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Chapter Four

The Electrostatic Field In Dielectric Media

An ideal dielectric material is one which has no free charges. All material media
are composed of molecules, and the molecules of the dielectric are certainly
affected by the presence of an electric field. The electric field causes a force to
be exerted on each charged particle, positive particles pushed in the direction of
the field, negative particles oppositely, so that the positive and negative parts-of
each molecule are displaced from their equilibrium positions in opposite
direction. The dielectric is said to be polarized. The polarization of the dielectric
depends on the total electric field in the medium, but a part of the electric field
Is produced by the dielectric itself.

1. Polarization

Consider a small volume element Av of a dielectric medium which, as a whole,
Is electrically neutral. If the medium is polarized, then a separation of positive
and negative charge has been effected, and the volume element is characterized
by an electric dipole moment

Ap = [, 7 dq (1)

Since Ap depends on the size of.the volume element, it is more convenient to
work with P, the electric dipole moment per unit volume is:

-

- Ap
P=— (2)

P must be defined. as the limit of this quantity as Av becomes very small from
the macroscopic point of view. In this way P becomes a point function,

P(x,y,z), P.is called the electric polarization, or the polarization of the
medium.Its dimensions are charge per unit area; in mks units, C/m?.

It-is apparent that ﬁ(x, v, z) is a vector quantity which, in each volume element,
has  the direction of Ap. This, in turn, has the direction of displacement of
positive charge relative to the negative charge (see fig.(1)).

Av contains many molecules. It is sometimes desirable to speak about the
electric dipole moment of a single molecule, that is,

—

Pm = fmolecule r dq (3)
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The  dipole moment  associated with Av is given by
Ap = Y. p,,, Where the summation extends over all molecules inside the element
Av. Hence,

P = A_Zm I_))m (4)
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Fig.(1): A piece of polarized dielectric material. Each.velume element is represented
as a dipole Ap.

Although fig.(1) represents each volume element of the polarized dielectric as a
small dipole, it may be more instructive to visualize the dielectric in terms of its
molecules, and to imagine that each dipole of Fig.l represents a single
molecule.

2.External Field of a Dielectric Medium
Consider a finite piece of dielectric material which is polarized, i.e., which is

characterized at each<point'7’ by a polarization 13(?’). The polarization gives
rise to an electric field, and our problem is to calculate the field at point # which
is outside of thedielectric body (see Fig.2). Firstly, calculate the potential U (7),
and obtain the electric field as minus the gradient of U.

Each volume element Av’ of the dielectric medium is characterized by a dipole

moment Ap-= PAv', and since the distance between (x,vy,z) and Av' is large
compared with the dimensions of Av’, thus, the dipole moment completely
determines Av"’s contribution to the potential:

Ap.(F-7)  P@#).(F-7")Avr

> —>,|3 -

AU(F) =

()

41€|T 4mey|F—7'|3

Here 7 — 7' is the vector directed out from Av’, whose magnitude is given by

P =7 =Jx-—x)2+ G —-y)2+(z-2)? (6)

2
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The entire potential at point 7 is obtained by summing the contributions from all
parts of the dielectric:

4TTE Vo 4-7'[60'77—7"_)"3

If the functional form P is known, the function U can be evaluated directly from
equation (7)

Fig.(2): The electric field at (x,y,z). may be calculated by summing up the
contributions due to the various volume elements Av’ in Vo. The surface Vo is denoted
by So.

If |# — 7’| is given by equation(6), then

V() = + -2 (8)

77| |17=#)>

Where V' operator-involves derivatives with respect to the primed coordinates.

- 0 o . d .
V=—,ax+a—y,ay+ﬁaz

Thesintegrand of (7) may be transformed by means of (8)

1_5.(7—17’3) _ f’) V, ( _ 14,|) (9)

|F—7

|7=7]
Equation (9) may be transformed by means of the vector following quantity

divqoﬁ = divF +F. 1790
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div'fA=fdiv'A +AV'f (10)
where f is any scalar point function and Aisan arbitrary vector point function.

