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Theorem (1): 

1. lim
θ→∞

sin(𝜃)

(𝜃)
= 0 

2. lim
θ→∞

cos( 𝜃)

(𝜃)
= 0 

3. lim
θ→∞

1

𝜃
= 0 

4. lim
θ→0

1

𝜃
= ∞ 

 

Theorem (2): 

1- lim
x→θ

 𝑠𝑖𝑛(𝑥) = sin (𝜃) 

2- lim
x→θ

 𝑐𝑜𝑠(𝑥) = cos (𝜃) 

3- lim
x→0

sin( 𝑥)

(𝑥)
= 1 

4- lim
θ→0

tan(𝜃)

(𝜃)
= 0 

Theorem (3): 

If 𝑓 and 𝑔 are two functions with lim
𝑥→𝑥0

𝑓(𝑥) = 𝐿1 and 

lim
𝑥→𝑥0

𝑔(𝑥) = 𝐿2  then,  

1- lim
𝑥→𝑥0

𝑘 = 𝑘,       (k is any constant). 

2- lim
𝑥→𝑥0

𝑥 = 𝑥0 

3- lim
𝑥→𝑥0

𝑐 𝑓(𝑥) = 𝑐𝐿1 
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4- lim
𝑥→𝑥0

(𝑓(𝑥) ± 𝑔(𝑥)) = lim
𝑥→𝑥0

𝑓(𝑥) ± lim
𝑥→𝑥0

𝑔(𝑥) = 𝐿1 ± 𝐿2 

5- lim
𝑥→𝑥0

(𝑓(𝑥). 𝑔(𝑥)) =  lim
𝑥→𝑥0

𝑓(𝑥). lim
𝑥→𝑥0

𝑔(𝑥) = 𝐿1. 𝐿2 

6- lim
𝑥→𝑥0

(
𝑓(𝑥)

𝑔(𝑥)
) =

lim
𝑥→𝑥0

𝑓(𝑥)

lim
𝑥→𝑥0

𝑔(𝑥)
=

𝐿1

𝐿2
,    such that 𝐿2 ≠ 0. 

 

Theorem (4): 

1- if  lim
𝑥→𝑥0

𝑓(𝑥) = 𝐿, then  

𝑙𝑖𝑚
𝑥→𝑥0

[𝑓(𝑥)]𝑛 = [ 𝑙𝑖𝑚
𝑥→𝑥0

𝑓(𝑥)]𝑛 = [𝐿]𝑛 

 

2- lim
𝑥→𝑥0

√𝑓(𝑥)𝑛 = √ lim
𝑥→𝑥0

𝑓(𝑥)𝑛 = √𝐿
𝑛

  , 𝐿 ≥ 𝑂  , n is even.  

 

Theorem (5): 

If    𝑓(𝑥) = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 + 𝑎3𝑥3 + 𝑎4𝑥4 + ⋯ + 𝑎𝑛𝑥𝑛              
is any polynomial function, then  

 lim
𝑥→𝑥0

𝑓(𝑥) = 𝑓(𝑥0) = 𝑎0 + 𝑎1𝑥0 + 𝑎2𝑥2
0 + 𝑎3𝑥3

0 + 𝑎4𝑥4
0 +

                                              … + 𝑎𝑛𝑥𝑛
0 
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Examples: 

1- Prove that lim
h→0

2 sin (h ) .  cos (h )

ℎ
= 2  

Solution: 

To prove lim
h→0

2 sin (h ) .  cos (h )

ℎ
= 2 

From   
 
 
               
 

 So             lim
h→0

2 sin (h ) .  cos (h )

ℎ
= lim

h→0

sin (2ℎ)

ℎ
 

 

lim
h→0

sin (2ℎ)

ℎ
= 2 lim

h→0

sin (2ℎ)

2ℎ
 

By using theorem (2),   

lim
h→0

2 sin (h ) .  cos (h )

ℎ
= 2 

 

2- Find   lim
x→∞

𝑥+sin (𝑥)

𝑥+cos (𝑥)
 

Solution: 

lim
x→∞

𝑥 + sin (𝑥)

𝑥 + cos (𝑥)
= lim

x→∞

𝑥
𝑥 +

sin (𝑥)
𝑥

𝑥
𝑥 +

cos (𝑥)
𝑥

 

 

sin(2ℎ) = 2 sin(h). cos (h) 

   بالضرب

⨯ 
2

2
   

بالقسمة  

 xعلى 
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= lim
x→∞

1 +
sin (𝑥)

𝑥

1 +
cos (𝑥)

𝑥

 

 by using theorem (1). 
 

lim
x→∞

1 +
sin (𝑥)

