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Taylor Series

Suppose that a function f is analytic throughout a circle
|z —z,] <R, , centered at z, and with radius R, . Then f (z) has the

power series representation.
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Here some function expansion and convergent region:

z?  z3
1.eZ=1+z+;+;+--- |z| < o0
. z3  z°
2.sinz=z—-72+_-+ .. |z| < o0
z?  z*
3.cosz=1—;+z+... |z| < o0

z?  z*
4.coshz=1+;+z+... |z| < oo
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oc(x—1)z2

5. 1+2)*=14xz — + - lz| <1

is the binomial theorem for &K= —1 gives formula 8.

6. Inz undefinedat z=1 Why!'!!!

3

2
7. ln(1+z)=z—%+%—...... lz| <1

8 —=1—2+22—23+ lz] < 1
1+z

9. 1 =1+z+22+23+ - lz] < 1

1-z

The first five expansion are valid for all z , whilst the last three are

only valid for |z| < 1.

Example 1  Expand f(z) = In(1 + 2)
Solution

f@=m1+2z) , f(0)=0
1

f'(Z)=1—+Z ) ') =1
e S COR
—1)(-2
f®) =((1J)r—(z)2) , f®0) =2
P
f(n+1)(z) — ﬁ f(n+1)(0) = (=" n!
£2) = In(1 +2) = £(0) + f'(0)z +#22 e
2 3 4
f(2) = In(1 + 2) =z—7+%_%+..._

(1+2)
(1-2)

Example 2 Expand f(2) =In

Solution
(1+2)
f(z) = ln(1 )
@ =D i+ — (1 - 2)

(1-2)
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z¢ 73 7t
ln(1+z)=z—7+?—z+---.
z2 73 7t
1-z)=—z—-—-=~— -
In(1-2) z-—> -3 4+
ZZ Z3 Z4- 2 3 Z4-
ln(l+z)—ln(1—z)=z—7+?—z+---.+z+7+?+z+
) 3 ) 3 ZS 222n+1
SHrE R T L
n=

(1+2z) = g2l
"tz \2n+ 1

n=

Example 3 Expand f(z)= 1

(1+2)2
Solution
_ 1
f(2) = a+2?
f(Z)=(1+—Z)2=(1+Z)_2 , f0)=1
f'(2) = o7 £'(0) = =2

" 6 "
f(2) T 7 £'(0)=6
1 —
1+2)?2

Example 4 Expand f(z)= LZ

1+

Solution
1 -1
f(Z)=1—+Z=(1+Z)
1
f(Z)=1—+Z f(0) =1
-1
f(Z)=—(1+Z)2 , f1(0)=-1
" 2 "
f(Z)=(1+—Z)3 , f(0)=2
1
=1—z+2z%+ -
14z

1—2z+3z%+ - provided |z] <1
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Example 5 If |z| <1, expand f(2) = i
Solution
_ - -1 I
f@)=1—=01+2)
— L 0D=1 ; 1‘,1
f@ == f(0)= e
1
f'(z) = m , f'(0)=1 N
" 2 "
f(2)= a2 f(0)=2
— 24 ...
17" 1+z+2z°+

! i 2l <1
1—Z__Z' z

n=0

Example 6 Expand f(z)=e%

Solution
, z¢ 73
e =1+Z+E+E+.”
Then
e'? =1+(ie)++(l§!)2+(l§!)3+(l:)4+m
e'® =1+i0—92—7—i§—3:+i—7+

o 92 g+ YRE
e = 1—E+I—'“ +1 e—a'i““
e = cosB + isind "Fu er formu&v'

Activity : e +1=0
v’ 1t is an identify that contains the most beautiful entities encountered in
math, namely w, i, e, 0 and 1.

v It combines the real and the imaginary.
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In mathematics,Euler's identity (also known as Euler's equation) is the equality
em+1=0
where

e is Euler's number, the base of natural logarithms,
I is the imaginary unit, which by definition satisfies i* =—1, and
w ispi, the ratio of the circumference of a circle to its diameter.

Euler's identity is aspecial case of Euler's formula, which states that for
any real number X,

e* = cosx + isin x

where the inputs of the trigonometric functions sine and cosine are given
in radians. In particular, when x =m

e'™ = cosm + isin .

