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Complex Integrals
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( Complex line integral ) d3ial dgladll COLISH v/
Liouvalli theorem (a)

Morera's theorem(b)

(Cauchy's integral ) (g S <\alSS v/
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From " Calculus " , the integration say for example
& folf(x)dx , dx with be varied from x; =0 , x, =1.
@ f;f(y)dy , dy with be varied from y; =2 ,y, =3.
@ f13:’24(3xy + y3)dx + 2x%y — yx + x®)dy
Al a8 ol WY g " Akl OIS bea o2 Ly 5 X e Badiae g0 (el JalSHl) Ui
i duw de ¢ x ey ki
1. y=2x striaght line equation
2.y = x? parabola equation
by X 5l Yy 0o gasidun X el 5 odle Y adelacl dyy = 2x S Al a8
plal ¢ o) g ey AV Alalaall ) gaiid g sl
dy = 2dx
dy = 2xdx
Al & cpial) A (e g Slidaral) e ) gpuad) A1 liladl " aaad o1y ¢ Al AlS)
D VS5 daall alal 5 aisal) Tl Aldlae 48y 5l 0 x5y Lal dad
Along the striagt line joining the points ( 1,2) = (3,4)
sl (1,2) > (34) okl g deal sl aivdll s € ()58 Cuny
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Y2 =M1 _ 4—-2 _ E
x2 - x1 3 - 1 2

slope =m =

m=1
6(m+dgA)dJWuA
Y2 — Y1 = m(x; — x1)
y—2=[Dkx-1)
~y=x+1 ->dy=dx

Complex line integral 4!l i) cdlalsil)
Previeus lecture ,

Complex function w = f(z) =U(x,y) +iV(x,y)

Since, z=x+1iy

Let , Az = Ax +iAy ,or dz=dx+idy

j f(z)dz =j (u +iv)(dx + idy)
c c

o J. f@dz=], udx— [, vdy+i[. udy+i]. vdx

\ ] |\ J
I |

Real part of line  Imaginary part of line
integral integral

Example 1 Evaluate the integral | ((12’1?(x2 —iy?)dz where y = 2x?
Solution
(2,8) (2,8)

f (x2—iy?*)dz = f (x? —iy?)(dx + idy)
(1,1) (1,1)
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(2,8) (2,8) (2,8) (2,8)

= j x2dx + f y2dy +i szdy—i Jyzdx

(1,1) (1,1) (1,1) (1,1)

©y=2x% -dy=4xdx
y2 — 4x4-
Substitute in integration equation

(2,8)

f(xz—iyz)dz =

2 2 2
xzdx+f16x5dx +1i J4x3dx—i j4x4dx
(1,1) 1 1 1

H\N

23 16x6|* " 45|
=—| + +ix*2—i
3 6 ' "3
1 1
28)
f(z oy _(8 1>+ 1024 16 .. 128 4
2= iydz = (5-3)+ (=D +i( (-2
1)
2,8)
_[(2 oy _511 49
x* —iy*)dz =— i =

(1,1)
"Uaiag " e s ¢ Julaals e ey 5 ox Guowdall ge il Sy i
c S JEall A g WSy g a0 uaiall G
Example 2 Evaluate the integral [. z?dz where C is striaght
line joining the points : (0,0) = (2,1) ,where C: Z(t) = x(t) + iy(t)
Solution
y—y; =m(x —xq) "straight line equation”

slo e=m=yz_yl=1_0=1
P Xp—%, 2-0 2

1
m=3

1
y=0=5(-0)
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1
2, y:Ex —)x=2y

D oasil O Sy ade 5 (Jisadl (Bajsle s ) ¢ el gallales y ¢ x o) pal sl e
Let, y=t ->x=2t then 0<t<1

C : z(t)=2t+it 0<t<1
dz = 2dt + idt
Or,
dz = (2 + i)dt
Now ,
1
fzzdz=f(2t+it)2 (2 +i)dx
Cc 0
1
= (2+i)J(4t2+4t2i—t2)dt
0
1
= (2 +i)f(3t2 + i4t*)dt
0
4 1 4
jzzdz=(2+i) [t3+—it3] =Q2+i)(1+iz)
J 3 i, 3
j 2g, = 2, 11
Z-AZ = 3 l 3
C
Activity:

x=t .. confuune

If we choose y =

Example 3 Evaluate the integral [ c z%dz where path equation C is
Z(t) =t +it? 0<t<1
Solution
Z(t) =t +it?
dz = dt + i 2tdt
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1
jzzdz =j(t+it2)(1+2it)dt , 0<t<1
0

C
_Hit?y? g 1 N =225
= 10—3(1+l) =5 +3i
sz —2+2_
Z Z = — —1
3 '3

Cc
Cauchy-Goursat theorem — <ibeu 98— (& S 4y ylas

The Cauchy—Goursat Theorem

Suppose that a function f is analytic in a simply connected domain D.
Then for every simple closed contour C in D,

>

JS A LLaT Al f(7) QS IM ) € Lagas o dlisy R Ladihia B4 llai Al £(7) osil
tO8 € Jawew (3l dade JAlay o Al

24 f(z)dz=0

2
Example4 If C isacircle |z| =1 , prove that gﬁc ZZngZ =0

Solution

ZZ

z—3

f(2) =

, Zyg =3

-
N

A

Jalaall pend Allai 1Al o) o) ¢ (ALE ) ol ol A i 7, y
- e gk JalSill A i ale 5 (2] = 1 38
2

el eaa e LS ZZTs o udiall A A daNa

Wy
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Example5 If C is |z| =2 ,evaluate fﬁdz