Letting f=(1/|# — #'|) and A = P, the integrand (9), becomes

=aziv'(|fB ) - L div'P (11)

77| —7'|

Finally, the potential in (7) may be written as

o> 1 . P 1 . 1D /
U@ = FeofVo [div (IF—F’I) — div'Pldv

el

Using the divergence theorem on the first term of the last.equation, then,

. ﬁ r ﬁ.ﬁdal . b .
fVO div (lf—f’l) dv' = 9550 T thus, the potential-in equation (7) becomes
o1 PAdar 1 (=div'P), ;. ,
UG = e B0 oo + e o T2V (12)

Where 7 is the outward normal to the surface element da’
The quantities P.# and —diwP-which appear in the integral of equation (12) are

two scalar functions. obtained from the polarization P. Since they have
dimensions of charge per unit area and charge per unit volume, respectively, we
write

op = P.70 (13)
and pp = —divP (14)

op_and pp are called polarization charge densities or bound charge densities.
The term "bound charge" is used to emphasize that the charges are not free to
move around or be extracted from the dielectric material.

The surface density of bound charge is given by the component of the
polarization normal to the surface, and the volume density of bound charge is a
measure of the nonuniformity of the polarization inside the material.

The potential due to the dielectric material is,



Electromagnetic Theory 2018-2019 Prof. dr. Ali Hadi Hassan Al-Batat 1-26

opda’ op 1 dqp’
|:¢SO |7 =7/ + fV |7 -’Ildv] - f F—7| (15)

0 4mey Y |7

u) =

4'7'[60

Therefore, the dielectric material has been replaced by an appropriate
distribution of bound charge.

The total polarization charge of a dielectric body,
=, (=div'P) dv' + $,. P.7da") (16)

must equal zero, since it was our premise that the dielectric as a whole is
electrically neutral. This result is immediately obvious from the form of
equation (16), which clearly vanishes as a consequence of the divergence
theorem.

We now have two distinct expressions for the electrostatic potential U(7) due to
a polarized dielectric specimen, namely, equations (7) and (15). Both are
correct, but we shall find the latter expression (equation (15)) more convenient
In most cases.

The electric field E may be obtained as minus the gradient of equation (15).
Since U(7) is a function of the coordinates(x,y, z), the appropriate gradient is

E(F) = —VU = ——V[f 2% 4 [ -

0

dv]

7=

. a1 )_ 7—7'
Since.V (I* 1) = o

B = [fy, T+ f, ] (17)

4TE |7 —
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Problem.1: A thin dielectric rod with cross section area A and length L located on the
x-axis at the range x=0 and x=L, and the polarization through the rod is

P = (ax? + b)a,. Find g, and p, and show that Q,=0, see Fig.3.

O
Fig.(3): A thin dielectric rod with polarization irﬁ@.}(-direction.

Solution: ‘%d
It is noted that the surface of the rod is fo of three parts are: The circular part and

the two bases. On the circular part o P 71 = 0, while on the two bases the surface
charge density is &

0, =a.P| _ + (_(%Q&IO = &, (al? + b)d, + (). ba,
0, =al’>+b—b=al
p ° C/

\
While the voluq}‘narge density becomes

7%: ——(ax + b) = —2ax
a .Qtotal polarized charge is

Qp = [ ppdv + [ 0,dS = fo (—2ax)Adx + al’A = —al’A+al’A =0

Problem.2: A dielectric cub of side L and center at the origin has a radial polarization
given P = a?, where a is a constant and # = xd, +ya, + za,. Find all bound
charge densities o, , p,, and show that the total bound charge vanishes Q,=0, see

Fig.(4).
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Fig.(4): A dielectric cub of side L centered at the

%g’ryumth radial polarization.

Solution: The surface charge density is k.

- - - 0 - -
0, =a.B| _ +(-a).P| _ + ayﬁ%ﬁ (-a,).P|,_, +a.P|,_, +
(—az).13|z=0 Y
=alL + alL + alL = 3alL &
The volume charge density is ()

5]

- — 0
pp=—V.P=—-al=x ayy+£z)——3a

and Qp = [ ppdv + [ 0,dS = —3aAL + 3aAL = 0

3. The Elect '*Fleld Inside a Dielectric
The electrostatic field in a dielectric must have the same basis properties which

we fou lied to E in vacuum; in particular, E is a conservative field, and
hen Ivable from a scalar potential. Thus,

@l =0 Or, equivalently, $E.dl =0
pply the last equation to the path ABCD shown in the Fig.5, where the
\ segment AB lies in a needle-shaped cavity cut out of the dielectric, and the
% segment CD lies in the dielectric proper. Since the segments AD and BC may
be small, the line integral reduces to,

E,l — E;.l=0 orequivalently, E,, = Ey; (18)
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Where the subscript v and d refer to vacuum and dielectric respectively, and the
subscript t stands for tangential component.

