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'

of “completion,” from a mS-EEm__.m space to a Ililbert space (sce
Theorem V.2.1).

Examples . _

Lel @ be the vector space of n-ples (Ezample 1.1.1). If = =
(g, o) and ¥ = (i, - itn), define

AH__ y) = M” yt:ﬁ..

The axioms QJG (P4) arc 3m:< verified. This example is known a8
:Ar:._n:ﬁc:i untlary 352. and will be denoled @°.

2. ?;. @ be the <2.2:. spnee of continuous functions or [mb]
(IZzample N.R.uc. where a < b. Deline

i b .
(ely) = [ 2y
This example will be 832__& to as'the »:.?N?:al space of conlinuous
J ::n:.%& on [a,b]. "
_

3. H\On ® be the veclor space of m:;l% non-zero sequences (-
ampic I.1. 3. If z = (M) 2.5 y = (ur), define

27 M

Sinece a_:w is essentially o ?.:8 sum, oo:<3.no=3 is not an issue here.
This ?&:5:. will'be wo_.n_. on_ Lo ag the ﬁwa-: ilbert space of finilely non-

zero %n:a:naa. _

@N_S =

4. Tf .% is any pre-1lilbert spree, and 9T is a linear subspace of @,
obviously < is ilself a pre-Hilbert space.

Exerclses

1. Fill in the ma ails. in s:.. above examples (especially 7 .\SSER 2,
for which the <G iication om (P4) is non-trivial).

2. The vector! n?:.a e 1. complex numbers (Frample T.1.8) is &
13-::72 t z:: , vin A/?_ = A\p*, [This is cssentindly tho ::;:J‘

space €' of Brainple 1]

n §2 Hilbert Spaces 27

3. Lot @ be the veetor apace of finitely non-zern functions defined
on a sct 3 (Fxample I.1.7}. Deline

(zly) = 22, z(Oy()*, . :
the sum being extended over all £ in 3. Then, @ is a pre-Ililbert apace.

4. Let @ be any vector space of finite dimiension n, and xq,-++,Ta
any basis of @ If z = Mu_ Akt and y = MU“_ exTx, define, (z]y) =
M“. Meux®. Then, @ is a pre-Hilbert space.

~§2. FIRST PROPERTIES OF PRE-HILBERT SPACES

Axioms (P2) and (I'3) for n pre-Hilbert .m._Sno ean be expressed as
follows: the sealar product (x]z) is “additive’” and “homogencous”
in the first factor. The first two stalements of T'heorem I assert that
(z|y) is “additive” and “conjugate- ro_:omo:oecn_ in the second fac-

tor:

/ Theorem 1. In any pre-Iilbert space:

() Gly+2 = Gl + @l s
(@) (=) =22y m,\.mm,ﬂ,
L ® @y) = (i) =0 mw\w,.“._wﬂﬁ,ﬁ
W -yl =@l -l
(zly — 2) = (zly) — (z]2)
(5) If (z]2) = ,@_nV Jor all 2, necessartly = y. v AL
Proof.

(1): Using axioms (P1) and (P'2), (zly4-2) = (y +z]z)* =

[l + ED]* = @]0)* + @=)* = (=y) + (]2).
(2): Using axioms (I’1) and QV.C. (z|xy) = Qo) = Nyln)]* =
Ayl = Azl
(M: @ly) = (0 6]y)
larly, (z[0) =
@:(z — yl2) = (@ 4 (=N]2) = («]2) + (—yl2) = (z]2) +
(=Dylz) = ([2).-- (=D(2) = (x[z) — (y]2). Similarly for the

mcno_:_ relalion.

= (0]y) -+ @]y), henee (0]y) = 0. Simi-
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,, " ‘ Proof. ._ . .
It follows that ; :
o [ y , Denote by p{A] the real part of the complex number X; obviously
)  —~Jlz—y]?=— : =2 =y II* + =|y) + @w]=) [p[X][ <A, Applying the Cauchy-Schwarz inequality at the ap-
TB o [ i T . propriate step, [z + y [I* = [z | + [y |* + (z]) + (z|p)* =
@ Azl =iz PR P @) - @l 2l 4 My I* 4 20 (G@l9) < N2 ]2+ [y +2(Cel) ] < [ = |2
S —ifls =iy P = 2l =il 1+ )~ (o). FlylF 2=yl = d=l+12h% |
Adding (a)-(d}, the :.m:n_ hand side reduces to 4(z|y). |- _ Consider, for example; the unitary space €2 A veelor z — (e exa)
. : i y ..ﬁm . . 5 o b
From the definition off norm, (z]z) = =] [z . Tn general, ﬁﬁ #:__.nnﬁ nwﬂ:wosozﬁ may be interpreted, in the Qulnm_,ps plane, as .
is dominated by the product of || = || and [ y || e ‘arrow” from the origin (0,0) to the point (ey,as). Then, || z | is
/ (=] is dominated by the p LibT il and py i the familiar formula for the distance from (0,0} to (ey,az). If also =
Theorem: 4. (Cauchy-Schwarz inequality) Tn a pre-Hilbert space, , (B1,82), with real ¢amponents, z + y represents the resultunt of the .
Il =1y AHRE SRty |
: (81,8:)
Proof. ;

i aicr
o = 0ory =0, then (z]y) = 0;.and the conclusion is clear.
‘Suppose, for instance, that y 6. Dividing through the desired
inequality by || v I, the problem is to show that | (z]z)| < || z || when
|z ]| = 1. For every complex number ),
Iz =2zl = |2 * = A*(zl2) = Ae[2) -+ = | 2

