CH4 : Integration
S4.1 : The Indefinite Integral

Definition : Afunchon F(x) is anti-derivative of a function f(x) with

. respectto x i — F(x) = f(x) forall x inthe domainof f. The set
of all anti denvahves of f is the indefinite integral of f with respectfo x
,denoted by [f(x)dx ie [fGydx=F(x)+c.

The symbol | is an integral sign .
The function £ is the integrand of the integral and x is the variable of
the integration .

Example 4.1.4: [ 3x?dx=x3+c.

Integral Formulas :
i it = 3
et d?~,n41+c.n¢ 1,n rational

fdu= fidu = u+c (specialcase)
2) [sinudu=—cosu+tc
3) [coswdu=sinu+tc = =
4) [sec’udu=tanutc s
5) fesc?u du=—cotutc 1
6) fsecu tanu du=secutc
7) fcscu cotu du=—cscu +c
8) [du=Injul+c
9) fe*du=e*+c

ia) j’a"du=£+c e >0




$4.2 ; The Definite Integral
_Definition : If f is a continuous at every point of fa,b] andif Fis
any anti-derivative of f on [a,b], then

fPfG)dx = F(b)~F(a)

is called the definite integral .

Example 4.2.1 : Evaluate the integral [;(x* +2x +9) dx

[§+x2 +'§x]i

Solution : J':( 2B +2x+9)dx

i

(Z2+16+36)~ (3+1+9)

116 — 1025 = 1065.75

it

 “Example 4.2.2 ; Evaluate Jz sinx dx

T et
Solution: [Zsinx dx = [—cosx]j = 0-(-1) =1

How to. Find the Area :

To find the area between the graph of y = f(x) and the x —axis over
the interval [a,b] we should follow the following steps :

Step 1 : Partition [a."b], with the zeros of f .

Step 2 : Integrate f over each subinterval . L 5 wokt
Step 3 : Add the absolute values of the Integrals . 3
Example 4.2.3 : Find the total area of the region between the curve

y = x2+2x andthe x —axis over the interval [-3.4] .

Solution: x*4+2x =0 = x(x+2) =0

= x=0 or x =-2

- thearea = ]j_';(xl+2x)dx]+|jf2(x2+zx)dxl+lj:( x®+2x) d

-l iz i<




il

|(-5+4)- (-F+o)|+|0+0- (5+4)]

+ |(%+16)—(o+0)[

4 , 112 120
+ 2422 = — =40 .
e 3
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Exaingled.Z.d : Find the total area of the region between the curve
3y = 2% — 4x% + 3x andthe x —axis over the interval [0,2] .

Solution: x*—4x2+3x = 0 = x(x*—4x+3)=0
= x(x—-1)(x~3)=0= x=0 (neglected) or x=1

or x =3 (neglected)

+ thearea = “01( 23 = 4x? +3x) d_x| + “;2( x*—4x% +3x) dxl

4 3 21t e 212
= {i-i‘..ﬁi’] '+J{x__4_+z] f
%3l 2p e S T

G- 3+3)- ol (-2 )= -3+

e fsqsns ‘ - |4a-1zs+72_ 3—~15+18!
12 12 12
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How to Find the Area Between Two Curves over an Interval [a.bi:

To find the area between the two curves  f(x) and g(x) overthe
interval {a,b] we should follow the foflowing steps :

Step 1 : Partifion [a,b] with the zerosof f—g .
Step 2 : Integrate f—g over each subinterval .
Step 3 : Add the absolute values of the Integrals .

Example 4.2.5 : Find the total area of the region between the two curves
f(x) =x% and g(x) =2x overthe interval [-1,2] .

__Solytion : f(x)—glx)=x*—2x =0 = x(x-2) =0
x=0 or x=2 (neglected)




% the areq = |[_°lg -2z Ydx| | 2~ 2x Y a]
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How to Find the Area Between Two Curves :

To find the area between the two curves  f(x) and g(x) we should
follow the following steps :

Step 1: Findthe zeros of f —g ,and letthembe a and b .
Step 2 *Integrate # —g over the interval ‘{2, b].

Step 3 : Find the absolute value of the Integration found instep2 .

Example 4.2.6 : Find the area of the region encfosed by the parabota
y=x2>—2 and the line y=x .

Solution : f(x)—g(x) =(x2—2)-x =0 = 2*-2-x=0

= (x—2)(x+1) =0 = x=2 or-x=-1 .-

- thearea = [[_’1( x2—2-x )dx|
|55 -2l
Ho-t-a)1 el

l 8-6-12  ~2-3+12 ‘
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Example 4.2.7 : Find the fofal area of the region enclosed by the parabola
fx)=x* and the line g(x)=2x .
~ Solution: f()—g(x) =x2-2x =0 = x(x~2) =0
< = =0 or x=2




- thearea = I j':( 2 —2x )dxl
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Rules for definite Integrals

1) Order of integration :
JEredr =]} f(x) dx
2) Zero integration :
[ffeyar=o
3) Constant multiple :
[P kfde =k fG)dx V k€ R, and thus
[:—f(x)dx=—f:f(x)dx Vfor k= -1 ..

LR £ 9@ dx = [LF0dx £ [ g dx

5) Additively :
PP Fedx + [ dx = [{fCIdx

Example 4.2.8 : Suppose that
L f@de=4 , [f@dx=-3 and [ h@)dx = 6. Find

) [ fG)dx

2) [ (2F0)+5h(x))dx




3 5
4 [ (3FG)—2h(x))dx
Solution :

D LF = -f; f@de = (-3 =3 .

Dl (Zf(x)+5h(x))dx 15 2fG)dx + [ 5h)dx
= zf flxydx + sf h(x)dx
) =.2('4)+5(6)=8+30=38 :
9 @ = [ fede+ [ fe)dx
—4t(E3)=1.
-4, L,(Bf(x) ~2h(0))dx = {1 3f()dx - [ 2hx)dx

3[ f(x)dx—zj h(x) dx

it

3(4)~2(6)=12-12=0 .

it

Exercise 4.2.9 : Evaluate the following integrals :
D [5(2x+5)dx

2) {2 +VE)dx

3) j:(1+cosx)dx
©

4) [% (8y*+siny)dy
2z

iz
_»_5) ‘jz Sk