The important conclusion

The electric field in a dielectric is equal to the electric field inside a needle-
shaped cavity in the dielectric provided the cavity axis is oriented parallel to the
direction of the electric field.

Evidently, the problem of calculating the electric field inside a dielectric
reduces to calculating the electric field inside a needle-shaped cavity.in the
dielectric. But the electric field in the cavity is an external field, and hence may
be determined by means of the results of section-2. Just as in section-2, we
assume here that the polarization of the dielectric is a .given- function

ﬁ(x’,y’,z’), and we calculate the potential and electric field. arising from the
polarization. Taking the field point at the center of the cavity andusing equation
(15), we obtain for the potential

U@ = 1 f Pp(x'y' 2" av’ n 1 f op(x'y'z") da’ (19)
471'60 V_Vl |77—T_"| 47‘[60 SO—S’ |F—’F’I

Where V, — V] is the volume of the dielectri¢c excluding the “’needle’’, S, is the
exterior surface of the dielectric, and S’ = S, +°S, + S, are the needle surfaces.
But from Fig.5 it is seen that o, = 0 on.the eylindrical surface S of the needle;
furthermore, may be made arbitrary thin so that the surfaces S; and S, have
negligible area. Thus, only the exterior surfaces of the dielectric contribute, and
the surface integral of equation (19) becomes identical in form of the surface
integral of equation (15). The volume integral of equation (19) excludes the
cavity; however, the contribution of the cavity to this integral is negligible.

Fig.(5): The path ABCD lies partly in the needle-shaped cavity, and partly in the dielectric.

In an isotropic dielectric(see Fig.5) the polarization P has the direction of E, so that, for the
orientation of the needle shown, o, = 0 on the cylindrical walls. In an anisotropic dielectric,
op 1S not necessary zero, but its value does not affect the longitudinal component of electric
field in the cavity.
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4. Gauss’s Law in a Dielectric: The Electric Displacement

In chapter two we derived an important relationship between electric flux
and charges, namely, Gauss; law. This law states that the electric flux across
an arbitrary closed surface is proportional to the total charge enclosed by the
surface.

In applying Gauss’s law to a region containing free charges embedded-in a
dielectric, we must be careful to include all of the charge inside the gaussian
surface, bound charge as well as free charge.

S Thelectrie
4o mednun

Fig.(6): Construction of a gaussian surface S in a dielectric medium.

In Fig.(6) the dashed surface S is-an imaginary closed surface located inside a
dielectric medium. There is a-certain amount of free charge, Q, in the volume
bounded by S, and we shalliassume that this free charge exists on the surfaces of
three conductors in amounts qi, g2, and gs. By Gauss’s law,

§, E.nda =i(Q +Q,) (20)

Where Q is'the total free charge, i.e., Q = q; + g, + g3

and Q,, is'the polarization charge:

Qp= f51+52+53P.ﬁda +J, (—divP)dv (21a)

Here V is volume of the dielectric enclosed by S. There is no boundary of the
dielectric at S, so that the surface integral in equation (21a) does not contain a
contribution from S.

If we transform the volume integral in equation(21a) to a surface integral by
means of the divergence theorem, we must be careful to include contributions
from all surfaces bounding V, namely, S, S;, S,, and Ss.