217 + (A = Mal2)* -+
- =l = @l el)*
RGO DEEECDSERICDE S

Iz l2 & 1(z]2) 2 + []2) — Mlz]2) — A]*

=12 & 11D + [l — AP

Nyl e | . :
In particular, forAe = AH_N_V.O Slz—=2z =z ]i®* = {(z]2)]% |

t.

]

I

AQ__f.Q: inlhmv

Applying Theorem 4 in _,:5 unitary space " (sec Fzample 1), ,

The Lriangle inequality and parallelogram Jaw can now be given, the ' _

obvious geometrical interpretations from which their name is draown, |
It is eustomary-to earry over this geometrical language to pre-

Hilberl spaces of arbitrary dimension : '

noa_—n_.w: I Ay, and p1,-* -+ p1a are complez numbers, _
_ .
A

n I SRR Y g ..Jx
| e |l (7nr)” (1ir) -
!
i
The Cauchy-Schwarz inequalily leads to an inequality involving
only norms: ~_

Definition 2. In a pre-Hilbert space, lz =yl is called the distanco
Jromz lo y. |

Certain properties of the norm have natural formulations in termg

w./,,:_ao::: 5. (Crinngle inequality) fnoa pre-Ililhert space, one has .
of distance:

fztull <Nzl +=.<___.

S A A Ly P ) ey M Aty g ey Sicimy

t

1

o
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|

5. Let o be the vector mvpnm of continuous functions defined on [a,b]
-(Zxample 1.1.8), where a < b. Define d(z,y) = LUB {|z(t) — y(0)]:
a <L < 0h}; that is, d{z,p) is :_a least upper bhound of the numbers

|2() — y(©)[; as ¢ varies over the interval {a,b]. Then, X is & metric .

spage. [Note: a oo:s::oc ?:n:oz ona 0_82_ intervalis bounded.] |

Certain standard nofwins :.oi the ealculus of real numbers have
natural generalizations: to molric spaces:
i i

1. A sequence of poiriis =, i a metric spnce is said to converge to the
point z in ease d(zn,z) Y 0ns n — o, This means: given any number
¢ > 0, there is an index N- mcor that &AHE z) < ¢ whenever n > M.
The point z is then unique; ».9.. if also d(z,,#) — 0, then = = y re-
sults from 0 < (z,y) < :AH_.HL - d(zn,y) — 0 - c. The point =z
is called -the lfmit of the sequence .. Notations: z, — z,orz, — =z
Asn — @, or & = lim z,, oeoﬁ.... :

2. A sequence z, I8 said 3 be convergent il there exists co::, T
such that z, = =z Os_o;_zo the sequerice is said to be divergent.

3. A moaco:oo Tnq 18 said 3 be Cauchy in case m?s_.ﬁ,v — 0 as
m,n — o, This means: given. EQ number ¢ >0, there is an index ¥
n:qr that d(zpm,T.) < ¢ s.rozﬂéow mn 2> N. Every convergent se-
quence is Cauchy; mo_.. if zn = x, then d(ry,z,) < d(Em) + d(z,x)
~—-0+4 0 as mn — «. Not V_ocoaﬁ Cauchy sequence is convergent,
as is shown ini the following jexample (more sophisticated cxamples

AR

_‘arc given in ﬁgﬁﬁ?m 7 and %V

\Wxa:ﬁ_m o wa Rvosuo ona_n 5?35_3 C é_:_ m?.mv I_Qlu_.
¢ Ilet e, = 1/n A: = 1,2,3,---). Then, «, is: O::o_q (since it is con-
e vergent in the metric space of all real numbers), but the only pos-

f!mhv.;o limit A:n:,:o_w. 0) :oo oiwao of . | !

re 15 the melric space. o_. all: :5._ ::3_63_ 2;: d(e,B8) = |a — 81,
< every Cauchy sequence is q::<2.mo=o (this is the well-known Cauchy
criferion for ao:<3mo:n3 This is an example of an important type
of melric m:..:. . i .

Deflnition 2. \_. melric space X 1s said to be complete i1 case every
Cauchy %Q:QSQ 18 3:233;. Otherwise, R 1s said {0 be incomplele.

