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The derivative of the trigonometric functions 

Theorem: 

Let 𝑢 be function then.  

1- 𝑑ሺ𝑠𝑖𝑛𝑢ሻ = 𝑐𝑜𝑠𝑢. 𝑑𝑢 

2- 𝑑ሺ𝑐𝑜𝑠𝑢ሻ = −𝑠𝑖𝑛𝑢. 𝑑𝑢 

3- 𝑑ሺ𝑡𝑎𝑛𝑢ሻ = 𝑠𝑒𝑐2𝑢. 𝑑𝑢 

4-𝑑ሺ𝑐𝑜𝑡𝑢ሻ = − 𝑐𝑠𝑐2𝑢. 𝑑𝑢 

5- 𝑑ሺ𝑠𝑒𝑐𝑢ሻ = 𝑠𝑒𝑐𝑢 . 𝑡𝑎𝑛𝑢 .  𝑑𝑢 

6- 𝑑ሺ𝑐𝑠𝑐𝑢ሻ = −𝑐𝑠𝑐𝑢 . 𝑐𝑜𝑡𝑢 .  𝑑𝑢  

Example:  

Find  𝑦′ =
𝑑𝑦

𝑑𝑥
 of the following functions. 

1- 𝑓ሺ𝑥ሻ = 𝑥3 + sin 2𝑥 

2-   𝑦 =
sin 𝑥

ሺtan 𝑥ሻ+1
 

Sol/ 

1-                            𝑦′ =
𝑑𝑦

𝑑𝑥
= 3𝑥2 + ሾcos 2𝑥 . ሺ2ሻሿ 

= 3𝑥2 + 2 cos 2𝑥 

2-                               𝑦′ =
ሺ𝑡𝑎𝑛 𝑥+1ሻሾ𝑐𝑜𝑠 𝑥 .1ሿ−ቂ𝑠𝑖𝑛 𝑥ቀ𝑠𝑒𝑐2𝑥+0ቁቃ

ሺ𝑡𝑎𝑛 𝑥+1ሻ2  

=
tan 𝑥 cos 𝑥 + cos 𝑥 − sin 𝑥 𝑠𝑒𝑐2𝑥

ሺtan 𝑥 + 1ሻ2
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sin 𝑥
cos 𝑥

cos 𝑥 + cos 𝑥 − sin 𝑥 𝑠𝑒𝑐2𝑥

ሺtan 𝑥 + 1ሻ2
 

 sin 𝑥 + cos 𝑥 − sin 𝑥 𝑠𝑒𝑐2𝑥

ሺtan 𝑥 + 1ሻ2
 

Home work: 

Find  𝑦′ =
𝑑𝑦

𝑑𝑥
 of the following functions. 

1- 𝑦 = 4 sec 𝑥 + tan 𝑥                    3_ 𝑦 = ξ𝑥 + cot 𝑥 

2- 𝑦 = ሺcsc 𝑥ሻ. ሺ𝑥 + 1ሻ              4_ 𝑦 =
𝑥2+2

cos 𝑥2 

 

Example: 

Find 𝑦′ for each of the following functions. 

1- 𝑦 = sin൫𝑥2 + 2𝑥 + 1൯ 

Sol/ 𝑦′ = cos൫𝑥2 + 2𝑥 + 1൯ ሾ2𝑥 + 2 + 0ሿ 

= ሺ2𝑥 + 2ሻ. cos൫𝑥2 + 2𝑥 + 1൯ 

2- 𝑦 = tan ሺ𝑥 + cos 𝑥ሻ 

Sol/ 

Let 𝑢 = 𝑥 + cos 𝑥 

𝑦 = tan 𝑢 

𝑦′ = 𝑠𝑒𝑐2𝑢. 𝑑𝑢 

Now, 𝑢 = 𝑥 + cos 𝑥 



 

3 
 

𝑑𝑢 = 1 + ሺ− sin 𝑥 ሺ1ሻሻ 

= 1 − sin 𝑥 

⇒ 𝑦′ = 𝑠𝑒𝑐2ሺ𝑥 + cos 𝑥ሻ. ሺ1 − sin 𝑥ሻ 

= 𝑠𝑒𝑐2ሺ𝑥 + cos 𝑥ሻ − sin 𝑥 . 𝑠𝑒𝑐2ሺ𝑥 + cos 𝑥ሻ 

Home work: Find 𝑦′ for each of the following functions. 

1-  y = cotሺsec 𝑥ሻ  

2- 𝑦 =
sinሺ4𝑥ሻ

𝑥2+cos 𝑥
 

3- 𝑦 =
ξ𝑥

sin 𝑥
 

4- 𝑦 =
tan ሺsin 𝑥ሻ

cotሺcos 𝑥ሻ
 

 

Derivative of composite functions 

Chain Rule : 

Let 𝑦 = 𝑓ሺ𝑢ሻ , 𝑢 = 𝑔ሺ𝑥ሻ then  

 

 

 

 

 

 

𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑢
 .

𝑑𝑢

𝑑𝑥
 قاعدة السلسلة               
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Example: 

Let 𝑦 = 5𝑢2 + 3𝑢 ,  𝑢 = sin 𝑥    find 𝑑𝑦

𝑑𝑥
 

Sol/ 

𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑢
 .

𝑑𝑢

𝑑𝑥
 

Now  𝑑𝑦

𝑑𝑢
= 10𝑢 + 3  and  𝑑𝑢

𝑑𝑥
= cos 𝑥 

Thus  𝑑𝑦

𝑑𝑥
= ሺ10𝑢 + 3ሻሺcos 𝑥ሻ 

⇒
𝑑𝑦

𝑑𝑥
= ሺ10ሺsin 𝑥ሻ + 3ሻሺcos 𝑥ሻ 

= 10 sin 𝑥 cos 𝑥 + 3 cos 𝑥 

Example: 

Find 𝑑𝑦

𝑑𝑥
  for each of the following functions  

1-  𝑦 = sinሺtan 𝑥ሻ 

Sol/ 

Let  𝑢 = tan 𝑥 ⇒ 𝑦 = sin 𝑢  

𝑑𝑦

𝑑𝑢
= cos 𝑢     and 

𝑑𝑢

𝑑𝑥
= 𝑠𝑒𝑐2𝑥  

Thus by chain rule   
𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑢
 .

𝑑𝑢

𝑑𝑥
= cos 𝑢 . sec2 𝑥 = cosሺtan 𝑥ሻ. sec2 𝑥 

والثانية     𝑢معرفة بدلالة    𝑦لدينا دالتين الاولى هي  

والمطلوب هو مشتقة ال   𝑥معرفة بدلالة     𝑢هي 

𝑦    بدلالة ال𝑥     وعليه نطبق قاعدة السلسلة 

بما يساويها لكي     𝑢نعوض بدل كل 

 𝑥بدلالة     𝑦نحصل على مشتقة 
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2- 𝑦 = ൫𝑥2 + 5𝑥൯
10

 

Sol/ 

Let   𝑢 = 𝑥2 + 5𝑥 ⇒ 𝑦 = 𝑢10 

𝑑𝑦

𝑑𝑢
= 10 . 𝑢9      and      𝑑𝑢

𝑑𝑥
= 2𝑥 + 5 

by chain rule   
𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑢
.
𝑑𝑢

𝑑𝑥
= ൫10. 𝑢9൯ሺ2𝑥 + 5ሻ 

= 10൫𝑥2 + 5𝑥൯
9

ሺ2𝑥 + 5ሻ 

3-𝑦 = cosሺsec 𝑥ሻ                    H.W 

Second Order Derivative and Derivatives of Higher 

Order 

The derivative 𝑦ư =
𝑑𝑦

𝑑𝑥
 is the first derivative of 𝑦 = 𝑓ሺ𝑥ሻ with respect 

to 𝑥. The first derivative is itself a function of 𝑥  and may be 

differentiable. 

Thus, we can derivative it  

𝑦″ =
𝑑𝑦′

𝑑𝑥
=

𝑑

𝑑𝑥
ቆ

𝑑𝑦

𝑑𝑥
ቇ =

𝑑2𝑓

𝑑2𝑥
=

𝑑2𝑦

𝑑2𝑥
 

Which is called second derivative of 𝑦 = 𝑓ሺ𝑥ሻ with respect to 

𝑥 .  
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In general   

                   𝑦‴ =
𝑑3𝑦

𝑑3𝑥
=

𝑑

𝑑𝑥
ቀ

𝑑2𝑦

𝑑2𝑥
ቁ is the third derivative. 

𝑦⁗ = 𝑦ሺ4ሻ =
𝑑4𝑦

𝑑4𝑥
=

𝑑

𝑑𝑥
ቀ

𝑑3𝑦

𝑑3𝑥
ቁ is the fourth derivative. 

                    ⋮ 

                    ⋮ 

                   𝑦ሺ𝑛ሻ =
𝑑𝑛𝑦

𝑑𝑛𝑥
=

𝑑

𝑑𝑥
ቀ

𝑑𝑛−1𝑦

𝑑𝑛−1𝑥
ቁ is n the derivative. 

Example: 

Find  𝑦ư   𝑦″   𝑦‴    𝑦ሺ4ሻ of 𝑦 = sinሺ𝑥3ሻ 

Sol/ 

𝑦ư = cos൫𝑥3൯. 3 𝑥2 = 3𝑥2 cos 𝑥3 

𝑦″ = ሺ3𝑥2ሻ൫− sin 𝑥3 ሺ3𝑥2ሻ൯ + ሺcos 𝑥3ሻሺ6𝑥ሻ 

= −9𝑥4 sin 𝑥3 + 6𝑥 cos 𝑥3  

𝑦‴ = ൣ−9 𝑥4൫3𝑥2 cos൫𝑥3൯൯ + ൫sin൫𝑥3൯൯൫−36𝑥3൯൧

+ ሾ6𝑥 ቀ− sin 𝑥3 ൫3𝑥2൯ቁ + 6 cos 𝑥3ሿ 

 

𝑦ሺ4ሻ             →      𝐻. 𝑀                 
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Example: 

Let 𝑦 = 𝑥4 + 3𝑥2 − 5𝑥 + 2          𝑦‴ሺ
1

6
ሻ   and   𝑦ሺ4ሻሺ

1

6
ሻ 

 

Sol/ 

𝑦ư = 4𝑥
3

+ 6𝑥 − 5 

𝑦″ = 12𝑥2 + 6 

𝑦‴ = 24𝑥       𝑦‴ ቀ
1

6
ቁ = ሺ24ሻ ቀ

1

6
ቁ = 4 

 𝑦ሺ4ሻ = 24 →   𝑦ሺ4ሻ ቀ
1

6
ቁ = 24 

  Home work: 

1. let 𝑓ሺ𝑥ሻ = 𝑥 sin 𝑥   find 𝑓′ ቀ
𝜋

4
ቁ 

2. show that 𝑦″ + 4 𝑦 = 0, when 𝑦 = 3 sinሺ2𝑥 + 3ሻ 

3. show that 𝑦‴ + 𝑦″ + 𝑦ư + 𝑦 = 0   when 𝑦 = sin 𝑥 + 2 cos 𝑥 

4. Find  𝑦ư   𝑦″   𝑦‴      for the following functions  

I. 𝑦 = 𝑥4 + 1 
II. 𝑦 = cot 𝑥 

III. 𝑦 = 5 sec 𝑥 

IV. 𝑦 = ξsin 𝑥 
V. cosሺ𝑥 + 2ሻ2 

VI. 𝑦 =
1

2
tan 𝑥 sin 2𝑥 

 