9
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J, div Fdv= $. F.fida (The divergence theorem)

By applying this theorem to the volume integral part of equation (21a),
obtaining;

J, (=div P)dv = — $rs,es,45, Pl da

It is evident that the last three contributions will be cancel the first term>of
equation (21a), so that

Qy=—¢, P.da (21b)

Combining this result with equation (20) as follows;

§ E.ida==(Q ¢ P.iida)

$. &E.Ada+ ¢, P.Ada=Q,Thus, we obtain

$. (2o + P).Aida = Q (22)

Equation (22) states that the flux.of the vector eOE + P through a closed surface
is equal to the total free charge enclosed by the surface. We define, a new

macroscopic field vector D, The electric displacement:
D=¢E+P (23)

Which evidently has the same unit as P, charge per unit area. In terms of D
equation (22) becomes

. D.vda=Q (24)
And this is usually referred to as Gauss’s law for the electric displacement.
Equation (24) is applicable to a region of space bounded by any closed surface

S; if we apply it to a small region in which all of the free charge enclosed is
distributed as a charge density p, the Gauss’ law becomes

$. D.Aida = pAv

10
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By replacing the charge in equation (24) by the integral of the volume charge
density and using the divergence theorem, we obtain the differential form of
Gauss’ law, as follows

$. 5.ﬁda=fv p dv

J, divDdv=[ pdv
Thus, the differential form of Gauss’ law is
divD =p (25)

The advantage of the procedure just followed is that the total electrostatic field
at each point in the dielectric medium is expressed as the.sum of two parts.

F?(x, Y, Z) = él_))(x, V,Z) — élg(x, Y, Z) (26)

Where the first term, 815, Is related to the free charge density through its
0

divergence, and the second term, —eiﬁ, Is proportional to the polarization of
0

the medium. In a vacuum the electric/field is given entirely by the first term in
equation (26).

5. Electric Susceptibility.and Dielectric Constant

In the introduction of this chapter it was stated that the polarization of a
dielectric medium occurs in response to the electric field in the medium. The
degree of polarization depends not only on the electric field, but also on the
properties of molecules which make up the dielectric material. From the
macroscopic.point of view, the behavior of the material is completely specified

by an experimentally determined relationship, P = B(E), where E is the

macroscopic electric field, if E varies from point to point in the material, then P
will'vary accordingly.

For'most material P vanishes when E vanishes. Since this is the usual behavior,
we shall limit our discussion here to materials of this type. (dielectric with a
permanent polarization will be discussed briefly in chapter five.

If the material is isotropic, then the polarization should have the same direction
as the electric field which causing it. These results are summarized by the
equation:

11
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- -

P =x(E)E (27)

Where the scalar quantity y(E) is called the electric susceptibility of the
material, which is more or less a measure of how susceptible (or sensitive) a
given dielectric is to electric fields. A great many materials are electrically
isotropic; this category includes fluids, polycrystalline and amorphous solid,
and some crystals.

Note: A treatment of the electrical properties of anisotropic materials is beyond
the scope of the 4" stage study.

Combining (27) with (23), we obtain an expression for Din isotropic:media:

D = ¢(E)E (28)
e(E) =& + x(E) (29)

Where ¢(E) is the permittivity of the material. It is evident that ¢, g, and y all
have the same units.

If x and € are constants characteristic of the material, materials of this type will
be called linear dielectrics, and they obey the relations

xE (30a)
¢E (30Db)

]l
Il

The electrical behavior of a material is now completely specified by either the
permittivity € or the susceptibility y.

It is more convenient, to work with a dimensionless quantity k defined by:
e ='keg, (31)

K- is called the dielectric coefficient (relative permittivity), or simply the
dielectric constant. From (29) it is evident that

k==—=1+% (32)

€o €o

However, the dielectric constant (or relative permittivity) k is the ratio of the
permittivity of the dielectric to that of free space.

12
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It should also be noticed that k is a dimensionless quantity whereas ¢, €, and y
are in farads/meter.

The dielectric constants for a few commonly encountered materials are given in

Table-1. Except for a few examples in which the polarization P of the material
Is specified, the problems in this book deal with linear dielectrics.

If the electric field in a dielectric is made very intense, it will begin to pull
electrons completely out of the molecules, and the material, will become
conducting. 'The maximum electric field which a dielectric can withstand
without breakdown is called its dielectric strength. The dielectric strengths Eqax,
of a few substances are also given in Table-1.

Table-1: Properties of dielectric materials, (dielectric constant K and dielectric
strength Emax.

5
EY

Material K E vax, volts/m

Glasst 5-10 9% 106
. Mica 6.0 5-20 X 108

Nylon 3.5 16 X 108

Rubber? 2-3.5 ©16-40 % 10°

Sulfur 4.0

Woodt 2.5-8.0

Aleohol, ethyl (0°C) 28 .4

Benzene (0°C) 2.3 .

