3-Nil Radical Ideal
Definition:- (Nil Radical) L3l asna

Let (I,+, . )be an ideal of the ring (R, +, . ) . Then the nil radical of
ideal I denoted by VI ,and is defined by:

VI ={reR:r"€l,forsomen € Z,}.

(ie),ifreVI & r"€l,forsomen€ Z,

Example: Show that VI ={r€ R:r + 1 is nilpotent in R/I}
Sol.:v1I ={reR:r"€l,forsomen € Z*}
={reR:r"+1=1,forsomen € Z*}
={reR: (r+ )" =1, forsomen € Z*}

={re€ R: r +1 isnilpotent in R/I}

Remark :-

(1) If ((n) ,+,.) is a principal ideal of the ring (Z, +,.) ,n > 1, such
that n = P1k1 : szz ........ Prkr , where P, ,P,, .., P. are distinct
prime number and k; ,k,....... , k. .Then

(2) /(P) =(P), where P is a prime number .

Example :- Inaringof (Z,+,.), find
1 Ja2)
2 J3B6
3 J®
@ Jan



Solution(1) :- To find \/(12) ?

+12=4.3=2.2.3=223

= .J(12) = /(22.3) =(23)=(6) = {0, +6,+12,+18, ...}
Solution(2) :- To find +/(36) ?

+36=4-9=2.2.3.3=22%.32

= ./(36) = /(22.32) =(23)=(6)={0, +6,+12,+18, ...}

Solution(3) :- To find 1/ (8) ?

v 8=24=23=/(8) = /(2%)=(2) = {0, 42 +4,16,..}

Solution (4):- To find +/(17) ?

17 is a prime number

Theorem (2-20):- If (I,4,.)is an ideal of the ring (R, +,.) . Then
1- 1T .
2- (WV1,+,.) isanideal of aring R is called nil radical ideal .

Proof(1):-
w2d\(1,4, . )is an ideal of the ring (R, +, .)

<TP. 1cVI>?
Leta €1

= a.a.a..a €l (sincelisanideal ofR )
—_—
n—times

=a"€el =acVI

S R=2vAT



Proof(2):-

T.P. , (\/T ,+,.) isanideal of aring R

@ Leta,b € VT <T-P,a-beI >

va €VI = a™ €1, for some me Z*

+b €vJ1I = b" e, forsomene Z?*

Since,lis an ideal of R

= a™ -b" €l

= (a—b)™™M el (by Theorem, a™ — b™ = (a — b)™*" )
= a—-beVI ( by definition of nil radical of ideal I )
(i) Letr e R anda € VT

~a"€l ,forsome ne€Z,

1 €R ,since Risaring

= r.r.r..T€ER = r"€eR
| —
n—times

= a".r" €l and r".a" €l (lisanideal)
= (a.r)" €1 and (r.a)" €1
=ar€+vI and raeVI1

Therefore (\/T ,+,.) isanideal of R.



Theorem(2-21):-

If (I+,.)and (J,+,.)are two ideals of the ring (R, +,.) . Then
1- VVI =T
2- JIn] =1 n,]

3-If IXc ] ,forsomek € Z, . Then \/I—Q\/T ( H-W «aly)

Proof (1) :- O VVI VT

<T-P,\/\/T_=\/I_>/
\(ii)x/l—gﬁ

O< TP, VVI VI >?

Letr € W

=1 eI , for some n € Z* (' by def. nil radical of ideal )
= @M el , for some m € Z* ( by def. nil radical of ideal )
=M e (sincen,m€Z* = n.meZ")

= r €1 by( def. nil radical of ideal)

— JVT T .

()< T-P VI VI >?

