CH3 : Limits , Continuity and Differentiation
$3.1 : Limits and Continuity

Remark 3.1.1: If the values of a function y = f(x) can be made as close

as
we like to a fixed number L by taking x closeto x, ( but not equalto x,)
we saythat L isthelimitof f as x approaches x, , and we write it

as

lim f(x) =L

X—Xg

Also we can say that the limit of f as x approaches x, equals L.

Deﬁnitiqn 3.1.2:

Let f be a function defined ontheset (xo—p.x) U (X, % +p), with
p>0 .Then

lim f(x) =L

x~=+Xg

iff foreach &> 0 thereexistsa & >0 such that
f O<iz~x| € ¢ then [f(xX)— L] < & .

Theorem 1 :

1) Mm x= x
X—Xg

2) lim k=k

0 x—*Xq

" Theorem 2: If lim f(x)=1L, and lilil g(x) =1L, , then
X—Xg

X—Xg

D fm [f@+g00]= Li+ L

2) lim [f)—g()]= Li— L,

3) lim [f(x) . gx)]= Ly . Ly
4) lim [k.fx)]=k.L
5)  lim e o if Ly#0

x—=xy  g(x) L,



3y

Example 3.1.3 : Find each of the following :

1. dim 7
x—»—2
2 lim x(3 -x)
x—1
3. lim (x*+2x—1)
x-=3
4 lim o
; xi—¥z x%—8x+6
. xPagy
5 lim
x—0 X
Solution :
Lt 2= 7
Kb :

2. im x(B3-x)= 1(3-1)=2

¥—+1 i

(22 +2x-1)=3)2+2(3) -1 = 9+6-1=14

3. lim
x—3
; x—2 _ X — 2 1 1
4, lim ————— = |im = |i - -
=2 x2—5x+6 x-z2 (x—3)(x~2) l'f.‘f% (x-3) 2-3 ’
kB x(x =5
5. i = M (—-)—:lim (x=5)= 0-5 = -5
x—0 X X0 X X—s0 .
Theorem 3 :
L RiIDX
1) lim - =
X—0 X
1 — cos.
X—0 x

Example 3.1.4 : Find each of the following :

. sin4x
1. lim —

x-0 sin 5x

: 3x
2 lim

x—0 sin 2x




. taRX
3. iim —
x-—0 e
Solution :
sin4x
- sindx W,y 4
1. lim — g Q] il e
. x=el Sin 5% =0 ¢ sin 5x 5
: e
; 3x , 3x 3
2. Iim — =lm ———— = =
x—0 sin2Z2x  x—0 5 sin 2x 2
e
R sinx 2 ¢ 15 4
; 7 S Sy _ sinx ' , sinx
3. lim — = Ilim .xsx = i ( .——)‘ = lim ( 2 )
=0 X x>0 T x—»0 \COSX X x—0 : oS X
=1 %71 Teed

Exercise 3.1.5: Find _ééch of the following :
oot - T CRER :
1. "M ——
=0 X+ Ssinx

2. Wm (1T cos ’lc}

X—reo
5 e sin 2x
? x—';v'l} sz. - x
tan 2
i
y—0 3}’
4
5. lim %

y—+00 }’4—-73!3-1-3}’24-9

Definition 3.1.6 : A function f(x) is said to be continuous at x, if

1) f isdefinedat x, (ie f(x)=L where L €R).

2) lim f(x) exists
X=—Xp

3) Jlim flx)}=f(xo) =L




&

| . : bkl x? =1

Is f continuousat x=1.

S-oiution':
1) L ye=t

1 = ki 2 — iz T
2) lim f(x)= lim x

Jim, f@) = lim (3-2x)= 3-2(1) =1
: : - T B
since xlg};._ fix) Jim, f(x)

Therefore 111111 f(x) exists and }:Ln% flz)= 1
3) lim f(x)=1=f(1)

Therefore f is continuous at x =1

el dfx < ~2
-2 if x=-2

Example 3.1.8 ; Let f(x) .={
Is f continuous at x = —2 .

Solution :
1) f(-2)=(-2)*-2=4-2=2

2) lm f() = lim @x+1)= 2(-2)+1 = ~4+1 = -3
x—(—2) . e

lim f(x)=x_}%§é)+(xzf2)ﬁ(--2)2-.2:4-—2:2

x—s(=2)t
since x_&x_n@ﬂ f(x) = ¢ —I%I—%}* f(x) |
. Therefore 3 iifnz) f(x) does not exists

Thus f is not continuous at x = —2 .
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Exercise 3.1.9 :
x?-2x-8

Let f(x) :{ e e
-3 if x=-2

Is f. continuous at x = —2.

33 =z thferenttatlon

Deflmtlon of Derwatwe Rules of Differentiation

Definition 3.2.1: _
Let y= f(x) be afunction and let the variable x receive a certain
increment Ax. Then the function y will receive a certain increment
A y. Thus for the value of x we have y= f(x) and for the value of
x+Ax ,wehave y+Ay=f(x+Ax).

Thus the increment Ay is given by :
Ay=f(x+Ax)= f(x)

Remark 3.2.2 : A is an abbreviation of difference (in x, y ) and is not
a factor. . 5 "

Forming the ratio of the increment of the function y to the increment
of the variable x , we get

Ay _ fx+Ax) - f(x)
Ax Ax

" is called the average rate of change of the function y = f(x) with

_ ¢ Ay
respect to the variable x . ZZV— is also called the difference quotient
X = .

of the function y= f(x) . If the limit of this ratio as Ax approaches
zero exists, that is el i
i 2L~ i f(x+Ax)- f(x)

dx-0 A x ax—m Ax

exist, then the function is called differentiable and the limit (lim _El)
X-+ x

is called the first derivative of the function y= f(x) with respectto