Sxamples of complele metrie spaces are given in the exercises, and
rTcera in the sequel. The property of completeness owes its im-
pertance, Lo a cerlain extent, to the existence of prominent metrie

|
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. spaces which do not possess it; two examples of such spaces, both
pre-1Tilbert spaces, will now be given. : ¢

N Example 7. Lel, @ be the _z.o-:m:x..; space of finitely non-zero fe- .
quences (Ezample 1.3), with d(z,y) = ||z — y||. Tt will he shown that Sey w..w Wﬁﬂ/
¢ is an incomplete metric space, by exhibiting a Cauchy sequence that

has no limit in @. The proposed sequence z,, is

W =k
’ AH.O..O. . .v ) \M‘m,‘v,b(ﬁhl\

2 = (1,1/2,0, ) P sedyn oo |7
(1,1/2,1/3,0,---) = =

5 .‘.., ) [ag) /{ vP..\VA\A.]lW
. vm}./vlqo .
S

) 2!

S

- 7

(]

S
"
u

n
o
"
"

Tn A_L\NL\W-...L\:H?...v.

N

» & Tor :: n,p =123, Sas, = 5
o poa\V ' ’ [ 2 el
ot = ffon o gy ) T
H:+ e = “es .-||||.|'.-..I,. hols "
» n n-t+1 n+42 n-tp Ln. vﬁ/?\Iu , st
; ~>
_ :.T%(,— . P ~ 3 "
: - M:ﬂ-.— m L S .EQ
since the serics MH_: 1/k? is convergent, d(Znyp,Ta) = =H= = T &ﬁ/mi uﬁ.@kvnnw

— 0agn — . It follows Lhat =, is a Cauchy sequence of veclors.
Suppose ?o the contrary) that @ contained a veelor z = (A2,
<+ An,0,0,-- ) such that z, — z. If n > N,
nll 2 = 5 '
MU- M — M| + M=+Lv’»_r .

=H B £
=.2, FT M 0

le

N S

o 1 R
letting n — o, MUH _\ﬂ — Xe| =0, hence Ay = 1/k for all k. ::m

contradicts the assumption that z is finitely non-zero. | .
Example 8. Let ¢ be the pre-Ililbert space of continuous functions on
n closed interval, say [—1,1] for simplicity. Distances are defined ag

in Ilzample 1:
1 4

dy) = o=yl = ([ 1= ~ o) .

-

AL o . .

DO S i ol S Lo
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(2): Using part (1), and :5 triangle: an:::@ for rearl numbers,
_Q.?.rn.t - QAH:_L.:: < _&AHM@V - &AHE,\V_ _&AHEQV - «RHE.._\:V_ <
d(z,za) + ¥, yn) — 0+ o as . — .

(3): Similarly, _&Aasm\av — d(@n )] < d(Tmxn) + dYmya) — 0
4 0 ag m,n — . Since the real numbers are complete, the Cauchy

. sequence QAH:QL oo=<o:uom. |

The concept of a Uo::mom set of real numbers can be generalized
as follows: a set S of vo::a in a metric space is said to be bounded in
case the a_mgzog d(z,y) remain bounded as z and y vary over §; that
is, there is'a constant M > 0 such that d(z, S < M whenever z and
y are vo:;m of 8. :
mxn:.i_w.w “_

9. Let 2o ro a fixed vo_:n of the metric space %, and let ¢ be a fixed
real number >0. The sct 8, of all points = in & such that d(z,Ty) < ¢
ig bounded; _.On. if z and ¥ arc two such points, d(z,y) < d(z,70) +
d{zo,y) < 2¢. § is called the open ball with cenler =, and radius e. In
particular, when X, is the thetric space of re cal numbers, $ is the open

“ interval (0 = m.,? + 6. | : .

S. m_E__E.?- tie acl o o_. all poinls = such that d(z, Qu € iy
wo:aanm. it is nm:n& the n&ﬁ@ ball with center zp and radius e In
particular, é:n:k‘ is the metric space of real numbers, 3 is the closed
interval [zg — &T0 4 «w

11, mnvwawo zzisn mxnm point of the metric space &, and S is n
set of points of . .H.:n:._m. is bounded if and only if the numbers

diz, qu are bounded ns z varies over 8. For, suppose d(z,7) < K for
all z in §; if z and y arc points of §, d(z,y) < d(z,%0) + d(z0,y) < w?‘
thus § is bounded. Oos..a_.mlw_ suppose § is bounded, say a? <
for all z and y in $; fix any do::. Yo o_. m ::.: d(z,z9) < d(z,90) T
d(ye,7e) < M 4 &Co.u.ov forallzin 8. -~ -

i Exorcisos .
1

1. In a diserete metric space (izample 3), z, — il and only if

“there is au index N such thal z, = z foralln > N.

N 9 In the metrie apace % of Krample §, 1, — 2 moans :___.__ ;S/

J.rl\.

Vel =% 0V?

m§s e s, sl » | \Fo %

I.:«ml Spaces 39 |\r‘

3. In the metric space @™ (sce Ezample 1), 7, — xil and o::. if:
forench k = 1, -m, the k'th component of z, converges to the .\n.:.
component of z.