By Th.(2-20)step-2-

= /1 isanideal of the ring R

Also, by using Th.(2-20)step-1- we get

= T eV

Therefore, by (i) and (ii) we get \/F =1 .C



Proof(2):- < T-P,\/In] =+vI nJ] >
(ie) T-P ) IN] VI ny]

i Vi ny] €in]
(i) < First, T-P \/In] VI n/] >?
Let re /In]

=r"eln] , forsomen €Z* (by def. nil radical of ideal )

=r"€l and r" €]

= re+I and re\/]_ ( by def. nil radical of ideal )
=revi nJ

Thus,/In] €I n,/]

(ii) < Now, T-P, VI n /] c,/In] >?
Let I’ € VI n/]

= r'€VI and r' €[]

=r1r'"el and r'" €] (for some m,n € Z%)
“I,JSR =r" " erR

M el andr'™ € R and since I is an ideal of R

m n m-+n
=r".r el =r €l x

Also, r'" €] and r'™ € R and since ] is an ideal of R

ym-+n

=r"rej=r €] -oxx

rm+n

~ by * and** we get =r eln] =re\in]

AT ny] €in]
Therefore, by i, ii we get /I N] =\/I—n\/]_.m



Example :- In aring of (Z,+,.) . Find

1- [\/(18) 2- \/(36) N (3)
3- [J/B2) n J(6) 4-\/\/(40)n(10) (=213)

Solution(1 ):- To find ’,/(18) ?

\/(18) = \/(18) (byth. (2-21)step-1- \/\/? =1)

And, since 18= 2.9=2.3.3=2.32

= [\/(18) = /(18) = /(2.3%2) =(2.3)=(6)={0, +6,+12,...}

Solution(2):- <Tofind /(36)N(3) >?
By Th.(2-21)step-2-/INn] =T n./J
= JB6)NB) =/B6)NJ(3)

+36=6.6=2.3.2.3=22% 32

=/ (36) = (22.32) =(2.3)=(6) = {0,1£6, %12, ...}
And,
= J(3) =) ={0, +3,+86,...}

= JB6ONE) =/B6)NnJB) =(6)n@A3)

= {0, 46 ,+12,.}n{0, 43,16, ...}

={0,+6 ,+12,..}=(6)



Solution(3): To find [/(32) N /(6) ?

By (Th. (2-21)step-1-) = JVI =+ = [J/3B2) =/(32)

+32=28.4=22.222=2°

= /(32) = /(25 = (2) = {0, +2, +4,+6, ...}

w6=2.3

= /(6) =/(23)=(2.3)=(6) = {0,16, %12 ...}

= [J/B2) n /(6)=/3B2) n /(6)=(2)n(6)

={0,+6,+12 ... }.



Definition:- ( Primary Ideal =yl JUd) )

An ideal (I,+, . ) of the ring (R, 4+, .) is called Primary ideal if
Va,b € R suchthat a.b €1, implies that ifa ¢ I, then b™ €] or if
b &1 then a" €l ,forsomen € Z,

Proposition:- Every prime ideal is a primary ideal , but is not
converse .

Proof:- Let (I,+,.) be a prime ideal of the ring (R,+, .)
< T-P,lis a primary ideal >?

o= Al (o« (I,+,.) be a prime ideal of the ring (R,+, .)

= Va,beR S.t,a.bel andif a¢l = bel.

= b.b...... b €1 (sincelisanideal ofR)

Therefore, I is a primary ideal . O

Remark: The converse of above proposition is not true in general.

sl (e G

Example: Give an example of a primary ideal which is not prime ideal.
Solution :-

In aring (Z12, +12, .12 ) an ideal I=(4)={0, 4, 8} is not prime ideal
Since,32,6 € Z;, suchthat 2.,,6=0€ (4),but 2 ¢ (4) and 6 ¢ (4)
But 2 & (4) = 22€ (4) also 23€(4) , where2,3€Z?

Hence, ((4), +12, .12 ) is a primary ideal.