Since
cosm = —1
and
sint =0
it follows that e™ = —1+ 0i
which yields Euler's identity e™+1=0
Activities
+ %=
+ e?+0

+ |e?| =e* = eReéz
+ arg(e’)=y+2nc=Imz ,(n=0,+1,+2,...)
We know that z' =x"+iy’ , then arg(z’)= mn—l(z_:)

e? = e*tW = e¥eW = e¥* cos(y) + ie*sin(y) = x' + iy’

) —tan-t (2 = tan-t ((E5MOVY _ o _
arg(e?) = tan (x,>—tan (excos(y) = tan"'(tan(y)) = y + 2kn

> arge®) =y+2nk

5


https://en.wikipedia.org/wiki/List_of_things_named_after_Leonhard_Euler
https://en.wikipedia.org/wiki/Equality_(mathematics)
https://en.wikipedia.org/wiki/E_(mathematical_constant)
https://en.wikipedia.org/wiki/Natural_logarithm
https://en.wikipedia.org/wiki/Imaginary_unit
https://en.wikipedia.org/wiki/Pi
https://en.wikipedia.org/wiki/Ratio
https://en.wikipedia.org/wiki/Circle
https://en.wikipedia.org/wiki/Special_case
https://en.wikipedia.org/wiki/Euler%27s_formula
https://en.wikipedia.org/wiki/Real_number
https://en.wikipedia.org/wiki/Trigonometry
https://en.wikipedia.org/wiki/Radian
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20271

+ erf=¢?
+ In(e?)=z+2ni ,(n=0,+1,+2,..)
+ elogz =4

L In(zV*) =~mz , (k= F1,%2,..)

Homework

1. Expand the follwing function

@e?;z=0 (d) Inz ; z=2
(b) cosz ; z=m/2 (e)ze?? ; z=-1
1
(C) E o z=1
6 10
2.Show that : Sl'nZ=ZZ—Z3—'+ZS—'—°" , |z] <
37,5 7
FShowthat: tan™'z=z——+=-=+- , |z|<1
2 4
4Showthat : secz=1+%+22 + ... , lz| <m/2
2 | 24
3
5.Show that : csez=§+§+%+--- ,0<|z| <

6.Expand : tan (iz) = ...
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Laurent's Series

The method of Laurent series expansions is an important tool in complex
analysis. Where a 7aylor series can only be used to
describe the analytic part of a function, Laurent series
allows us to work around the singularities of a complex
function. To do this, we need to determine the

singularities of the function and can then construct

several concentric rings with the same center z, based on
those singularities and obtain a unique Laurent series of z-z, inside each ring
where the function is analytic. In other words,

If a function fails to be analytic at a point z, , one can not
apply Taylor's theorem at that point.Unlike the Taylor series
which express f(z) as a series of terms with non-negative powers

of z , a Laurent series includes terms with negative powers.

Theorem

Suppose that a function f is analytic throughout an annular
domain R; < |z —2z,] <R, centered at z, and let C denote any
poisitive orientated simple closed contour ¥
around z, and lying in that domain . Then,

f(2) = i cn(z —2o)" + i (z—b—zo)n

)

Principle Part of Laurent's Series
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Example 6 If |z| > 1, expand f(2) = 1—; using Laurent series

1 1
Ans. E=—Zfl°=1z—n , lzl>1 ke
1 1 1 1., 1 1
f(Z)= = 1 = ™ — (_)( 1) H
1=z z(3-1) (1-3) 2" (1)
|zl > 1
1 1+1+ 1 _ 1 1 1
1—2z QL z z2  z z2 z3
1 111
1—2z [z z2 73 ]

1 . : : :
Here f(z) = Pl ana;lytic everywhere apart from the singularity at z = 1.
Above are the expansions of £ in the regions inside and outside the circle of
radius 1, centered on z = 0, where |z| < 1 is the region inside the circle and
|z| > 1 is the region outside the circle.

eZZ

@1

Example 7 Expand

Solution

Let , u=z—1- z=14+u , 2z=2(1+u)

027 p2+2U 2 L€ s (2u)2 N
= = — X = —
(z—1)3 u3 ER us3 [ u 2!
e?? e? 2e? 2e?  4e? 4e%(z—1)
= + + -
z-12 (=-13 (=-1)?% z-1 3 3

VAN AS )l e (pole ) el 4z =1 o) S
8
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Example 8 Expand .

z2(z—3)2 !

Solution
Let , u=z—3-> z=u+3 ,z=u+3

1 1 1
z2(z—3)2 w?B+u)?  9u(l+u/3)?

1 (=2)(=3) ju \2  (=2)(-3)(—4 2
=521+ (G ) + 5 ) +%(§) ol

1 1 2 1 4u

- = _ ——F ..
z2(z—3)2 9u® 27u 27 24°

1 1 2 1 4u

22(z—3)2 9z—3? 27z-3) 27 24

A4S A ) e (pole ) ks z = 3 o) s

1
Example 9 Let f(z) = 5, -Determine the Laurent series around z = 1

Solution
Obviously, we have a simple pole at z = —2. Hence, we are dealing with a radius of 3 and
want to find the Laurent series for both |z — 1| <3 and |z — 1| > 3. The Laurent series
will reduce to a Taylor series inside |z — 1| < 3 where f(z) is analytic.