4. In the metric space €™, a sequence z, is Cauchy i and only if:
for each k = 1,---,m, the sequence of k'th componenis is a Cauchy
sequence of complex numbers. Deduce that €™ is complete.

m\. Lvery discrete metric space is complete.
6. The metric space & of Ezample § is complete.

) 7. If § is a non-empty sct of points in a metric space <, the follow-
ing conditions on § are equivalent:

(a) 8 is bounded;

.AS given any point z of %, there is a ball centered at = (i.c. there
exists a suitable radiug ¢ > 0) which includes all the points of 8:

(c) there exists n ball containing all the points of . . i

8. In a metric space, the following statements are S:?Em:?

() T — T

(b) each Dall centered at z contlains wll hut finitely many o_, the
terms z,;

(c) ench open ball containing z contains all but finitely many of
the terms z,. . : .

In part (¢}, can one replace “open ball” by “closed hall’'?

§5. METRIC NOTIOIS IN PRE-HILBERT SPACE; HILBERT SPACES

H.mp us translate the general metric space conceplis of the preceding -
scction into pre-Hilbert space terms; the dictionary is Example 4.1:

1. A sequence of veclors x, converges to the Iimif vector x in case
= Ty — x| — 0 as n — oo; that is, given any ¢ > 0, there is an
index N such that || z, — = || < e whenever n > N. The vector = is
then uniquely ;22.:::2_ by the sequence . chros DI oo,
orT, — rasn — o, orx = limux,, cte. . .

2. A sequence of vectors x, 18 convergent il there exists a vector x
such that z, -+ z. Otherwise, the sequence is divergent,

3. A scquerice of veclors T, is Cauchy in casc || 7 — 2, || — 0 asg
n,n - o; that is, given any € > 0, there ia an index N such that,
Il 2w — xa || < € whenever mun > N. Lvery convergent sequenee is

"Cauchy; the converse fnils (sce % xamples 4.7 and /.8).

z(t) uniformly for L in [a,b]. : . ﬁ\
\ , “ | .b
: : o A a.r..x“\
* </ N I
. . .().,—J:u.\..... 'y =

i
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The Hilbert space 3¢ of :c.ﬁ.::eo_w Square-summable sequences is
denoted 12 | R

We resume the discussion of general pre-ITithert snaces by noting
some propertics of Cauchy and convergenl sequences of vectors:

Infroduction to Hilber! Space

Lemma. Every Cauchy sequence is bounded.

Proof. : . -
Given a Cauchy sequence 2, let Nbe an index such that || z, — 2. ||

"<l whenevermpn > N 1 2 > N, |[[z. || = || (za —z§) tan| <
Nz =zl + vl < 1 + ll zw ||. Thus, if A is the largest of
the numbers 1 + [z |l z¢ [l 22 ll,-««,]| 231 [, one has || z, [|. <
Af forall n. | _

Theorem 1. I'n any pre-ililbert space:

,\u\ Fd

(1) Ifzn — zand 3y = y, then (za]y,) — (zlp).
| |

(2) If #4 and y, are Caughy sequences of veclors, then (#alys) is a
Cauchy (hence convergent) seqience of scalars.
i =

Proof. | _ s

(1): For all n, (za|ya) —|(z]9) = (2 = 3|yn = 1) + (z]gn — 1)
+ (7. — z[y). Using the trangle inequality for complex numbers,
and tho Cauchy-Schwarz m_w_o_._:nzg one has |(x.]w.) — (x]y)]| <
hon =2 lya =yl Nl |l yw =yl -+ 2 — 2|l | w]]; clearly
the right hand side — 0 as 1 — oo,

(2): Similarly, [(a|n) + @l < | 7 = 7 | [ 9 = you || +
I 2m [  ¥a = ¥m [l 4 | 72 = o [| [| you || for 21l m and n; since ||z ||
and | ym!|| are bounded by the Lemma, the right side — 0 as

noao:a_.w.m .?.EE uw?hmvml“ mnann..
e S— i
(1) Ifza — z,then || zafll = [ z].

:5?__ Zq || converges.

 cpt g2 o
~ ‘2
_ , _ &Y
) i ¥ - o,

L Fillin the def”_Is in Zzample 7.~ ¥nll-y UgtT )
2. If 9L s n lineur subspace of a pre-UHilbert space @, and 9 con-
tning n ball or n mﬁ:,._...,_ thes) 9T conlains every veeter of o

1/ i :

@

|
i

mmn — o,
Comne
(2) h_.._x_a._ s anaw:-

Exercises

incquality | [zl ~ [y | I< |z ~ y .
&I N 2a || = || = [l; and{(za]2) )

— (z|z), then z, I.MJ

R - <
-7 7. The argument in Ezample 1.7 can be concluded as follows.

