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Complex Functions
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Complex Functions s 15

Real part of f(z)

Imaginary part of f(z)

¢

w=f(z)=Ulxy) +iV(xy)

The variable z is sometimes called an /zdependernt variable, w is called a

dependent variable.

Example:
If f(z) = z?, then find f(2) if z = 2i
fQi) =) =—4

Example

If w=2z2, then u+iv = (x + iy)? = x? — y? + 2ixy, and the transformation

IS

f(@) =z%=(x +iy)?
f(z) = x? + 2xyi — y?

U=x%2-y?  V=2xy

Example:
Ilustrate the function

f@)=+x*+y*+i(-y)
u(x,y) v(x,y)
= u(x,y) =+x2 +y?

= v(x,y) = -y

Elementary Functions
1. Polynomial function are defined by

w=aqayz"+a;z" 1+ +a,_1z+a, =P
Where a, # 0, a4, ..., a, are complex constants and n is a positive integer called

the degree of the polynomial P(z).
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Complex Exponential function

4

e 4 , T

Euler'sformula
e'? = cosB + isind
De'Moiver theorem
e'"0) = M9 = cos(nO) + isin(no)
2. Rational Algebraic functions are defined by w = ZZ;

Where P(z),Q(z) are polynomials Q(z) # 0.
3. Exponential functions are defined by

w = e? = e*tY = e*(cosy + isiny)
Where e = 2.71828 ... is the natural base of logarithms .If a is real

and positive, we define: |a? = e?!"¢|( prove)

Where [n a is the natural logarithm of a.
Proof
o

w=a’=Inw=mha? =Inw=zlna e

AW = ezlna

(uaba'i‘*)té‘gl QAQJJ@&Y\)UJ\KSJQJA%M\:U\J*
Complex exponential functions have properties similar to those of real
exponential function. For example,

Z Zy — 211z
el x p?2 = p“1 2,

4. Trigonometric functions (or circular functions) cosz,sinz, etc. can be
defined in terms of exponential functions as follows.
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- elz _ p~iz elz 4 o-iz
SINZ = ———— c0Ssz = —
2i ’ 2
sinz e —e7¥
tanz = = — —
cosz i(e¥ +e71%)
CoS Z i(e‘z + e‘lz)
cotz = =

sin z elz —e~iz

e sinz+4+cos?z=1, 1+tan’?z =sec?z,
1+ cot?z =csc?z
e sin(—z) = —sinz, cos(—z) = cos z,
tan(—z) = —tanz
sin(z, + z,) = sin z; cos z, + cos z; sin z,
cos(z; £ z,) = cosz, cos z, + sin z; sinz,

5. Hyperbolic Functions are defined as follows

inh e? —e7? h et +e7?
sinhz = ——, coshz = ———
2 2
b 1 2 b 1 2

sechz = = cschz = — =

coshz eZ+e”?’ sinhz eZ—e~?

sinhz e?—e7? coshz e?+e”?
tanhz = , cschz = =

coshz eZ+e~ % sinhz eZ—e~ %

The following properties hold ()

e cosh? z—sinh?z =1, 1 — tan? z = sech? z,
coth? z — 1 = csch? z
e sinh(—z) = —sinhz, cosh(—z) = coshz,

tanh(—z) = —tanhz
e sinh(z, *+ z,) = sinh z, cosh z, *+ cosh z; sinh z,
cosh(z, + z,) = cosh z, cosh z, + sinh z; sinh z,
e The following relations exist between the trigonometric or circular
functions and the hyperbolic functions.

siniz = isinhz, cosiz = coshz,
taniz = itanhz
sinhiz = isinz,coshiz = cosz, |-

tanhiz = itanz
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Logarithmic Functions:

If z=e", then we write w = [n z, called the natural logarithm of z
i6

w=1Inz, Z=re
w=Imn@re?)=Inr+ne®
w=Inz=Inr+i(0+2km), k=0=1 12, ..

Where z = re® = rei0+2km)

In z = is multiple-valued function. The principle branch of principle value of
In z is defined as:

Inr+i6, where0 <6 <2m
e The logarithmic function can be defined for real bases other than e. If

z=a"] w=log,z

Where a > 0 and a # 0,1.

