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Analytic (Cauchy —Remann Conditions)
and Harmonic complex functions (Laplace Equation)
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Previeus lecture ,
Complex function w = f(z) =U(x,y) +iV(x,y)

# Complex function to be analytic must satify Cauchy -

Remann Conditions , that is :
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Example 1: Does the function f(z) = e? analytic ?.
Solution

f(Z) — eZ — Xty _ ex X eiy

e
e? = e*[cosy + isiny] = e*cosy + i e* siny

u(x,y) = e*cosy , v(x,y) =e”*siny
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au v .
5, = €cosy , ——=e*siny
au oy v
3, = "e'siny o efcosy

The conditons are satisfied the the function f(z) = e” is analtyic

# A complex function to be harmonic must satify Laplace

equation , that is :
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The ' operator' V? is called " Laplacian" .
Example 2 : Does the function f(z) = e* harmonic ?

Solution
u(x,y) = e*cosy ,v(x,y) = e* siny

ou av :

i e*cosy , Pl e* siny
0’U v
W=e cosy , W=e siny

o v
3 = —e*siny , 3 e*cosy
02U v
— = —e*cosy , — = —e* siny
y? dy?

The conditons are satisfied the the function f(z) =e? is
harmonic function .
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Example 3 : Does the function  f(z) = cosz

analytic ,
harmonic ?

Solution
f(z) = cosz = cosx coshy — i sinx coshy
u(x,y) = cosx coshy ,v(x,y) = —sinx coshy
ou_ sinx cosh v _ cosx sinh
ox Yo ax T Y
02U 0%V , ,
32 = Cosx coshy —3 = sinx sinhy
ou - v N
3y cosx sinhy 3y = sinx coshy
22U 2%V

—— = cosx coshy , —— = —sinx sinhy
dy? dy?

The conditons are satisfied the the function f(z) = cosz is
analyticand harmonic function .

Example 4 : Does the function f(z) = Inz analytic , harmonic ?
Note : “tan 17=—1
dz

1+z2

Solution
f(z) =Ilnz = In(x + iy)

1 .
Inz = Eln(x2 +y?) +itan"1(y/x)

U =ll 2 2
(x,y) > n(x* +y*)
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V(x,y) = tan™'(y/x)

= x (—x%y) =
x  1+(y/x)? Y) = x2+y?

v 1 3
y 1r 002 ) 00

Activity :
Does the functions
1. f(z)=z+2z analytic, harmonic ?

2. f(2) =§ analytic , harmonic ?
3. f(z)= z—j analytic , harmonic ?
4. f(z) = zlnz analytic , harmonic ?

5. f(z) =icosz analytic , harmonic?