Assume to the contrary that there is a vector z — (&) sueh that
Zn — z. Let € = AH.O.O... N .v.. &2 = AOL.O~. * .v_ €3 = AQ.CL.O~. : .Vn. " T
Tor cach k, (z,]ex) — (zler) = A But (zaler) = 1/k for n > k.

Lo <

Deflnition 1. If x and y are vectors in a pre-Ililbert space, one says that
z 13 orthogonal (or “perpendicular’) to y in case (xly) = 0. Notation:
z Ly

§6. ORTHOGONAL VECTORS, ORTHONORMAL VECTORS

Suggested verbalization of z L y:"“z perp 4.” The relation of ortho-
.gonality is symmetric: if z | Y, theny L z; this results from (y|z) =
(zly* Iz 1z, necessarily x = 0. Bvery vector t jg orthogonal to o,

Theorem 1. If z 15 orthogonal to each of Yir®*\Yny then z-13 orthogonal
{0 every incar combination of the y,.

Proof. :
Ifz L yaforallk, andy = Mu“_ Mk, then (z]y) = M“_ At (x|yy) =
2 M0=0. |

Definition 2. A set § of vectors 1s said 1o be orthogonal in case z | y
whenever £ and y are distinet veclors in S. A sequence (finile or in finile)
of veclors z, 13 called an orthogonal sequence if Ty Lz whenever
j#k . :

Examplos .

1. Let. AtAz,Aa,- -+ be any sequence of scalars, In the pre-1lilbert
space of finitely non-zero sequences, define x; = (A,,0,0,- - ), 19 =
0X,0,--4), 3 = (0,023,0,---),- - -. Then, z, is-an orthogonal se-
quence of vectors. . _

2. In the unitary E:.SQ @, the vectors 7, =
T3 = (2,—2,1) aro orthogonal. Incidentally, || z, || =

Q.w.wv_ Ty = AML.INV_
3forall k. -

§

I §é Hiibert Spaces 43
3. In a metric space, every Cauchy sequence is bounded. , -t
/ 4. If . — ¢ and y; is bounded, then (znlya) — 0. Xw — X
, fr =0 s . h VN = ® / ~—~
5. Anotber proofl of the Corollary to Theorem I results from’the

W e\ o

VED) o Sl

|
|
1
\J
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Proof. : .
If Ay,---,An are :1,:;.:__3‘ complex numbers, I M_ My |2 =

M”_ | Az P = M\,“.._y»_m by Theorem 2; ealculating as in the proof of

Theorem 3.4, ; ;
lo= S ? = (= 1F = () Mmala)
— (=] 227 Mema) + I o

S E1 D i WEERY
el C= ﬂM,\“. (zlrdre™® + M“. Aphe*
| %
= l=lf = Zyl@led - 201 lm) = el

In parlicular, setling Ax = (x| zx), this reduces Lo the relation (1); the
inequality (2) follows al onte. i

i
Corollary. If z,T2,1q,-+- 15 an 35353:& sequence, then for any
_. :

D M [T PN TR T & |

In particular, (x|xx) — Qask — o,

vector 1,

Proof.
Bessel’s ingquality holds

./
for each n:

1
]
i

Remarks h

I. From the proof of Theorem 3, it is clear that the choice Ax J
SR ; n. o .

= (z|x) minimizes ||z M& Aeze ||, and thus Eoimnm a “best

approximation” of = by a linear combination of #y,- - -,7.. Morcover,

only onc sel of coeflicients gives best approximation, namely Ag

= (r]7). Nofe that if .w> m, then in the best approximation by

Tq,e 7w, Uhe first m corMigients are precisely Lhose required for best
4 b

. - Y«
2 /Notalion asin Theorem 3. Iet y = M_ (z]2x)re and z.= 2 — 7.
Clearly (z]zx) = 0 for all &, hence (z]y) = 0. Thus, onc has a decom-

. whera 'y ia a linear combination of xy,+« -, 7y, and

":._m.:_ma._anu:_,:
o » 10wy for all ko Siih o detomposition is ensily seen lo be unique.:

-

appraximation by -« 7.
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. 3. wﬁ."mmo__a incquality for n = 1 ig essentially the O::n__..f-mo::.p_.s
inequality; see the proof of Theorem 3.4. :

\h.. If yp —+ 0, Lhen (z ‘.SL = (2]0) = 0 for cach vector v, by Theorem
6.1. The converse of this proposition fails; for, with notation as in the
above Corollary, (z|zx) — 0 for each z, although ||z, || = I precludes
I — 4. ” .

Example 9. Notation as in Erample 6. The scalars A, = (x]w)
Qn = rm.u,. ) and px = (z]o) (k = 0,1,2,3;- --) are called the Four-
ter coefficients of the function z. By the above Corollary,

2o+ M_m_f_u m%a [z(0) |2 de.

[Tt can be shown that the sum is actually equal to the integral.] |

Tivery orthonormal sequence of vectors is linearly independent, by
the Corollary of Theorem £. On the other hand, there is & systematic

- t . . .
procedure for “orthonormalizing” any lincarly independent sequence!

