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Chapter 4: Wave Mechanics

4.1. Time-dependent Schrddinger equation
In quantum mechanics, the state of any physical system is specified at each time “t”, by
a state vector |¥(t))in a Hilbert space %, where |¥(t)) contains all the needed information

about the system. The time evolution of the state vector |\P(t)>of a system is governed
by the time-dependent Schrddinger equation

H(T,t)|[ ¥ (1) = ihﬁl‘PT(t)) ...... (4-1-1)

Where H is the Hamiltonian operator corresponding to the total energy of the system
defined as:

H(T,t)= —%vz +V(r,y)y (4-1-2)

The spectrum of the Hamiltonian, which consists of the entire set of its eigenvalues, is real.
This spectrum can be discrete, continuous, or a mixture of both. In the case of bound states,
the Hamiltonian has a discrete spectrum of values and a continuous spectrum for unbound
states.

In the position representation, the time-dependent Schrodinger equation (4-1-1) for a particle
of mass “m” moving in a time-dependent potential V(7,t) can be written as follows:
hz

—— V2¥(T,t) + V(F,)¥(T,t) = ihg\y(f,t) ...... (4-1-3)
2m ot

Recall that, according to the probabilistic interpretation of Born, the quantity |‘P(?,t)|2 dr

is the probability of finding the system at time t in the elementary volume dz surrounding
the point r. Since the total probability is 1, we have

j |\}1(?,t)|2dz- =1 (4-1-4)

4.2. Stationary states: Time-independent potentials

In a large class of problems, the Schrodinger potential V(T,t) has no time dependence
and it is simply a function V() of position. In this case the Hamiltonian operator will also
be time independent, and hence the Schrodinger equation will have solutions that are

35



ADVANCED QUANTUM MECHANICS Chapter 4: Wave Mechanics

separable, i.e. solutions that consist of a product of two functions, one depending only on
T and the other only on time:

(T, 1) = (F)D(1) e (4-2-2)

Substitute eq.(4-2-1) into eq.(4-1-3), and dividing both sides by  (T)®(t) , we obtain

1| n_, N | iR dD .
;{—%V w (1) + V(P (F) - (4-2-2)

The left side of the above equation depends only on the variable “T”, while the right side
depends only on the variable “t”, since “t” and “t” are independent variable, then both
sides must be equal a quantity which depend on neither “t” nor “t”. Thus, both sides must
be equal to the same separation constant “c”, the right side:

hdo _ o (4-2:3)
O dt
with solution
—iEt

O(t)=e ” ceeeo(4-2-4)
while the left side

-
- %V y(M+V@y(@=Ey@r . (4-2-5)

This equation is known as the time-independent Schrodinger equation for a particle of
mass m moving in a time-independent potential V(r) . Equation (4-2-5) can be rewritten

as:

Hy(f)=Ew(® (4-2-6)

Hence the state (4-2-1) becomes
—iEt

W) =p@e (4-2-7)

A state described by a wavefunction (4-2-7) in which the spatial and temporal parts are
separable is called stationary state, stationary because physical observables of the state
are actually time independent.

The probability density of the stationary state is time independent (stationary)
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—iEt|?

p®=YEO =ly@e " | = L. (4-2-8)

The most general solution to the time-dependent Schrédinger equation (4-1-3) can be
—iE,t
written as an expansion in terms of the stationary states W (r,t) =y, (F)e ”

—iEt

Y=Y cw, (e " Prove (4-2-9)
Where
¢, = ([P (t=0)) = [y (N, (Nd°r (4-2-10)

The general solution (4-2-9) is not a stationary state, because a linear superposition of
stationary states is not necessarily a stationary state.

HW. Prove that the probability density is time dependent for linear superposition of
stationary states.

HW. Prove that the expectation value of the Hamiltonian operator H is time independent
for linear superposition of stationary states, where Hg, (x)=E ¢, (x).

4.3. The harmonic oscillator

Consider a particle subject to a restoring force F = -kx, as might arise for a mass-spring
system obeying Hooke's Law. The potential is then

With @ = \/% , hence, the corresponding one-dimensional Schrédinger equation is

ptod® 1,
_md7+5ma) X [//(X) = E(//(X) ...... (4'3'2)

There are two approaches that are used to find solutions to this equation. One approach
involves using power series (analytical approach). The second approach makes use of
Ladder operators.
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4.3.1. Analytical approach (Power series method)

As shown in B.Sc. course of quantum mechanics, after some efforts, eq.(4-3-2) can be
written

d’w (<)
de?

Where we have chosen a new measure of length and a new measure of energy, each
of which is dimensionless, such that

+(g—§2)y/(§)=0 (prove) L (4-3-3)

m 1/2 2E
L= (_‘0) x and e=— L (4-3-4)
hi ho

The solution (normalized eigenfunctions) to eq.(4-3-3) is

_(mo)" 1 3
wn(é)—(”hj me H.(¢) (4-3-5)

Where H_ (¢) is a Hermite polynomial of degree “n”, given by

mE@=Coe e (4-3:)

The energy of the eigenstate is given by

E, = ha)(n +%) ,n=0,1,2, ... (4-3-7)

The energy levels are equally spaced %@ apart. Even the lowest energy state (the ground
state), has a nonzero energy of 7iw/2 known as the zero-point energy. The higher energy

states correspond to larger amplitudes of oscillation, and vice versa for the lower energy
states.
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Fig.(1): The energy eigenvalues of a particle in one-dimensional harmonic oscillator potential.