Petroleum oil 2.1 12 X 108

Water (distilled, 0°C) 83.0

Water (distilled, 20°C) 80.0

Air (1 atm) 1.00059 3 X 108

Air (100 atm) 1.0548

CO2 (1 atm) 1.000985

6. Point Charge in a Dielectric Fluid

One of the simplest.problems involving a dielectric is that of a point charge q in
a homogeneous isotropic medium of infinite extent. The dielectric medium will
be assumed.to be linear and characterized by a dielectric constant k.

If the point_charge g were situated in a vacuum, the electric field would be a

pure radial field. But since E, D, and P are all parallel to one another at each
point, the radial nature of the field is not having by the presence of the medium.

Furthermore, from the symmetry of the problem, E, D, and P can depend only
on the distance from the point charge, not on any angular coordinate.

Apply Gauss’s law (equation (24)) to spherical surface of radius r which is
located concentrically about g, for convenience, g will be located at the origin.
Then

gﬁs D.ida=Q,4nr?D = q, or

13
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D=-"Lpz (33)

413

The electric field and polarization may now be evaluated quite easily:

— _ q -

E= 4mtkeyT3 r (34)
= _ (k—l)q -

P="—=7 (35)

Thus the electric field is smaller by the factor K than would be the case if.the
medium were absent.

Now, we try to see why the dielectric has weakened the electric'field. The
electric field has its origin in all of the charge, bound and free. The free charge
Is just the point charge g. The bound charge, however, is made up from two

contributions, a volume density pp = —divP, and a surface density o, = P.7
on the surface of the dielectric in contact with point charge. Using equation

(35), we find that divP vanishes, so there is no volume density of the bound
charge in this case.

Our point charge g is a point in the macroscopic sense. Actually, it is large on a
molecular scale, and we can assign to it a-radius b which eventually will be
made to approach zero. The total surface bound charge is then given by

: 3 A (k-1)q
Qp = lim 41h* (P.n)rzb === (36)
The total charge, Qp + q'= %q (37)

Appears as a point charge from the macroscopic point of view, and it is now
clear why the electric'field is a factor K smaller than it would be if the medium
were absent. A schematic diagram of the point charge q in a dielectric medium
Is shown in Fig.7.
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Fig.(7): Schematic diagram showing the orientation of polarized molecules in a
dielectric medium surrounding a ‘’point charge’’ q.

7.Boundary Conditions on the Field Vectors
Before we can solve more complicated problems, we must know that how the

field vectors, E and D change in passing an interface between two media. The
two media may be two dielectrics with different properties, or a dielectric and a
conductor, vacuum may be treated as a dielectric with permittivity €.

Consider two media, 1 and 2 in contact as shown in Fig.8, if there is a surface
density of free charge, o, which may vary from point to point on the interface. If
a small pillbox-shaped surface S which intersects the interface-and encloses an
area AS of the interface, the height of the pillbox being negligibly small in
comparison with the diameter of the bases. The free charge enclosed by S is

oAS + % (p1 + p2) X volume

but the volume of the pillbox is negligibly small,-so that the last term may be
neglected. Applying Gauss’s law to S, we find

D,.7,AS + D,.7;AS = oAS, or
Since 7, may serve as the normal to the interface,

Dyp —=Din =0 (38D)

15
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Fig.(8): Boundary conditions on the field vectors at the interface between two media

may be obtained by applying Gauss' law to S and integrating E.dl around the path
ABCD.

Thus, the discontinuity in the normal component of D is given the surface
density of free charge on the interface. In another way, if there is no free charge

on the interface between two media, the normal component of D is continuous,

this means that D,,, = D;,. Thus, the normal component of D is continuous
across the interface, that is, D, undergoes no change at the boundary. _Since,

D = ¢E, &E,, = &E;, showing that the normal component of Evis
discontinuous at the boundary.