For |z — 1| < 3, we refer to the well-known geometric series. We begin by trying to
create a (z — 1) term in the denominator.
1 1 11 1
f(z)_2+z_2+z—1+1_3+(z—1)_(5)1_(—(z3—1)>

—(z-1) . .
< 1, We can now represent the function as a series:

Since | 3
= f(Z)=%Z_(23—;1)n: (D™= = D7 for |z—1|<3
n=0

3n+1
n=0

Which is just a Taylor series as the function is analytic inside the region. For |z — 1| > 3,

3 : :
we can use ——p and follow our previous work to obtain:
1 1 1 1 3"
f(Z) = = _3 = -
3+(=z-1) z—ll_( ) z—1 (z—-1)
z—1 n=0
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In this case ,\we have obtained the Laurent expansion.The generalized residue for the outer

. . . 1 .
ring |z — 1] > 3 s the coefficient of 1 ,thatis by =1.

1 , .
Example 10 Expand f(z) = Ginees 8 Laurent series when:

(@)1 <|z| <3

(b) |z| <3

(c) 0<|z+1|<2

@d)lzl <1
Solution

Using partial fractions
1 A B
C+DG@+3) z+1 7-3
1=Az+3A+Bz+B
A+B=0
34+B =1
A=-B
34—-A=1- A=1/2
B=-1/2

1 1701 11
(z+1)(z+3)‘5<z+1)_2 7+3
@ 1|zl >1, then

1( 1 ) 1 1 1 1+1 1 ]
Z — =—[l——t+—— =+
2\z+1 22(1+%) 2z z z? z
1 1 1 1
=~ 4 -
2z 2z%  2z3 2z*%
(b) |z| < 3, then
1(1)_ 1 _11 z_i_z2 Z3+
2\z+3 _6(1+§)_6[ 3t Tt

1( 1 >:1_1+i_z_+...

2\z+3/ 6 18 54 162

casrohlbay |z >3 Oyl |zl <3, |z] > 100 S maia i) & i i ade
1 4 13 40

+
z2 73 z%  Z°

10
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€ 0<|z+1|1<?2
Let , u=14+2z ,then

2 3

1 _ 1 _ 1 1 oy w_w
(z+1)(z+3)_u(u+2)_Zu(1+u/2)_ﬁ( 2 4 8 )
- __! 1+1 +1 ! +1)% +
z+1Dz+3) 20z+1) 4 8(Z ) 16(2 )

0<|z+1/<2 or, |u<2, u#0
() If |z <1 ,then

t 1 _1._ 2 _ .34 ..
2(z+1)_2(1+z)_2(1 Z+zt—z"+

1 11 1
=-—Zz4+-z2—-73+ .-
2 27 2 2

(a)g 8l manic |zl <3 &N
1( 1 )_1 Z+22 Z3+
2\z+3/ 6 18 54 162

bzl <1 Ozl <3 ¢ |zl <1 o IS manall g sllaall i gl o Kaa a0 Ul

: g okl
1 4z 13
T S S g S
“37 9t Tat T
o ALulide o
1
Example 11!! Determine the Laurent series for  f(z) = P that
are valid in the regions:
(a) |z| <5 L k=5
(b) |z| > 5 s Y
NOTE : |21 < &
f— 1 — eeoe o 1 == eee “‘b‘--—'-‘
f(Z) - 5(1_'_%) - . ’ f(Z) - z(1+g) -
1 )
Example 12!! Determine the Laurent series for f(z) = oo § Zo=li

11
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Homework

1. Expand the follwing function

(@) == ; z=1 (d) f(z) =In(3 — iz), (0) = In3
(b)) \/11_ ; z=0 (€)) f(z) = — as Laurent series for
+2z3 z-3

DB, MG, @Izl <3

1 __13

=1 z> + Z z
Vi+z® 2 2)(4) (2)(4)(6) (b) |z| >3
(C)sin~1z = Ans.
122 Wz, WEOG) 7’ . -1z z? 2z
Z+E?+(2)(4)?+(2)(4)(6)7 s lzl <1 (a)— ————— —+..

2.Expand :

zZ .
f(z) = DD as Laurent series for ,

@lzl<1 ,B)1<|zl<2 ,©@)z|>2 ,(@Dlz—1l<1 ,()0<]|z-2]<1
Ans.

(a) _?12 ———————

O)=+-+1+-z+-22+-23+....
Z Z 2 4 8

OF ~F-F mt

(d) = — (2_21)2 - (2_21)3 +...

Ol-5 et ey o et
3.Expand : f(z) = Z(zl_z) D 0<|zl <2 , |z|>2
4Expand:  f(z) = 1+ZZZ ., ]z=3|>2
5Expand: f(2) = (2_12)2 ; lz| <2, |z]| > 2

6.Expand the following functions as Laurent series around z =0

(a) f(2) =

5

1-cosz , [ Ans. z_zZ,z
z 2! 4! 6!

12
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1

eZ 1 z z3  z5 Z7
(b)f(Z)—Z—3 ,[Ans. Z—3—Z+z+;+z+;+"'

© f(2) = zsinhz , (d) f(z) = ze?

7. State the singular points for the functions :

(a) > (b) m > (C)COS(ZZ - Z_Z) > (d)

1
2(sinz—1)?

VA
(eV/7-1)

Z
(e?-1)

(e)tan Y (z2+2z+2), (f) (

13