In this case |z = e”!"¢|andso|w = (Inz) /Ina)

6. Inverse Trigonometric Functions ( =3)
If , the w = sin™? z is called the inverse sine of z: or arc sine of z.
w = sin~! z = (multiple-valued function)

e sin"lz= %ln(iz +V1— zz), e cosTlz= %ln(z +Vz2 — 1)

7. Inverse Hyperbolic functions( =3)
If = sinhw , the w = sinh™ z is called the inverse hyperbolic sine of z.
w = sinh™! z = (multiple-valued function)

e sinh™'z=1In (z +/z2%2+ 1), cosh ™tz =1In (z ++/2z2% — 1),

Example
1. Prove that:

a) e?1 x p%2 = %1122
b) |e?| = e*
C) e?t2km — o2 | =0,41,+2, ...

Solution

a) By definition
zZ=x+1iy

e? = e*(cosy +isiny) where < z; = x; + iy,

Zy = Xy +ly2
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~ef1xe? =e*1(cosy, +isiny;) * e*2(cosy, + isiny,)
= e*1 x e*2(cosy, + isiny;)(cosy, + isiny,)
= e*1™ ¥z cos(y; +y,) +ie*r  2sin(y; + y,)

b) |e?| = |e*(cosy + isiny)| = |e*||cosy + isiny]|

=e**x1=¢"
c) By part (a)

e? KMl — o7 4 @2kl — oZ(c0os 2km + i sin 2kn) = e?
2kmi = is a period of the function ,In particular, e” has period 27i.
2. Find the value of In(1 — i). What is the principle value?
Or, determine the Principle value of In(1 —i).

Inz = ln(reie) =Inr+i0

z=1—-i=>x=1y=-1,

7

r = \/E A
6 = —45° or — —
= —45° or — — 2%
4 0 —45°
1nz=1n(1—i)=1n\/§+i(—%+2kn)= (1.1 V4
y O’r'_

~In2+ =i + 2kmi
2 4 ~.:.‘
The principle value is (k = 0), Glnz + %’i) ZZ oI

a) Find the principle value of i'.

Solution T
(a) by definition 7l = pilnz — ei{lnr+i(9+2k1‘r)} — ellnr—(6+2km)
= e~ 0+2km)fcos(Inr) + i sin(In7)}
0<6<2rm
k = 0,then z! = e %{cos(Inr) + i sin(Inr)}
(b) By definition, it = e!!"? the principle value = it = e~/2
Now ,

Let w=Z%, Inw=7ZInZ
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Example : (1 +1)Z=50

Method#1

Let ,w=(1+i)?59

Inw=Q2-5)n(1+i) , Inz=Inr+i8, O ©
x=1,y=1,r=v2, 6=45°,0r T °
In(1+1) = InV2 +i7

lnw = (2 — 50) In(1 + i) = (2 = 5)[InVZ + i%]

T 51
lnw=21m/?+i5—51m/2_i+T o O

Then taking the exponential of both sides ..°...

Method#2

w = (1+i)@>)

_ _ . T T T
w = e(@-5DIn(1+) — e(2—51)[ln\/2_+LZ] _ eZZn\/2_+L§—Sln\/71+SZ

T . IT
= e(ZIn\/2_+SZ)+l(E—51n\/7)

e(zzn\/2_+5%) i(7-5InV2)

w = X e

Make use of Euler's formula O
e’ = cosO + isin@ O

Solve: 00, (1-3)C5130, 1077, (=9 + V3 D

(@ w=i%*
Inw = (2i)In(i)

Inz=Inr+i0

mi=nl+iZ=0+i%, Ini=i=
2 2 2
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Then ,
Inw = (2i) [i %] =—T

Inw=-m
Taking exponential for both sides:

elnw — T

=—e "> w=e~

w=e

(b) (1 _ 3i)(2.5—1.3i)
w = (1 _ 3i)(2.5—1.3i) > Inw = ln[(l _ 30(2.5—1.31‘)]
Inw = (2.5 — 1.350)In(1 — 30)

Inz=Inr+i6

In(1 — 3i) mm
x=1, y=-3,r=3.16, 6 =-7.1.6° or,0 =288.4° ,0 = 1.6m
In(1 — 3i) = In(3.16) + 288.4° i
Inw = In(3.16) + 288.4°1 = 1.15 + 288.4°
Then ,

o
plnw — ,1.15+2884%1

iy
w = el15 x 2884°1

(1—3i)@5-130 = 3,16[c05288.4° + isin288.4° ]

(1- 3025130 = (3.16 X 0.316) — i(3.16 X 0.949)

(1-3)@519 =114 —-2.99i
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