Theorem 4. (Gram-Schmidl orthonormalization procedure) If yy,10
Ya, ++ 18 @ sequence of linearly independent veclors in a waa.i".&.mwm
.Space, there exisls an orthonormal sequence Ty, E9,%3,0 v+ such lhal
(@137 %] = (Y1, 3¢n) for all n (that is, zq,- - -z, generale the same
linear subspace as yy,-++ 4.

Proof.

The veclors z, will be defined inductively, Let z, = lys ™'y,
Assume .E::ntcn_w that orthonormal veetors #y,- - +,7,_, are :_Saaw.
defined, in such a way that [z, - -,z¢] = [y,,- - Sylfork=1,...n—1.
The desired veclor z, must be a lincar combination of Yiy***Yn, OF.-
cquivalently of zy,«++ 201,73 moreover, it must be orthogonal to-

each of xy,-- ._ﬂal_. Guided by Remark 2 following Phcorem 3, set
z2=ya— 2o (Ual2e)zs; then, z is orthogonal Lo zy,-«-,2,_,.
Define 7, = || z||™'z; this is permissible, since 2z = 0 would imply
that y, s a .:_._mw:. combination of H_..ut.a.k?hblm_m.xmm.mﬁlsr.l..rwfl?
conlrary {o .m:.o independence of the y's. The reader ean easily verify

that every linear combination of Zy, v+, s I8 also a linear combination
of 91,+ + *,¥n, and vice versa. | g

-Q‘ - ] .
Phe Gram-Schmidl, pracedure applics equully well to a finite
equence yy, - -+, ya ol independent, vectors, and leads to orthonormal
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50 Iniraduction to Hifbert Space H §7

— .
-Theorem 2. Let z, be an orthonormal sequence of veclors in a Hilbert

.ﬁan..n. .m.:.unamau M_w >w§n:mcn a_a.EmEe §§a %.:.8 &_3&-
orem I. Then: . [ _

(1) (=ly) = MMQ Mu*, the series converging absolulely. ‘
@ [l =r “ .

@) Dzl =TIl = 207 (2] 2 2

|

Proof. . o ,
(1): H&n Sn HMUM_ AT _“E:_ L MM_ pxzy. By definition, s, — =
and I, — y, hence (snlts); = (z|y) by Theorem 5.1. Since (3p]ta) =
Mk.._nl_ Nur*(zilxe) = 27 Memi*, one has (z|y) = 2o y»w:"*. Re-
placing (Ax) by ([M:]), and (ux) by (Juel), it is elear that the conver-
gence i8 absolutle (sce nlso Fxample 6.1). =

(2): Thisis a special m.:mo, of (1), with g = Land g; = Oforallj = k.

@): Takey = zin (1)." |

i Exercises

1. fz,i5an orthogonal sequence of veclors in & pre-ITilbert space,
such that Mw || zx ||* < <, then the sequence y, = M_ Ty iS OEE:%.

What if 357 [z f| < w?

2. Let z, be o m_oa:osmo of (not necessarily orthogonal) vectors
in o pre-1liibert space, such that MMQ | zx | < . Then the sequence
Un = M“_ 7y is Cauchy. S__ozaa_ in ITilbert space, 2.7 zx exists.

i w . o _
3. If 2, is an orthonormal sequence, and 37 Az exists in the sense

of Defintlion I, :onommpl_.,.__. Mw_y»_& < o,
4. Give an example of{n sequence r, such that Mw Iz [|* < oo,

; n i
but for which the sequende y, = Mh zx 18 not Cauchy.

5.y = MU.“, ¥x, nnd 4_ L yx lorall &, then 2 L y.

6. (Generalized Pythagorean relation) Tet z, be an orthogonal se-
quence in Hilbert space,|such that M_ | zx || < =, and form the
) il 30 =i 1
veelor 2 e M._a xy necording Lo Mvercise 1. Then | .,__w = 20 a1

it
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7. Suppose , is an orthonormal sequence in a pre-Ililbert rpace,
and = 8 n veclor such that |z |2 = 20l @lm P Then z =

PINNCIENE

8. Il yi,ya,y3,- - - i3 a sequence of vectors in a Hilbertapace 3¢, such
that every vectoioz is a linear combination of finitely many yx, then
3¢ is necessarily finite-dimensional. .

§8. TOTAL SETS, SEPARABLE HILBERT SPACES,
'ORTHONORMAL BASES .

Suppose z, is an orthonormal sequence of vectors in a Hilbert space.
Given any veetor z, the scalars A, = (z]xx) satisly 20 < o,
by the Corollary of Theorem. 6.3. According to Theorem 7.1, one can
form the veelor y = M“o Az, and by Theorem 7.2, (r]xe) = Ay =
(z]zx) Tor all k. When can .one conclude that y = =7 In.any case,
(v — z|zx) = (y]7) — (z]x2) = O forall L. Thus, one could conclucdn
¥ = z if the veetors zx had the following property: the only vector z
which is orthogonal to every z; is the vector 2z = 8. This leads Lo the
following definitions:

Definition_1. A set'S of veclors in a pre-Iilbert space ® 1s said to be
Yotal in case the only vector 2 of ® which 1s orthogonal to every vector of
§ 15 the veclor z = 0. A sequence (finile or infinite) of veclors x, is called

a total sequence in case: if z |z, Jor all k, necessarily z = 9.

