2- The Definite integral 2l Jalsill

Theorem:

If f is continuous on [a, b] and F is any anti_derivation of f
[a, b] then

b
f F(x) dx = F(b) — F(a)

It is called the definite integral.

Example:

Evaluate the integral ff(x“ +3x2—x+1)dx

Solution:
2 x> 3x3 xZ
4 2 2
+3x—x+1)dx = + ——+
j1 (x X< — X ) x = - 3 > x]1
_((2° 1. 32° @72 (1>, 31 @2
_[5 B 2 +2H5 T3 2 +1]

32 1
=[T+8-2+2]-[c+1-1+1]
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Example:

Evaluate the integral

n
2
j cosx dx
0
Solution:
T T
2 & 3
J cosx dx = [sinx];
0
. n . O
= sin— — sin
2
=1
Properties of definite integral ddaall Jalsil) al ga

1-If ais in the.ddomain.of f we have

Jaf(x)dx =0

2-f;f(x)dx = — fbaf(x)dx
3- [ kf (X)dx = k [, f(x)dx

4-[(F(x) £ g(0))dx = [, f(x)dx + [, g(x)dx



5- If f(x) is continuous on [a, c] suchthata < b < ¢ then

b c c
] f(x)dx+J f(x)dx=J f(x)dx
a b a
Example:
Evaluate the following integrals

1-f03(x2 + 2x)dx

3 X3 22
J (x? + 2x)dx ==+ 2—]3
. 3. °2

_ 3G (0P (0
=G -Gl

=18

2-f_01(x + 1)dx

0 2
J (x + Ddx = [=— + x]°,
1 2

1
=@-G-D

1

3



3-f45 (xd_xg)
> dx
s (x=3)
=n(-3)—In(4-3)
=In2)—-In(1)
= In (2)

= [In (x - 3)];

3x—2, x<?2

d-letf) =@ ={"

L
X2 x> 2 find [ f(x)dx

Solution:

6 2 6
f f(x)dx = j (3x.—2)dx + j (x?)f(x)dx
0 0 2

32 , X3
= [‘2— —2x]g + [?]z

3(2) 6)3 6)>
A )




Application of the Definite Integral  iaall JalSil) ciliyas

The area under curve riaiad) cad daluall

We can find the area between the graph of y = f(x) and the

x-axis over the interval [a,b] by the following formula

Area= [ f(x)dx|
Lails L go dalsalt Y JalST Joa Glball 4o gy i | o
Example:
Find the Area between the curve 'y = x? — 2x + 3 and the
x-axisfromx =0to x =3

solution:

Area= |f;f(x)dx|
=|f03(x2 —2x + 3)dx|

x3  2x? 3
=3k




_| @203 (0 _2(0)?
—‘(3 - S+ 3@) - -5 +3(0>>‘

B 27
=|&G-9+9-©)
=9

Example:

Find the Area between the curve y = 4 — x2. and the
X-axis.
%gghjw&ﬂ/djbg@ﬁfjwiﬂﬂ/gﬁ;bghcldﬁd/ /.%é,j,fa
LYol JalSil) