Theorem (1):

sin(6)

1. lim =g~ =0
2. Jim CO<59(>9) =0
3. Jimg=0
4. (lai_r)rcl)% = 00

Theorem (2):

1-lim sin(x) = sin (0)
x—0

2-1lim cos(x) = cos (0)
x—0

3-1lim sin(x) _ 1
x—=0 (x)
. tan(6)
4-lim =gy =0

Theorem (3):

If f and g are two functions with lim f(x) = L; and
X—Xo

lim g(x) = L, then,

X=X

1- lim k =k, (kisanyconstant).
X—Xo

2- lim x = x,
X=X

3-lim ¢ f(x) = cL,

X=X



4-lim (f () £ g(x)) = lim f(x) + lim g(x) =L, £ L,

5- lim (f(x). g(x)) = lim f(x). lim g(x) = Ly. Ly

lim f(x)
6- lim (L) =0 =21 gichthat L, # 0.
x-xg NG/ lim g(x) Ly

Theorem (4):

1- if xll)r)rcl f(x) =L, then
lim [FCOI" = [tim f ()] = LI

X=X

_ . n :Tl . :n > .
2-  lim V/f(x xh_)r)rclof(x) VL ,L =0 ,niseven.

X=X

Theorem (5):

If f(x) =ay+ax+a,x?+ asx®+ax*+ -+ ax™

is any polynomial function, then
lim f(x) =f(xy) = ag + a;xo + a,x%y + azx3y, + a,x*y +
X—Xo

n
T apgXxty



Examples:

2sin(h).cos(h) 2

1-Prove that lim

h—0 h
Solution:
To prove ljm 232 ). cosh) _
h—-0 h
From
sin(2h) = 2 sin(h). cos (h)
So lim 2sin(h). cos(h) — lim sin (2h)

h—0 h h-o0 h

. sin (2h) ~sin (2h)
M=y = 2im—y
By using theorem(2),
2sin(h). cos(h)

lim

h—-0 h
2-Find lim x+sin (x)
x—00 X+cos (x)
Solution:
x  sin (x
x +sin (x) T x()
lim i
x—o X + €0S (X) x>0 X X , COS (%)
X X




sin (x)
X
cos (x)
X

1+

= lim
X—00

1+
by using theorem (1).

sin (x
1+ x( ) 140
lim = lim ——
X—>00 cos (x) x-w1+ 0
I+—

i 2

3-Find lim 2%
x—>0 X

Solution:

~sin®x . sin(x).sin (x)
lim = lim
x>0 X X—0 X

sin (x)

=im [sin(x).
xX—0

sin(x)

= lim sin(x).lim
x—0 x—0 X

By using theorem (2)
= limsin(x).1 =0

x—-0



sin (4x)

4-Find lim
X—0 X
Solution:
~ sindx _ 4sin(4x)
lim = lim—————
x-0 X x—0 4x
sin(4x
= 4 lim (4x)
x—0 4x
By using theorem (2).
=4.(1) =4

5-Find lim sin (x) =0

X—>—
2

Solution: )
o e blaall [y g2l
lim sin(x) = sin (E) =1

X—>—
2

sin (3x)

6-Find lim

x—0.8in (5x)

Solution:

(3x).sin(3x)

Ssin3x 3x

= lim

lim

x-0 sin5x  x-0 (5x).sin(5x)

5x




lim(3x). lim

(sin(Sx))

__x-0 x—0 5x
L . sin(Sx))
}3—{%(536)' }cl—{% ( 5x
By using theorem (2).
lim(3x).1
— X—0
lim(5x).1
xX—0

(3% (3) 3
_xll%<5x)_xli%(5)_5

Remark:
1- Ifthe value of f(x) approachesto L; as x

Approaches to x, from the right side we write
lim_f(x) = L.

XX
2- If the value of f(x) approachesto L, as x

Approaches to x, from the left side we write
lim f(x)=L,.

XX



3- If the limit from the left side equals the
limit from the right side (i.e ifL; = L, = K)

Then lim f(x) existand 11m f(x) =

X=X
Butif L; # L, ,Thenthe lim f(x) does not
X=X
exist.
Example:

Find lin% f(x) if it exists where
X—

x>3
f(x) = [;Lctﬁ ,icc<3

Solution:

Right side
li = lim (4 = 4 =7=1L
im f()= lim (4+x)=4+3=7=1,

Left side
lim f(x) = 11m | (x 4)=3,=-1=1L,

X—3~

Now, since
lim f(x) # lim f(x), thenlim f(x) does not
x—-3% x—3~ x—3

exist.



Example:

find lirr% f(x) if it exists
X—
_ +4 if  x=22
fx) = [xJZCJ,z if x<2]

Solution:

Right side

li2r+nf(x) =li2r+n(x+4) =2+4=6
Left side

lizr_nf(x) =li2r_nx2+2 =2°4+2=6
Since lizrp f(x) =li2r_nf(x) =6

Thus lim f(x) =6
X—2