4.3.2. Ladder operators approach (Algebraic method)

Another method may use to solve the problem of H.O. in sense of Q.M. usually called

operator treatment. According to this approach Schrddinger equation

formula (4-3-3), which may write as follows:

d’ ) _
(dgz—é)w(é)— ey (Q)

: d? , ,d d .
Since ¢ =(—-¢)(——+¢) -1, equation (4-3-8) becomes;

dz? dc "\
& o1y =-ew(©)
dc °dge

Using ¢= i—E equation (4-3-9) becomes
w

1 d 1 d 1
hw{ﬁ(C—E)E(C‘FE)"‘—}W@)— Ew(S)

2
Let a* :i(g—i) and a- :i(§+i) , equation (4-3-10) becomes:
V2 dg V27 d¢

P |
ho(a'a +§)W(C) =Ew({)
One can write the Hamiltonian operator as
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f = ho(a + %) ...... (4-3-12)
Also, one can deduce the commutation relation between a"and a-

- a|-aa -aa=2 (4-3-13)
From egs. (4-3-12) and (4-3-13), the Hamiltonian operator can be rewritten as:

H= ha)(aa - %) ...... (4-3-14)

1 1
HW. Prove that: &" = (2mw #) ?(me X-ip,) and & =(2mwo &) *(mo X+ip,).

HW. Express X and p, in terms of both lowering and raising operators.

HW. Formulate in matrix form the position operator, momentum operator and number
operator of the 1-dimensional harmonic oscillator.

In order to explore the action of both &"and 4" on w, let suppose, if i is a solution of the

Schrédinger equation corresponding to energy E, then (é*y/) is also a solution to the
Schrddinger equation

Aoy )= ha)[aa n 1)(:?11//)

2
N A+ A+| a-Aa+ 1
H(a'y)=toa [a a l//+5w] ...... (4-3-15)
. : s 1 . H o1 Lo
Using eq. (4-3-14): H:hw(a a —E] 2> aa :h_+§ and substitute into eq.(4-3-15)
w
. H 1 1
H&w) =hod" || —+= |y +=
(&) =ho Hha) 2}” 2‘”]
Aay)=E+rolay) L (4-3-16)

This means, (é*z//) is a solution to the Schrodinger equation but for energy (E +hco).
Similarly, if y is a solution of the Schrédinger equation corresponding to energy E, then

(é‘u//) is also a solution to the Schrédinger equation but for energy (E - hw).
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Alay)=(E-nofay) (Prove) (4-3-17)

i.e., Both states (é*://) and (é‘t//) are eigenfunctions for the Hamiltonian operator with
eigenvalues (E + 7o) and (E - o), respectively.

The operators a"and & are called ladder operators, because the action of the raising
(creation) operator 4 on an energy eigenstate is to turn it into another energy eigenstate

A

of higher energy and the action of lowering (annihilation) operator 4~ on an energy
eigenstate is to turn it into another energy eigenstate of lower energy.

One can summarize the action of operators &"and 4~ on the energy eigenstate y, are
A— A+

ay,=Cy,, and ay,=Cy,,

Or can be rewritten in Dirac notation

A+

a’n)=c_|n-1) and 4

ny=c.|n+1)

Where c_and c, are constants of proportionality (not eigenvalues)

Since the minimum value of the potential energy is zero and occurs at a single value of
X, the lowest energy for the quantum harmonic oscillator must be greater than zero. Let

the wave function for the minimum energy be |O> Since there is no energy level below

this minimum value, we must have

0)=0 (4-3-18)

This equation allows us to find |0), since it gives

me 1) 2(me K+ip)l0)=0 (4-3-19)

The normalized solution is found to be

m V4 _mex?
0)-(22] e
7h

The energy of this state is easily found by applying the Hamiltonian operator given by eq.
(4-3-12), this gives

H|o>=hw(a+a +%j|o>=%mo|o> ...... (4-3-21)
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E =lha)
2

o]

Application of the raising operator to the ground state generate the state |1> with energy

E1, whilst n applications of the raising operator generate the |n>state with energy En

1
E, = ha)(n +§j =0, 1,2, ... (4-3-22)

To find ¢_and c,

H 1
e Zin)
ho 2

CTC+5n'n = ( En + 1jé‘n’n
ho 2

(n"+1

c’c,/n+1)=(n’

C,=+vn+1

at

ny=vn+ljn+yy (4-3-23)

Similarly, ¢ =+/n

a’|n)y=+nln-1y (4-3-24)

HW. Try to apply the raising operator to the ground state wavefunction to generate the
first excited state wavefunction and in turn deduces the energy of the first excited state.

A —

HW. Verify the following commutation relations [H,4*]=/e8" and [H,47] = —hed".

HW. If the number operator is defined as N =4'4", Verify the following commutation
relations [N,a"]=4" and [N,4"]=-4".

HW. Verify the uncertainty principle AXxAp, 2% for a particle in harmonic oscillator

potential.
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