Definition:- ( The Image of Ring Homomorphism )

Let f: (R,+,.) — (R, +,.) bea ring homo . Then the image of f
is denoted by Im.f or f(R) and is defined by :

Im.(H={a eR:3a€R,s.t fla=a} .
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So, Imf =f(R)={f(a): VaeR}

Example :-

Let f:(Z ,+,.) — (R, +,.) be a function such that f(a) =a,Va€Z
Find the image of f

Solution :-

< First to show, fisring.homo>?

Va,beZ =f(a)=a and f(b)=Db ,then
1-fla+b)=a+b =f(a) +f(b) .

2-f(a.b) = a.b =f(a) . f(b)

= fisring.homo

=Imf =fZ)={f(a): Vael}

={a:Vacel}=1.



) A Alla almf  JSLadl A Bjpe O iliud ode) JUal) a1 dBiadl
(ideal) e 098 O gusral) (e oud 0819 (subring

Im. (f)=Z is asubring of aring R,
But, Z is notideal of a ring R .

Since,32€Z ,and3V7 € R ,but 2.V7 = 27 ¢ 7 .

(Z,+,) f is homo R,+,)
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Definition:- Let f: (R, +,.) — (R, +, ) bea function. Then
(1) f is called Monomorphism iff f is one to one and homo.

(2) f is called Epimorphism iff f isontoand homo.

(3) f iscalled Isomorphism iff f isonetoone, ontoand homo .
(4) f is called Endomorphism iff f ishomomorphism and R=R .

(5) fis called Automorphism iff f isisomorphism and R=R .

Definition: -  (Isomorphic Rings )  Ail«iall Cililall

Two rings (R, +, .) and (R, +', ) are said to be isomorphic if there
exists f: R— R such that f is an isomorphism , and is denoted by
(R=R) .



Example(1):- Let f: (Z,+,.) — (Z, +,.) be a function, S.t f(n) =
n.l ,vneZ . Show that : (f is ring homo , Epimorphism |,
Monomorphism, Isomorphism, Endomorphism and Automorphism)

Solution:- First to show fis ring homo

Letn,me€Z =f(n)=n1 andf(m) =m.1 ,thus

1-f(n4+m) =(n+m).1

=(n.1) +(m.1) = f(n) + f(m)

2-f(n.m) = (n.m).1

=(n.m).12
=(n.m) 1.1
= (n.1). (m.1)= f(n) . f{(m)
~. fis ring homomorphism - --- (1)

< To show f is Epimorphism >?

by step(i) , fis ring homo

< Now, to show fis on to>?

“f(Z)={f(n),VneZ}
={n.1,VvneZ}
={n,VneZl}=7

= fisonto - (ii)

= fis Epimorphism .

fis ring homo

fisonto



f is ring homo
Now ,to show, f is Monomorphism
fis on to one
by step(i) , fis ring homo
< To show fis on to one >?
let n,m € Z such that f(n) = f(m) < TP.n=m >?
~ f(n) = f(m)
nl=m.l
=n=m,

= fis onetoone - (iii) = fis Monomorphism .

< To show fis Isomorphism >?
by step (i), (ii) and (iii) we get:

fis ring homo, onto and one to one = fis Isomorphism ::- -

< To show f is Endomorphism >?

Since, R=Z and R=Z

Then, we get by step(i)[ fis ring homo] and by step (iv) [R= R ]
= fis Endomorphism .

< To show fis Automorphism >?

By step(v)[ fis isomorphism ] and step(iv) [R= R ], then

= fis Automorphism .



Exc. (2):- Let f: (R,+,.)— (R, +,.) be afunction such that f(a) =
0,Va€R Is f Endomorphism ? «aly

Theorem (3.9):- Every isomorphic image of a ring without zero
divisors is a ring without zero divisors .

Proof: Let f:(R+,.) — (R‘, +', ) be an isomorphism function and
(R,+,.) is aring without zero divisors

<T.P. (R, +,.) is aring without zero divisors>?

(R,+,.) f is isomorphism (R, +,.)
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Leta ,b€R s.t.a ,b =0

v“fisl-landonto=3!'a,beR s.t. |a =f(a) |and |b = f(b)

Since, R without zero divisors

=a - b+0

=f(a -b) #£(0)

=f(a) -~ f(b) # 0" (since fis homo.by Th (3-1) f(0)= 0" )
=a b #0

Therefore, (R\, +°, ) is aring without zero divisors . O

Theorem (3-10):- Every isomorphic image of field is field. «als




