliall o 4 aniall aland) JalSill g sy Lo ana e 4aia 2ol anal) JalSill ()

G S Bl gl (e z A A4 4sie Jiad I Gl o ) s aaally Aoyl
Asiall 13 2ol esall Jalil

1 - 7 The Stokes’ Theorem

The line integral of a vector around a closed curve is equal to the

surface integral of the normal component of its curl over the surface S

bounded by that curve:

fﬁxﬁﬁda=fﬁdi .. (=7

S Cc
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Load) Jaall jludl e 4w asiall Jaal)l JulSil) = Lo mlans e dsial Glaly) JulSs
SalSill (g gl Bla Jle Jon 4ntie Jlaal Glaal) adl) JalSil) o 6 cdalosall el

Gladl) lsally Blaall mhacdl e (53 sand) olaiV) 8 aniall 136 Calaly alaul)
Solved Problems

1. Show that the vector directed from M(x,y;,2;) to N(x,,y,,23) In
fig. is given by: (x, — x)i — (v, — y1)j — (2, — 2Dk
74

N(x3,¥,,19)

2. Find the vector A directed from (2,—4,1) to (0,—2,0) in Cartesian
coordinates and find the unite vector along A.
3. Find the distance between (5,37/2,0), and (5,7/2,10) in cylindrical

coordinates, where: ¢ = g

-

4. Show that the-two vectors: A = 41+ 2j —k and B = i + 4] — 4k are

perpendicular.

5. Given; 4 = 21 + 4j and B = 61 — 4k, find the smaller angle between
them using: a. the cross product, b. the dot product.

6. Given; F = (y—1)i+ 2xj, find the vector at (2,2,1) and its
projection on B, where B = 5i — j + 2k

7. Given; A=i+jand B =i+ 2k and C = 2j + k, a. find (4 x B) x
C and compare it with 4 x (B x C), b. find A.B x € and compare it

N

with 4 x B.C.
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8. Express the unite vector which is directed toward the origin from an

arbitrary point on the plane z = —5, as shown in fig.

9. Using the appropriate differential elements, show that:
a. the circumference of a circle of radius p, is 2mp,-
b. the surface area of a sphere of radius r,is 4z,
c. the volume of a sphere of radius r, is (4/3) rr,,
10.0Obtain the expression for the volume of a sphere of a radius a from
the differential volume.
11.Use the cylindrical coordinate system to find the area of the curved
surface of a right circular cylinder, where: p = 2m,h = 5mand 30 <
¢ < 120. See the following fig.

Sm\Q‘
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Solutions:
Q.1

M and N are the two locations (in Cartesian coordinate) of those points

in three dimensions. The two position vectors for them can be denoted

by Aand B, respectively. Then:
Z)

i.—*i N{II:PZ:II}

Mxy,yy,2;)

X

- ~

A =x,i+y,J+ 2k isthe position vector from the origin to point to
point N, and also:

—_ ~

B = x,1+ y,j + z,k  is the position vector from the origin to point M.
Then, the vector directed from M to N is given by the subtraction of A

from B; which gives:

~B—A= (3 =2+ (2 —y)f + (2, — 1)k

Q.2

The-position vector required in the question is:

A=0-Di+[-2-(-]j+O0-Dk=-21+2j—k
Al =V (2> + (2)* + (-1)2 =9 =3

»A=—==—-i+-j—=k

wl N
wl N
W =

EL| N}
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Q.3:

- Let: M = (5,3n/2,0),and N = (5,/2,10)

- The transformation equations from cylindrical to Cartesian
coordinates are given as; x =r cosQ ,y =r Sing ,z =z

For M: = 5cos (37”) =0,y = 5sin (3711) =—-5,2z=0, thus M will be

(0,5,5) in cylindrical coordinate.

Also, for N: = 5cos(5) = 0,y = 5sin(5) =5,z = 10 , thus N will be

(0,5,10) in cylindrical coordinate.

- The position vector from the origin to M is: A= —5j

- The position vector from the origin to N is: B = 57+ 10k

zZh

(5, 7/2,10)

- The position” vector from M to N in Cartesian coordinate then

calculates as:

—_ -

B — A= 5j + 10k — (=5§) = 10j + 10k,

- ~Then, the required distance between the two points is;

|A—B| =10v2

Q.4:
For the two vectors: 4 = 41 4+ 2j — k and B = { + 4j — 4k we have:
A.B = |A||B|cos6 = A,.B, + A, B, + A,B,
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Since the dot product contains cos8, a dot product of zero from any two
nonzero vectors implies that the two vectors are perpendicular (8 =
909), i.e:
4| = /42 +22 + (-1)2 =21, |B| = /12 + 42 + (—4)2 =33