Examples

1. In any pre-1lilbert gpace @, @ is itself a total set of veclora, Tor,
if 2 1z for every veétor T, in particular z 1 2.

2. I 8 is any system of generators (Definition 1.5.4) for the pre-
Iilbert space @, § is total. For, if z is orthogonal to every vector in §,
it is orthogonal to every linear combinatjon of veclors in §; in purtic-
ular, z 1. 2.

3. In the IMilbert space 12 (or in the pre-ilbert space. of fnitely
non-zero sequences), the sequence of vectors e = (1,0,0,-+2), e =
0,1,0,-+4), e5 = O.0,1,0,-+4), <~ i total. So is (he sequence T, =

:.C.C....v. Iy == A—L.C... .v_ T3 = :._L“C_. .W,N.?f.l;\.tm,.u ./_. -

S -~ y vy -
—-—ey -t ' f.a... \\.QP‘ e, - .ﬂ.ll.i.ll., oy
W Tt ! '3 (_..W VYD Z S .»....a.nl\l.\_
W VLN D o AT A
Laad o & Mt e —
o P B
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54 Introduction to Hilbert Space n §g

There is another [requently used definilion of “separable” Ifilbert
space, equivalent {o the one given in Definition 3; this material is
sketched in Bxercises 3—0.

i Exercises

. 1. In the pre- :_:5; spnce of finitely non- 7610 sequences £ = (A:),
let S be the set of all i;éowm z such that 27 (1/k)A\r = 0. Then § is
a Sni set (actually a ::Q:. subspace).

2. It a pre-Hilberi mmann @ possesses a finite total set zyq," ++,zp,
then @ s m_._:?&_.:o:mmc:p_ (hence is a ITilbert space). An independ-
ent mnn Y1, **\¥n is & bagis if and only if it is total.

3. A metric space is .,.,“E_ to be separable if it coninins a sequence =,
with Lhe following _:.ch.G‘ given any point z in the spaee, there is a
mcvmoa:a:qc Tn, converging to z. Such n sequence =, is called a dense
mo@:od_.d. Show that iliz, is a dense sequence in a Ililbert space d¢,
then &, is a tolal aequerice, hence 3¢ is 8 separable Iilbert space in the
sense; of Definition 3. |

*4. b. J¢ is & Hilbert mwmca of ?:8 dimension 7, and zi,---,z, is
an 9.2539.52 basis, then the .vectors of Yhe form z = M. YETE,

where the .«» "re Oﬁ_mm_pn rational (sce 9:55. I, §8), can be
enumerated in= maa__a___qa_ and this sequenco is dense. a hus, 4C is a
separable metric space u: the sense of Ezercise 8: [The sophisticated
point is the eny imeratioh. ]

_ ;
*5. mcssomo w.. isnn ::;::,o dimensional ITilbert space, separable in

the sense of Definition _.w Then JC is n separable melric space in the
sense of Bzercise 8. | ;
*6. Verily' Example 4.: . .
*7. It can be shown :._::w every Hilbert space contains a total ortho-
normal set 3; such a set is called an orlhonormal basis for the space.

_Hmoﬁcﬂoa,mnﬂpwzc_. J.a vommmgnronE:sm;Sumupmna:nnn?u

_.
|
)
;
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§9. ISOMORPHIC HILBERT SPACES; Q.>mm_n_>_.
HILBERT SPACE

Deflnition 1. A Ililhert space 3C 15 said to he isomorphic with a IHilhert
space X if there exisls a funcltion T which assigns, fa cach veclor = in 1C,
onc and only one vector Tz tn X, in such a way thal the following con-

dilions hold: )
(i) If z and y are veclors of 3C such that £ #= y, then Tz < Ty
(i) Ifzis any veclor in X, there ts a veclor z in 3¢ such that T'z = z.
i) T(z+y) =Tx+ Ty, foralzx E&. ¥ 1n JC.
(iv) T@Azx) = X7z), for all z in 3C, and all scalars \.
) (Tz|Ty) = (z|y), for all x and y in JC.
Such a function T 13 called a Hilbert space ._uo_.:o:grmmi of Jc onto X.

. Isomorphic Hilbert spaces are in a sense "equal,’” for an isomor-
phism 7' distinguishes between.distinct points, and “preserves’ sums,
scalar mulliples, and scalar products. One can think of X as being

“essentinlly the space J€ with a “tag” T altached to cach veclor z.