𝑥

1 +
cos (𝑥)

𝑥

= lim
x→∞

1 + 0

1 + 0
= 1 

 

3- Find    lim
x→0

𝑠𝑖𝑛2𝑥

𝑥
 

Solution: 

lim
x→0

𝑠𝑖𝑛2𝑥

𝑥
= lim

x→0

sin(𝑥) . sin (𝑥)

𝑥
 

 

= lim
x→0

[sin(𝑥) .
 sin (𝑥)

𝑥
] 

= lim
x→0

sin(𝑥) . lim
x→0

sin(𝑥)

𝑥
 

By using theorem (2) 

= lim
x→0

sin(𝑥) . 1 = 0 
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4- Find    lim
x→0

sin (4𝑥)

𝑥
 

Solution: 

lim
x→0

𝑠𝑖𝑛4𝑥

𝑥
= lim

x→0

4 sin(4𝑥)

4𝑥
 

= 4 lim
x→0

sin(4𝑥)

4𝑥
 

 By using theorem (2). 
= 4. (1) = 4 

 

 
5- Find   lim

x→
π

2

 sin (𝑥) = 0 

Solution:  

             lim
x→

π

2

sin(𝑥) = sin (
π

2
) = 1 

 
 

6- Find    lim
x→0

sin (3𝑥)

sin (5𝑥)
  

Solution: 

lim
x→0

𝑠𝑖𝑛3𝑥

𝑠𝑖𝑛5𝑥
= lim

x→0

(3𝑥). sin(3𝑥)
3𝑥

(5𝑥). sin(5𝑥)
5𝑥

 

 

   بالضرب

⨯ 
4

4
   

 بالتعويض المباشر 

⨯بالضرب مرة 
3𝑥

3𝑥
 

ومرة ثانية 
5𝑥

5𝑥
× 
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=
lim
x→0

(3𝑥). lim
x→0

(
sin(5𝑥)

5𝑥
)

lim
x→0

(5𝑥). lim
x→0

(
sin(5𝑥)

5𝑥
)

 

By using theorem (2). 

=
lim
x→0

(3𝑥). 1

lim
x→0

(5𝑥). 1
 

= lim
x→0

(
3𝑥

5𝑥
) = lim

x→0
(

3

5
) =

3

5
 

 

Remark: 
1- If the value of 𝑓(𝑥) approaches to 𝐿1 as 𝑥  

Approaches to 𝑥0 from the right side we write  
lim

𝑥→𝑥0
+

𝑓(𝑥) = 𝐿1. 

2- If the value of 𝑓(𝑥) approaches to 𝐿2 as 𝑥  

Approaches to 𝑥0 from the left side we write  
lim

𝑥→𝑥0
−

𝑓(𝑥) = 𝐿2. 
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3- If the limit from the left side equals the 
limit from the right side (i.e if𝐿1 = 𝐿2 = 𝐾) 

Then lim
𝑥→𝑥0

𝑓(𝑥)  exist and lim
𝑥→𝑥0

𝑓(𝑥) = 𝑘 

But if 𝐿1 ≠ 𝐿2  ,Then the  lim
𝑥→𝑥0

𝑓(𝑥)   does not 

exist. 

Example: 

Find lim
𝑥→3

𝑓(𝑥) if it exists where  

𝑓(𝑥) = [  𝑥−4            
4+𝑥              ,𝑥<3

,𝑥≥3 ] 

Solution: 

Right side  

lim
𝑥→3+

𝑓(𝑥) = lim
𝑥→3+

(4 + 𝑥) = 4 + 3 = 7 = 𝐿1 

Left side  

lim
𝑥→3−

𝑓(𝑥) = lim
𝑥→3−

(𝑥_4) = 34 = −1 = 𝐿2 

Now, since 

lim
𝑥→3+

𝑓(𝑥) ≠ lim
𝑥→3−

𝑓(𝑥),     then lim
𝑥→3

𝑓(𝑥) does not 

exist. 
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Example: 

find lim
𝑥→2

𝑓(𝑥) if it exists 

𝑓(𝑥) = [            𝑖𝑓      𝑥<2
𝑖𝑓      𝑥≥2

𝑥2+2
𝑥+4 ] 

Solution: 

Right side  

lim
2+

𝑓(𝑥) = lim
2+

(𝑥 + 4) = 2 + 4 = 6 

Left side 

lim
2−

𝑓(𝑥) = lim
2−

𝑥2 + 2 = 22 + 2 = 6 

Since  lim
2+

𝑓(𝑥) = lim
2−

𝑓(𝑥) = 6 

Thus                        lim
𝑥→2

𝑓(𝑥) = 6 