Because the electrostatic field E may be obtained as minus‘the gradient of a

potential, the line integral of E.d[ around any closed path mvanishes. Applying
this result to the rectangular path ABCD of the figure. On.this path the lengths
AB and CD will be taken equal to Al and the segments AD and BC will be
assumed to be negligibly small. Therefore,

E,.Al+E;.(-AD) =0, or

Hence, the desired result:

Ey = Ey; (39b)

That is, the tangential component of the electric field is continuous across an
interface. Since;D'= &E, thus, equation (39) can be written as
Di¢ Dyt

1t 2t
€1 &2

That 'is,D; undergoes some change across the interface. Hence, D, is said to
discontinuous across the interface.

The above results have been obtained for two arbitrary media. If medium 1 is

taken as the conductor, then E; = 0. Since E; vanishes, there is no polarization,
and by equation (23) D, also vanishes. Thus equations (38b) and (39b) become

16
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DZn =0 (40)
EZt = 0 (41)

for the displacement and electric field in a dielectric just outside of a conductor.
From the discussion above and in preceding sections, it may be inferred that the

electric displacement Dis closely related to free charge.

We should now like to prove an important property of D, namely, that.the flux
of D is continuous in regions containing no free charge. We imagine-a tube of

displacement, a volume bounded on the sides by lines of D (seeFig.9). The tube
Is terminated at its ends by the surfaces S; and S,. Applying Gauss’s law, we
obtain,

f, D.Aida— [, D.7"'da=Q (42)

Fig.(9): A tube of displacement flux.

If there is-no free charge in the region, then Q = 0, and the same amount of flux
enters the-tube through S; as leaves through S,. When free charge is present, it
determines the discontinuous in the displacement flux, thus lines of
displacement terminate on free charges. The lines of force, on the other hand,
may terminate on free or bounded charges.

As mentioned earlier, the boundary conditions are usually applied in finding the
electric field on one side of the boundary given the field on the other side.
Besides this, we can use the boundary conditions to determine the "refraction”

of the electric field across the interface. Consider D; or E;, and D, or E, making

17
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angles 6, and 6, with the normal to the interface as illustrated in Fig.10. Using
equation (39b), we have

E1 sin 01 == Elt == EZt =E2 sin 92 , or El sin 81 == EZ sin 82

Similarly, by applying the equation D,,, = D;,, Or &,E,, = & E,
&E,cos0, =Dy, =D,, = €,E,cos0, or &E;cosf; =¢&E, cosb,

Dividing the latter two equations, gives

tan6; _ tan6,

€1 &2
Since g; = gyk, and &, = gk, the last equation becomes

tan6; _ kq
tan 92 o kz

This is the law of refraction of the electric field at a boundary free of charge
(since o = 0 is assumed at the interface). Thus, in general, an interface between
two dielectrics produces bending of the flux lines as a result of unequal
polarization charges that accumulate on the sides of the interface.

18
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Fig.(10): Refraction of D or E at a dielectric-dielectric boundary.

Special Cases of boundary conditions

The boundary conditions on the field vectors above may be considered a general
case which is called dielectric-dielectric boundary conditions in the present we
take special two cases:

l. Conductor-Dielectric Boundary Conditions

This is the case shown in Fig.11. The conductor is_assumed to be perfect
(i.e.,0 —» o or p. — 0). Although such a conductor is not practically realizable,
we may regard conductors such as copper and silver as though they were perfect
conductors.

= E (&8 =&,f)

(a) (b}

Fig.(21): Conductor-dielectric boundary.

To determine the boundary conditions for a conductor-dielectric interface, we
follow the same procedure used for dielectric-dielectric interface except that we
incorporate the fact that E = 0 inside the conductor. Applying the equation

gﬁﬁ. dl = 0 to the closed path abcda of Fig.(11a), gives
0=0.Aw + 0.5+ E. 5 — E. Aw — E. 22— 0.5

19
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asAh - 0
Et=0

Similarly, by applying the equation gﬁl_i ds = Q to the pillbox of Fig.(11b) and
letting Ah — 0, we get

AQ = D,.AS — 0.AS ,

because D = ¢E = 0 inside the conductor, the latter equation may be‘written as

_he _

D, =—=o0
noAs

or D,=o0
Thus, under static conditions, the following conclusions can be made about a
perfect conductor:

1- No electric field may exist within a conductor; that is, p = 0, E=0

2. Since E = —VV = 0, there can be no potential difference between any two
points in the conductor; that is, a conductor is an equipotential body.