Solution

fﬁdz ,notdefineat z=3 notinC :|z| =2 , hence /\

fﬁdZ:O

Example 6 Find the integral gﬁc ( dz where Cis 3<|z| <5 ,

z—1)%(z%2+4)

Solution

1 2i

f@ = e /
(Z—1)2=0 »z=1 /N3 5

z2+4=0 > z°=—-4 >z=7F2i \iy

LU e (5aial) (5 gineal) Tl s (6 uldas Allall )3

z=1, z=4+2i ,z=-2i
L ha g gt Jalsil) dad i agle 5 A8hatal) 7 A Leasan

(Morera's Theorem ) e &gk
Y e patiy Glay ) — (oDsS Akl (pSe (a
Sie b ginie s Cun $F(2)dz =0 oy R Ahidl L5 i il f(7) culS 1
R Aehidl Al Al f(z) 0S8 Naie
(Louvelli's Theorem ) Jibsd 4y ks
Naie  (gdall g sinall B 7z ad JSId2aay  ( Entire function ) A Al f(z) <l 1))
IF(2)] < M) o &) 53mae ldas A £(2) o il ¢ s A) 5k 51 405 Ay f(Z) 058
VA S O s f(Z) O b g ¢ Jalal) gliall 5 gl (B 7 ad aeal M Lo
( Cauchy’s integral formulas ) 4lalsil) &S fua
P e (pend ) Lpaand (S
( Simple pole ) daredl ksl Sld (1)
( Multipole pole ) aa=iall culadll iy (2)
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oSe 38 ally € Jabhdki ol 75 oy lelaly € dapad) Jsid) e Allas f(z) S )

O (A e 0S5 ) Ao ludl o e

> (;_(2) dz = 2mif (2)
@ _2mi g
(2)§C (Z_Zo)n+1 dZ - n| f (Z)

1 f(2)

=— | —————d =0,1,2, ...
tn 2nl (z — zy)"*1 ’ (n )
f(2)
(Z—Z) n+1 (n=12,...)
Example 7 Evalute ¢, (e_zl) dz, |z| = 2
Solution
ZO - 1

i (Ze_ D dz = 2mif ( zy)
f(2)=e* = f(z)) =e™ =¢

3@ ¢ 4r=2miel
C(Z—l)z_ TLe

cosz
(z+m)

f(z) =cosz, zy, =—-m ,f(zy) = cos(—m)

Example 8 Evalute gﬁc c: |z| =3

yg coSz p 2ticos(—1) i
= 2micos(—m) = —
G+ z i [ i

Example 9 Evalute ¢, z—dz, c: |zl =2
f(2)=e”, 25 =0 ,f(z)=f(2)=e®=e’=1
eZ
é — dz = 2mi(e®) = 2mi
C Z
1 e? . . . _
Example 10 Evalute z—mgﬁc —dz, if ¢ is: (@)|z|=3,() |z| =1

(@) |z| =3
7o =2 ,f(x) =¢e*,  f(z)=e?
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202

7

« §, ==dz = 2mi(e?)

[zI=3

1
v — % 2mi(e?) = e?
211

/
.

(a) |z]| = 2

Ol ¢ Z0=2“"—’LMJ)SQ5~:}SE\:U£-.'H—WAJ IzI=1

e—zdz=0

.gii)

. 4;C

Jac e Lgds:d\ Lg;l.mﬂ QLM\@A;@ATA.}M eZ oY

dh
N

£
1 vz

sin?z . . _
Example 11 Evalute gsc z—n/6dZ' if c is: |z|=1
Solution it
zo =m/6 ,f(z) = sin?z f\
@) = sin?(a/6) = (5) == ‘
~ f(z) =sin“(n = 2) =%z K/
56 sin’z ] 2.<1) T
- z=2mi|—|==—=Ii
¢ sin(—m/6) 64) 32
sinmwz?+cosmz? . . _
Example 12 Evalute §. DD dz, if c is: |z|=3
Solution
1 A B 1 1

(z—1)(z—2):Z—1+Z—2_Z—2 z—1

sinmz? + cosmz? sinmz? + cosmz?

sinmz? + cosmnz?

dz

ﬁ dz=£ dz—i

f(2) = sinmz? + cosmz?, zy=2, z5=1

(z-1D(z-2) (z-1 (z=-2)

f(z0), = sinﬂ(Z)2 + cosn(Z)2 =1
f(zo)1 = sinn(l)2 + cosn(l)2 =-1
8
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Then,

)g sinmz? + cosmz?
C

Z-De-2) dz =2mi — (—2mi) = 4mi

C ",—‘NAJ'.‘LJ.;\JZOZZ‘Z():lOy

Example 13 Evalute §, - p—d = d
Solution
Since
% f"(Zo)
f(2) 2mi
Gy T )

cade 3 Ol e (n— 1) 2 Al s 3kl Jata W Jiad
@ (z ) = —sinz —» —cosz — Sinz — cosz
0

O © ® ©

Zo=m ,n=4

coSz 2mi T

dz = = ——
G T 321 T

Example 13 Evalute §. 7 dz where ¢ isacircle |z| =3

Solution
f(z)=e? ,zp=-1 , n=3

f ( IO bz =T iz

7 — Zo)n+1

fP2) =8e* ,fP(z5) = f(~1) =8e?

2mi 8mi
. — -2 _ -2
' i (z+1)4dz_3*2*1><8e -3¢
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Example 14 Evalute gSC Z—3dz where ¢ isacircle |z| =2

Solution
z2,=0 , n=3, f(2)=¢e“

fl@=ie” , f@D=-e%, f)=f(0)=1

eizd _ 2mi D= i
f— 2= h=E

elZ .
— dz = —mi
C Z

10



