STAT/MATH 395 A - PROBABILITY II - UW
Winter Quarter 2017 Néhémy Lim

HWT1 : Continuous Random Variables (1) — Solutions

Problem 1. Let X be a continuous random variable whose probability density
function is:

fx(x) = 3m2]l[071] (2)
(a) Verify that fx is a valid probability density function.

Answer. First, fx(z) is clearly nonnegative since 322 > 0 for 0 < x < 1
and 0 otherwise. Second, let us show that fR fx=1:

[e%s) 1
/ fx(z)dx = / 322 de = 23
—0o0 0

(b) What is P(X =1/2)?

Answer. X is a continuous random variable. Hence, the probability that
X takes on a particular value is zero : P(X =1/2) = 0.
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(¢c) What is P(1/2 < X < 1)?
Answer.

1

]P’(1/2<X<1):/ fx(x)dz

1/2

1
= / 322 dx
1/2

(d) Give the cumulative distribution function Fx of X.

Answer. The cumulative distribution function Fx of X is piecewise like
its probability density function :



o If £ <0, then fx(¢t) =0 for all t < z.
FX(x):/r fX(t)dt:/m 0dt =0
o If0<x <1, then fx(t)=3t>forall 0 <t <.
Fx(@) = Fs(0) + [ fx(0a
:0+/:3t2dt
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o If v > 1, then fx(t)=0forall 1 <t <a.

Fx(x) = Fx(l) + /lx fx(t) dt

=1°+0
=1
In a nutshell, F'x is given by :
0 ifz<0
Fx(z)=1{ 2 ifo<z<1
1 ife>1

(e) What is the expected value of X?

Answer.
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(f) What is the variance of X?



Answer. We can use the shortcut formula : Var(X) = E[X?] — (E[X])2.

Since the expectation was previously computed, we only need to calculate
E[X?] :

E[X?] = /OO 2?2 fx (x) dx
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Therefore, we obtain :
2

3 3 3

Var(X) = E () = —

Problem 2. Let X be a continuous random variable whose probability density

function is: 5

Fx(@) = Tloq(@)

What is the value of the interval’s upper bound c¢ that makes fx a valid prob-
ability density function?
Answer. fx is a valid probability density function if the following holds :

oo C$3

/ fX(x)dleﬁ/ —dx

—0o0 0 4
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s =16
Sc=2o0rc= -2

We discard the negative solution since [0, ¢] is an interval, thus ¢ > 0. So the
value of the upper bound is ¢ = 2.

Problem 3. Let X be a continuous random variable whose probability density
function is:

0 r<—1
_ z+1 —-1<z2<0
x@)=971_4 0<z<1
0 x>1

(a) Graph the probability density function fx of X.

Answer.
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(b) Verify that fx is a valid probability density function.

Answer. It is obvious that fx is nonnegative. Let us show that fR fx=1

/0; fx(z)dz = /O: fX(a:)d:H—/Ol fx(z)dx + Ole(g;) da;+/loo Fx () da
0 1

:O+[1(x+1)dx+/ (1—z)dz+0

0

[ ]
2 -1 2 0

vt le) o

(¢) Give the cumulative distribution function Fx of X.

Answer. The cumulative distribution function Fx of X is piecewise like
its probability density function :

o If z < —1, then fx(t) =0 for all ¢t < z.

Fx(z) = /; Fx(t)dt = /;Odt— 0



o If -1 <z <0, then fx(t)=t+1forall -1 <t<uz.
Fx(x):Fx(—l)—F/ fX(t)dt
—1

:0+/ (t+1)dt
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e If0<x<1,then fx(t)=1—tforall 0 <t <ux.

Fy(z) =

.

O+ [ fxwa
(0+1)2+/x(1—t)dt
t2 v
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o If x > 1, then fx(t) =0foralll <t <u.

FX(IL‘) = Fx(l) +[m fx(t) dt

= 12-1-14-1 +0
N 2 2
=1
In a nutshell, Fx is given by :
0 ifx < —1
L 1)2 if —1<z<0
Fx(r) = 2($‘+ ) 1 1 i
1 ifz>1



(d) Graph the cumulative distribution function Fx of X.

Answer.

1 Fx(x)
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