Definition:- ( The Radical of Ideal ) s sl Jadl

The radical ideal of a ring (R, +, .) is denoted by rad.(R) ,where
rad.(R) is the set :

rad.(R) =N { M: M is a maximal ideal of R }.
CRddls 4 elaall Gl JS ol 4 = rad.(R)
Remark :
If R is field , thenrad.(R) = ({0}, +, ).
Example : - Find
-A- rad.(Z;,), rad.(Z;;) ,rad.(Q), rad.(Z,,) , rad.(Zgp)
-B- rad.(Z;,), rad.(Z,9) , rad.(Z,y) (<=5 )

Solution (1):- To find rad.(Z;,)

rad.(Z;;) = N { M: M is a maximal ideal of a ring Z;, }.

* The maximal ideals in Z;, are: 12=2(6)=3(4)
1-((2) ,+12) 12)

2-((3)+12512)

Solution (2):- To find rad.(Z,,) ?

rad.(Z;1) = N { M: M is a maximal ideal of aring Z;, }.
"+ Z41, is a field = the only maximal ideal in Z;4 is ((0) ,+,.)

= rad.(Zy1) = ({0} , +11,11) -

Solution (3):-

To find rad.(Q) ?
rad.(Q) = N { M: M is a maximal ideal of aring Q }.

~“(Q,+,.)isafield =rad.(Q) = ({0}, +,.).
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Solution (4):- To find rad.(Z,g) ?

rad.(Z,9) = N { M: M is a maximal ideal of a ring Z,, } .
* The maximal ideals in Z,, are: 20=2(10)=4(5)
1- ((2) ,+20, 20)

2-((5)+20+20)

Solution (5) :- To find rad.(Z)

rad.(Zgo) = N { M: M is a maximal ideal of a ring Z¢ } .

* The maximal ideals in Zg are: 60= 2.(30)=3.(20)=5.(12)= 6.(10)=4.(15)
1- ((2) '+121 12 )

2-((3)+1212)

3-((5),+,.)

= rad.(Zg9)=(2)n (3)n (5)

=rad.(Z¢)={0,2, 4, ........ ,581n{0,3,6, .....,57 }n{0, 5,10, ....,55}

= rad.(Z¢,)=1{0,30}

Ll (6), (7), (8), (9) Exc.
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Definition: -  (Semi Simple Ring)  darw andiada
Aring (R, +,) is called semi simple ring if rad. (R) = (0)
Example:-

The following rings (Q ,+,.), (R, +,.), (¢, +,.)and (Z ,+p, p)
where p is a prime number are semi simple ring.

Q) Is(Zy5,+15,.15 ) semi simple ring ?

Solution :-

wrad.(Z;5) =N { M: M is a maximal ideal of aring Z;5 } .
Then ., the maximal ideals in Z;5 are: 15=3(5)
1- () +15 15)

2-((5)+15,15)

Therefore, aring ( Z;5, +15,-15 ) is semi simple ring

Theorem (2-23):-

If (I,+,.)isanideal of a commutative ring with identity (R, +,.) .
Then, I € rad.(R) iff each element of coset 1+1 is an invertible .

Theorem (2-24):- Inanyring (R, +,.), a €rad.(R) iff 1-ra isan
invertible for all reR.

Corollary :-
An element a is an invertible element in (R, +, .) iff the coset

a+rad.(R) is an invertible element in ( R/rad.R ,+,.) .

Theorem (2-25):- For any commutative ring with identity (R, +,.)
Then, quotient ring ( R/rad. (R) ,+,.) is semi simple ring .
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Theorem (2-22):-

If (I,+,.)isanideal of a commutative ring with identity (R, +,.) .
Then, I € rad.(R) iff each element of coset 1+I is an invertible .

Theorem (2-23):- Inanyring (R, +,.), a €rad.(R) iff 1-ra isan
invertible for all reR.

Corollary :-
An element a is an invertible element in (R, 4+, .) iff the coset

a+rad.(R) is an invertible element in ( R/rad.R ,+,.) .

Theorem (2-24):- For any commutative ring with identity (R, +,.)
Then, quotient ring ( R/rad. (R) ,+,.) is semi simple ring .
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