3. The electric field E can be external to the conductor and normal to its
surface; that is

Dt - EOkElf B O, DTl ES EOkETl =0 (*)

I1._Conductor-Free Space Boundary Conditions

This is a special case of the conductor-dielectric conditions and is illustrated in
Fig.12. The boundary conditions at the interface between a conductor and free
space can be abtained from equation (*) by replacing k by 1 (because free space
may be regarded as a special dielectric for which k = 1 ). We expect the electric
field E-to-be external to the conductor and normal to its surface. Thus the
boundary conditions are

Dy = ¢k =0, Dy =gk, =0 **)

It should be noted again that equation(**) implies that E field must approach a
conducting surface normally.
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Fig.(12): Conductor-free space boundary.

Problem.3: Two extensive homogeneous isotropic dielectrics meet on plane z = 0. For
z>20,k;=4andfor z < 0, k, = 3. A uniform electric field El = 54, — 2a, +
3a, kV/m exists for z > 0. Find

(@) E,forz <0

(b) The angles E: and E2> make with the interface

Solution: Let the problem be as illustrated in Fig.13.
(a) Since a, is normal to the boundary plane, we obtain the normal components as

E,,=E,.d,=E,.d,=3, E;,=3d,
AISO, Ezn - (Ez.az)az

Ezﬁn‘I'Et
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Hence, E,, = E, — E;, = 54, — 2@
Z

y

Fig.(13): Two extensive homogeneous isotropic dielectrics meet on plane z = 0.

- -
E2t = Elt = Sax — Zay

Similarly, 5211 = Bm - kZEZn = klﬁln, or EZn = ﬁﬁln = %(3&2) =
2

K
4a

Thus, E, = Byt Eyy = 58, — 28, + 48, KV/m

(b) Let a;.and a, be the angles E: and E2> make with the interface while 6, and 6, are
the angles they make with the normal to the interface as shown in Fig.13; that is,

0[1 = 900 - 01 and 0(2 = 900 - 92

Since E;,, = 3and E;, = V25 + 4 =+/29,

Thus, tan§; = 2% = Y22 = 1.795 — 6, = 60.9°

in

Hence, a; = 29.1°

Alternatively, E;.a, = |E;|-1.cos8; ,or cos, = % = 0.4867 - 6, = 60.9°

j
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Slmllarly, EZTI, == 4‘, EZt == Elt == V29

tan6, = 24 = Y2 = 1346 - 0, = 53.4° , hence, a, = 36.6°
2n
Note that 2291 — K s satisfied.

tan 1 kz

Problem.4(H.W): A homogenous dielectric (k = 2.5) fills region 1 (x < 0) while
region 2 (x = 0) is free space. a) If D, = 12d, — 10a, + 4a, nC/m?, find 52 and
0,. b) If E;=12V/m and 8, = 60°, find E; and 6, take 8, and 8,as defined in
problem.3. Ans: a) D, = 124, — 4d, + 1.6a, nC/m?, 19.75° , b) 10,67\V//m, 77°.

8. Boundary Value Problems Involving Dielectrics
The fundamental equation which has been developed in this chapter is

divD =p (43)

Where p is the free charge density. If the dielectrics are linear, isotropic, and

homogeneous, then D=¢E , Where ¢ 1s a constant characteristic of the material,
and we may write

divE = ip (44)
Since, E = —grad U, so that

VU = —=p (45)

Thus the potential in the-dielectric satisfies Poisson’s equation. The only
difference between (45) and the corresponding equation for the potential in
vacuum is that £'replaces €.

In most cases, of interest the dielectric contains no free charge distributed
throughout -its- volume, that is, p = 0 inside the dielectric material. The free
charge exists on the surfaces of conductors or is concentrated in the form of
point_ charges to be embedded in the dielectric. In these circumstances, the
potential satisfies Laplace’s equation throughout the body of the dielectric

V2U =0 (46)

In some problems there may be a surface density of free charge, o , on the
surface of a dielectric body or on the interface between two dielectric materials,
but this does not alter the situation, and equation (46) still applies so long as
p=0.
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9. Dielectric Sphere in a Uniform Electric Field.
We should like to determine how the lines of force are modified, when a
dielectric sphere of radius a is placed in a region of space containing an initially

uniform electric field, EO. Let us assume the dielectric to be linear, isotropic,
and homogeneous, and to be characterized by the dielectric constant k.
Furthermore, it bears no free charge. The origin of our coordinate system may
be taken at the center of the sphere, and the direction of E, as the polar direction
(z-direction); the potential may then be expressed as a sum of zonal harmonics.