# A.B =V21.4/33c0590 = 0

Q.5:
IR L A" .
@AXB=|2 4 o0o|=-16i+8j+ 12k
0 6 —4

4] = \/(2)2 + (4)2 + (0)2 = 4.47

|B| = /(0)2 + (6) + (4)2=7.21

|A x B| = /(=16)2 + (8)2 + (12)2 = 21.54, then;
since: |4 x B| = |A||B|siné
21.54

sind = ——— = 0.6680r 6 = 41.9°
(4.47)(7.21)

(b) A. B = (2)(0) + (4)(6) + (0)(—4) = 24

A.B 24

El = = 0
14|B] — @an@2n 0.7450r 0 = 41.9

cosf =

Q.6:

F221) =2 - Di+ @)@
=1 +4f

As indicated in fig., the projection of one vector on a second vector is
obtained by expressing the unite vector in the direction of the second

vector and taking the dot product.
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L. A.B
Proj.AonB = A.ag = —
|B]
Thus, at (2,2,1)
~ F.B_(DG)+ @D+ (0)(2) _ 1

Proj.Fon B=—=
! 3| /30 V30
Q.7:
()
. | Tk R
AXB=|1 1 o|=21-2]—k
1 0 2
Then;
R | S B
(AXxB)xC=|2 —2 —1|=-21+4f
0 2 1

A similar calculation gives (A x B)'x C = 2i — 2j + 3k. Thus the
parentheses that indicate which cross product is to be taken first are

essential in the vector triple product.
(b)
B x C = —41 —j + 2k. Then;
ABxC=1)(=4+ (1) +(0)(2) = -5
We have: A x-B = 2i — 2j — k. Then;
AXB.C=(2)(0)+ (-2)(2) + (-1)(1) = =5
Parentheses are not needed in the scalar triple product since it has

meaning only when the cross product is taken first. In general, it can be

shown that:
Ay A, A,
/T.EX E - Bx By Bz
Ce C, G,
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As long as the vectors appear in the same cyclic order the result is
the same. The scalar triple products out of this cyclic order have a change
in sign.

Q.8:

In order to calculate any unite vector, we have to know its vector and the
vector magnitude. In this question, the position vector directed from point
(z = h) to some point (r, ¢, 0) in a cylinder base. The vector is directing
from the point (z = h) to (r, ¢, 0). In order to be able subtract the last
point from the earlier one, we have to do the transformation from
cylindrical to Cartesian coordinates.

X =71CoSQ,y=rSing,z=2z-

L x =rcosp,y =rsing,z =0 - (rcose,rsing,0)

|

=y

ir, ¢, 0)

R = (rcose,rsing,0) — h

>R = rcosQt + rsinpd — hz

R| =/ (rcosp)? + (rsing)? + h? = \/r2(cosp? + sing?) + h?

= /1% + h?

B R _ rcosef + rsing@ — hz
|§| Vr2 4+ h?
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Q.9:
(a)
z
y
Y di=p,dd
21 2T
L= |dl= odd =p, do =p,[d]3"
j fop ¢ pfo ¢ =poldls
L=2mp,
(b)

ds - r} sin@dBdd

S = Jf ds =J f r2sinfdOdg
$=076=0

T Y
=72 j f sinfdod¢
$=076=0

2
s 2w
= rozf sin@d@] do
$=0 6=0
= 12[~cosblIF[$]IE"
=17(2)(2m)

S = 4mnr?
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V=fffd" Z| dv=r?sinBdrdd.
=T } f‘rzsinedrdecﬁb
¢=0 6=0 r=0
=7‘r2dr}sin6d02fd¢
0 0 0
rd ”

T 2%
: [-cosB]| [1],
0

3\

| L 2)(2
—3—)()(")

(©)
4 3
V= §m‘0
Q.10:
From the fig.;
y
e dv =r? sin @ drd6 d¢
Spherical
dV = r?sinfdrdfdg¢
2T i a 4
4 =f f j r?sinfdrdfd¢ = —ma®
o Jo Jo 3
Q.11:

From the fig.; p = 2m,z =5m and ¢ = 30°t0120°. Then; the
differential surface element is: ds = pd¢dz

5 277.'/3
= j j 2dp dz
0 /g

= 51 m?
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Exercises:

PropLEMS

1-1. The vectors from the origin to the points A, B, C, D are

A=itjtk
B = 2 3j,
C = 31+ 5] — 2k,
D=k —j
Show that the fines A5 and £D are parallel and find the ratio of their lengths.

19
v

2. Show that the following vectors are perpendicular:
A = i+ 4j -+ 3K,
B = 4i-+ 2§ — 4k,
1-3. Show that the vectors
A =21 -j+K
B =i 3] — Bk,
C =31 — 4j — 4k
form the sides oi'a right triangle.
1-4. By squaring both sides of the equation
A=B-C

and interpreting the result geometrically, prove the “law of cosines.”
i~5. Show that

i

I

A = icosa -+ jsing,
B =icos3-+ising

are unit vectors in the zy-plane meking angles o, 8 with the z-axis. By means
of a scalar product, obtain the formula for cos (& — B3).
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