ADVANCED QUANTUM MECHANICS Chapter 5: Angular momentum

Chapter 5: Angular Momentum

5.1. Definition:

In classical mechanics, the angular momentum is defined as:

L=Txp o (5-1-1)
2 2 2 2

=L+ (5-1-2)
L, =yp,-2zp,
L, =2p, — Xp, ..e(5-1-3)
Lz = Xpy —YPy
In quantum mechanics
L, =—in yi—zi)

0z oy
~ . 0 0
Ly =-in Za—x—xaj ....(5-1-4)
L, =—in xi—yij

oy OX

According to the following commutation relations, the components of angular
momentum are not commute with each other (I:X, ﬁy and I:Z are incompatible
observables).

[I:Z,I:XJzth:y , [I:X, AZ]:—thA_y (5-1-5)

Ex. Prove [ﬁx, ﬁyJ= inl, .

Soln.
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L0, =00, ~L,L, =(yp, —2p,)(zp, —Xp,) — (2P, — XP,)(¥P, ~ 2P,
=Yp,zp, —YP,XP, —ZP,ZP, +2Zp,Xp, —ZP,YP, +2ZP,Zp, +XP,yP, +Xp,Zp,
= (YP,zp, —2Zp,YP,) +(XP,YP, — YP,XP,) + (2P, Xp, —Xp,zp, ) + (zp,zp, —Zp,Zp,)
(YP,Zp, —2p,YP,) = YP,(P,Z2 —2p,) = —ihyp,
(Xp,yp, —Yyp,Xp,) =0
(zp,Xp, —xp,zp,) = p,X(zp, —p,z) =ihp X
(zp,zp, —2p,zp,) =0

[L,.L, |=in(p,x—p,y) =inL,

Where [x,px]zly,pyj=[z,pz]=ih and lxlpyJ:[y’px]:[Z’pX]zo K ﬁ’ij:ih@j

H.W. Prove [%,p,|=in.
H.W. Prove [L,,2]=0.

H.W. Prove [ L,,% | =iny

H.W. Prove [L,.p, |=0.

H.W. Prove that [I:Z,f)x} =inp, .

Ex. Prove L, (*|=0.

Soln.

(I B8 (Y T8 Y Y
Lol =L, -, =0

lL.Cl=L2-CL =L - +L L L -LL L =(LLL, -LLL)+LLL —L2L,

y—x—y = X—y—y y—xTy
~(L,L,L, -LLL )+ (L, L, -1 L L, )= (L, -L L)L, +L,(LL, ~LL,)

XTyTy y =Xy y—xTy y-y X

“[L. L], + L L =i L +inL L,
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L. 2|=L L, -LLL, =(LL,-LL)L,+L,(LL,-LL)

X—z~z Z—Z—X

=[L,.L, L, +L,[L, L,]=-inL L, —inL L,

L. %|=0+inL L, +inL L, —inl L, —iAL L, =0

5.2. Ladder operators (raising and lowering operator)

The raising IA_+ and lowering I:foperators are defined as

[L,,C1=2s, (5-2-2)
[L,,C0=+s, (5-2-3)
[|_2, L.J=0 (5-2-4)

H.W. Prove [L,,L ]=2xL,.

Ex. Prove [L,,L,]=+AL, .

Soln.
[Lz’ Li] = LzLi - LiLz = Lz(Lx * ILy) - (Lx * ILy)Lz
[L,,L.]=L,L, +iL,L —L L, FiL L, =[L, L ]+iL,L,]

Z—X —

[, L ]=iAL, +i(—inL,) =iAL, £ AL, = +h(L, +il )= +AL,
H.W. Prove [|A-2,|A-i]=0.

Since, the operator [2commute with each component of angular momentum (LX, I:y
and L)), ie. [I:X,Ilz}z[lly,IA_ZJ:[IA_Z,IA_Z]:O. Therefore, it is possible to find
simultaneous eigenfunction of [?and any component of L (By convention we choose

L,).
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From B.Sc. course of QM, we have found that the eigenfunction of both [*and I:Z is the

spherical harmonic function Y."(6,4) =|¢m), with

C2lem)y=n2e(e+D)|em) (5-2-5)
L,|m)y=mnl(m) (5-2-6)
Where ¢ and m are real numbers (since [2and I:Z are Hermitian operators).

(=0,1,2,.. and —/<m</

To demonstrate the action of L, on|/m)
Let apply the operators [,C, on |/m),ie. L,LC,|¢m)

A

From [, L, ]=C,L, -L,C,=nL,

If we consider |:+|£m> as a whole to be just another eigen function of I:Z, then this

result indicates that L, must operate on |¢m) to give |[/m+1), i.e.

L|m)=c|m+yy (5-2-9)

A

Similarly, we can get an equivalent result for L_ i.e.

L|m)y=c|tm-2) (5-2-10)
In general

L|m)=c|tm+yy (5-2-11)
To find c,

(e |CL L[ em) = (em|C_C,| m)

(I'm’+1

cic,[tm+1)=(¢m' | - 2 —nLl,| /m)
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10,25,y = (¢'m|C2 — 12 — A | ¢m)
C.|* 8, S = (€'MV|£(¢ + 1)1 — mPA? — mA?| m)

.28, 0mm = (0(£ + )% —mPH2 — 2 )5, 5,

C, =7 J0(0+1) —m? —m =7 [0(0 +1) —m(m +1)
Similarly, one can find c_.

HW.If L_|/m)=c_|/m-1), find c_.
To demonstrate the action of I:X and |:y on|¢m)

L,and |:y operators can be reformulated as:

L,|¢m) :%(L+ + L_]Em) :%(c+|£m +1)+c¢ [m-1))

A

Ly

/m) = ;(L - L)Em) = _?i(c+|£m +1)—c |fm-1))

5.3. Matrix representation of angular momentum operators

A

..... (5-2-12)

2, L,, I:X, L., IA_+ and L_operators can be represented in matrix form as follows:

y
) L?|em)=n*e(C+1)](m)

(om’ |2 em) = r%0(¢ +1)(£'m’| £m)
(om' |2 em) = R20(0 +1)S,, 0y

In matrix form, for /=1 > m=+10

a7



ADVANCED QUANTUM MECHANICS Chapter 5: Angular momentum

o - O
= O O
—~
A
@
[IEN
~

1
L2 =2r%0
0

i) L,|¢m)=mh|(m)
(e'm'|L,| em) = ma(e'm’| em)
(em'|L,|m) = mhS,, S,

In matrix form, for /=1

Ex. Express the lowering and raising angular momentum operator in matrix form for
(=1.

Soln.
iy L.|m)=c,|m+1)

(em'|L, | em) = 2 (0 +1) - m(m +1)5,,8,

In matrix form, for /=1

0 V2 0
L,=a0 0 2
0 0 O

i)y L_[¢m)=c|/m-1)

(o' |L | em) = (¢ +1)-m(m =1)5,,8, 4

0 0 O
In matrix form, for /=1 > L =nh 2 0 o0
0 V2 0

H.W. Express I:X and Ly operators in matrix form for /=1.
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