The solution of Laplace’s equation ( the zonal harmonics) is
U(r,0) = z P,(cos 0)[A,r™ + B,r~ (D]
n=0
= A, +204 Arcosd +B—;c059 +2202(3c0s20=1) +B—23(3cos2 0 —
r r 2 2r

1)_|_...

Since there is no charges on the sphere, thus, B, = 0, and because there is no
constant potential on the sphere, thus, A, =0, and as in Section 3.5, all
boundary conditions can be satisfied) by means of the two lowest-order
harmonics, and we write

The solution in the vacuum region (1) outside the sphere given by

U,(r,0) = A;7 cos@ +A,r7% cos @ r=>a (47)

and that for the dielectric region is

U,(r,0) = Byr. cos 6 + B,r % cos @ r<a (48)

for the dielectric region (2). The constants A4,, A,, By, and B, are unknown and
must be determined from the boundary conditions.

When r — 0 then, U, » o , thus, B, must vanishes, i.e. B, = 0, thus the
solutions become

U;(r,0) = A;r cos + A,r % cos @ r=a

U,(r,0) = Byr cos @ r<a
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At distance far from the sphere, the electric field will retain its uniform
character, and U, (r,60) = A;r cos8 = —E,r cos 8, hence, A, = —E|, then, the
solution becomes

U,(r,0) = —Eqr cos +A,r % cos r=a

U,(r,0) = Byr cosf r<a

The remaining constants A, and B; may be obtained from the boundary
conditions of section-7 as follows:

Continuity of the potential across the interface between the. dielectric and
vacuum required that U; = U, atr = a, i.€,

—Eya cos @ +%c039 = Bya cos @, or
Az
—Epa+— = Bia (49)

Since there is no free charge on the surface of the dielectric, thus, the normal
component of D must be continuous,thus; the normal component of D at the

interface is D, = —eZ—Z requires that.D,,, = D,,. atr = a, or

_ oU; Ay
D, = —¢ . = 0 [—Eo cos O —2§cos 9]
au .
D, = —ea—: = —&B; cos @ and since € = ke, then, D,,. = —key,B; cos 8

By applying the:boundary condition, D,,. = D,,. at r = a, we obtain

—&g [—EO cos 6 —Z%COS 9] = —keyB,ycosO , or —E, — 2% = kB, which
can be written as

a3E0 + 2A2 - —ka331 (50)

Continuity of E; at r = a is equivalent to equation (49), solving equations (49)
and (50), as follows. By multiply equation (49) by a?, results that

_E0a3 +A2 == Bla3 (51)
a3E0 + 2A2 == _ka,3Bl (52)
By multiply equation (51) by k, the system of equation becomes
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_Eoka3 +kA2 - kBla3
a3E0 + 2A2 - _ka3B1

By adding the latter two equations
a3E0 - Eoka3 + kAz + 2A2 == O

@ Ey(1— k) = —Ay(k+2) , thus, A, = “2%D ang by substituting A4 by
any one of equations (51) or (52), we obtain B; = — % :

Thus, the potential functions which are the solution can be obtained as follows:

Eo(k—l) a3
k+2 12

Uy(r,0) = —Eyrcos6 + cosf r=a (53)

Uz(r,9)=—%rcost9 r<a (54)

The electric field components at any point (r, 8, @) by differentiation as
follows:

N U, ~ 10U, A 2(k=1) a®Y » :
E, = —a—rlar—;a—glag =E0c059[1— §c+2)ﬁ ar—Eosme[l—
(k—l)a3],\
i P 55
k+2 r3] "0 ( )
- oU, A 10U, A 3Ey A . A
Er = =50 0 155 8 =iy [c0s &y —sinf ]

The lines of displacement and-lines of force are shown in Fig.14.

(b)

Fig.(14): A
uniform electric field is distorted by the presence of a dielectric
sphere: (a) lines of electric displacement, (b) lines of the electric field.
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