Chapter Five
Boolean Ring and Extension Field

Definition :- ( Boolean Ring Ol g 4l )

A Booleanring (R, +,.)is a ring with identity and every element in a ring R is
an idempotent element, Thatis a?=a,Va €R .

Example :-

Aring (Z,,+,,., ) isa Boolean ring . Since ( Z, , +,, ., ) is a ring with identity
and, Va inaring Z,= { 0,1} is an idempotent element

8 02=0.,0=0 and 1?=1.,1=1

Example(2):-

Aring (P(X),A, N ), Where P(X)={A: A€ X }is aBoolean ring .

Since (P(X), A , N) is a ring with identity and VA e P(X) = A’=ANA=A

Example (3) :-

Aring (Z3, +3, .3 ) is not Boolean ring . Since 32 € Z; is not idempotent
element,s.t 22=2.,2=1+2.



Theorem (5-1):- Prove that every Booleanring (R, +,.) isa commutative ring
with the characteristic 2 .

Proof:- (=<RisaBoolean ring
< First to prove a Boolean ring R is a comm. ring >?

Let a,b € R,sinceRisaring = a+b €R

= a+b=(a+b)? ( SinceRisa Booleanring)

= a+b=(a+Db).(a+Db)

= a+b=da*+ab+ b.a+ b?

= 7/+/14 %+ab+ba+)/ (va*=a and b*> =b )
= 0=a.b+ b.a

= a.b=—b.a

b € R= —b€& Rand Ris a Boolean ring

= —-b=(-b)?=b?’=b= a.b=-b.a=b.a

Therefore, R is a commutative ring .

< Now, to prove, Ch(R) =2 >?

< (i.e)toprove, Vae R= 2a =0 >?

Let a € R ,andsince Risaring = a+a €R

= a+a =(a+a)?> ( SinceRisa Booleanring)

=a+a=a’+2a+a®

:7./+/A:g/+2a+/a/ (+a€R=a?=aqa)
0 = 2a

= 2a=0, Va€eR

Thus, Ch(R)=2. O



Theorem (5-2):- If (R, +,.)isaBooleanring . Then (R/I,+,.) is also Boolean
ring .

Proof:- k=l RisaBoolean ring

<T.P. R/I is a Boolean ring >?

 Ris a Boolean ring

= R is aring with identity

= by Corollary of Theorem (2-15) we get, R/I is also ring with identity --- *
Let a + linaring R/I

~(a@a+D?=(a+D.(a+D)=a*+=a+1

= V element a + Iinaring R/I is an idempotent element --- *x*

Therefore , by * and **x we get,aring (R/I,+,.) is a Boolean ring

Theorem (5-3):-

If (R,+,.)isaBooleanring and (I, +,.) is a proper ideal of aring R Then,
[ is a maximal ideal iff I is a prime ideal .

Theorem (5-4):-

A Booleanring (R,+,.)isafieldifand only if (R, +,.) = (Z,,+5,.2)

Theorem (5-5):- An proper ideal (I, +,.) ina Booleanring (R, +,.)isa
maximal ideal iff (R/I,+,.)=(Zy,+5,.2). <5l




Extension Field

Definition:-  ( Extension Field Jiall psi )

Let (F,+,.) beasubfield of a field (E, +,.) . ThenE is called an extension
field of F .

Example (1):-

Afield (€, +,.) is an extension field of (R,+,.).Since (R, +,.)isa
subfield of a field( € , +,.) ,s.t

1-a—b € R ,Vabe R
2- a.b’'leR ,va,be Rand b0

Example (2):-

Afield (R, +,.) is an extension field of ( Q,+,.). Since (Q, +,.) is a subfield
ofafield(R,+,.) ,st

1-a—b € Q ,Va,be Q
2- a.b’'e Q,Vabe Qand b# 0 ;
- Jial g sl AT iy 5e3 N

Definition:-  ( Extension Field Jall ;usi )

Let (F, +,.) beasubfield of a field (E, +,.) . If there exists a polynomial
f(x)€ F has no roots in F, but f(x) has roots in a field E . Then E is called an
extension field of F .

Example (3):- Afield (€, +,.) is an extension field of (R, +,.) . Since 3
f(x)= x?+ 1€ Rhas no roots in R . But f(x) has roots in ¢ . where the roots of
f(x)are x=+4i € ¢, but x=+4i ¢ R.




Example (4):- A field (R, +,.) is an extension field of ( Q, +,.) . Since 3
f(x)= x? — 2 € Q has no roots in Q . But f(x) has roots in R . where the roots of
f(x) are x=4v2 € R, but x=+v/2 ¢ Q .