Two Ltypes of separable IHilbert spaces were noted in Examples 8.6
and 8.7: (1) for each n, the unitary space €"'is a separable Iilbert
space, and (2) the Hilbert space i is separable. Up Lo isomorphism,
these are the only separable Ililbert spaces:

Theorem 1. Lel 3¢ be a separable Hilberi space:
(1) IS 3C has finite dimension n, 1t 1s tsomorphic with €".

(2) If 3¢ is infinile-dimensional, 1l is isomorphic with [°.

Proof.
Let us show (2); the proof of (1) 1s much simpler, and is left to the
reader. ’ )

Suppose ¢ i3 infinile-dimensional and sepidrable. An isomorphisim 7'
of 3¢ onto 12 will be construcled. By Theorem. 8.3, iC has an orthonormal

basis .. _
Given any veclor z in J¢; the problem is to define 7'z in I°. By the

Corallary of Theerem 6.8, 3 7| (z[z:)|* < =, hence we may define
Tx = ((x]xx)); that is, Tx is the sequence whose &' Lerim is (x]3).
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X, Y conifatns X, Y is a .,,.553& of . Notations: € < Y, or Y DX,
For example, if @ isthe seb of all real numbers, and $ is the st of real
numbers in the interval [a,b], then $.C @t.
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2.. 10 both & € Y and Y € =, the sots ¢ and Y are said to be equal.
This menans: =z € «if and only if z € Y. Notation: ¢ = %. For ex-
ample, if % is the sei of all real numbers >0, and % is the sct of all
real nunbers which can be expressed as the square of a real number,

then o = 9. i

3. ﬁoo,,;R. be a sei, and m“:EVOmo that for each z € ¢ there is given
statement involvinir 2 (denoted, sny, by s(z)), which may or may
not be true. The symbol | :

" 1z € @)
slands ﬁo_ﬁ the sel, of all = € € for which s(z) is true. TFor example, if
@ is the set of all real numbers, and § is the interval [a,b], then

8= _HMB..aMHMS.

4. A set C is empiy if it has no members (that is, the relation
z € X daces not, hold for any ). Otherwise, X is said to be non-cmpty.
The ..%::,,Ew & denoles an cmpty set. For example,

| . .

‘ ,.RHMS”AVNEEHIA.:H\Q.\

" [rC a2z’ <0) = g&.

5. The 'set whose only ic:::; i8 © is dennted {z]. The set whose

only nwnﬁ_m:ﬁ are zj,++-,;¥n (not necessarily distinet) is denoted
[z, .‘.Hﬁ. Thus, x €{xy, -+, .} if and only if z = 7t for some k.

- i + Exercises
LI %, Z are scts, |
() xcx;

T cyand &__ C Z, then X C Z;
(iii) % = Y if and ouly if both & € Y and Y < .
2. I 2, Y, Z are sels, _
() « = :
L) X = q:m,.____:o: Y = o; :

if 2 =tjand Y = Z, then X = 7.
i :

Y e
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m §2

3. I o¢ and 9 are hoth emply scls, then & =-. "Thus one can

speak of the emply set.

. .§2. ANNIHILATORS

Definition 1. Let 8 be a subscl of a pre-Iltlbert space @. A veclor = € &
=75 said lo be orthogonal (o § tn case = | s for ull s ¢ S; nolalion:
x 1 8. The st of all such vectors z 1s called the annihilator of S, and 1s

denoled $*. Thus: .

m..."?ﬂudwa._wv"o forall sé€s).

Examples

1. Recall that [0} is the set whose only element is the veetor 0.
Then, @+ = {8}. In fact, a subsel S is tolal if and only if s+ = {0}.

2. Clearly {0} * = o.

3. The convention is that @+ = @, where & is the empty subsct, of
. @. The rationalization for this is as follows: given any vector z € @,
one has (z|s) = 0 whenever s € & (which is never).

\Mrm.o_.m_: 1. If 8 is any subset of a pre-IHilbert space @, then 8t 13 a
Tinear subspace of ®. Morcover, if z, € 8™ for alln,z C @, andz, — z,
then x emw\_. - ceedlbdi A R < i

Proof. :
Clearly 0 € s*, and $* is a lincar subspace by Theorem JT.6.1.
Suppose z, L § for all n, and z, — z. Tor any s € 5, (z|s) = lim

(znls) by Theorem I1.6.1; since (za]5) = 0 for all n, (z]s) = 0. I

Definition 2. Lel § be a subsel of a melric space X. A poinl z € X 15
said o be adherent lo & tn case fherc exisis a sequence s, € 8§ such that

— I.

In partlicular, il S isa subset of a pre-ITilbert space @, a veclorz € @
is adherent to 8 if and only if there is a sequence s, € 8 such thal
lsn —z]] > 0asn— e,

Definition 3. Lel X be a mefric space, S < X. § 15 said lo be @ closed

subset of 0 if 1l containg every point adherent to 1t I'hal is, the relations
S 8, TC X, 5 — T, imply z € 8. '
- ﬂ—.q e .J
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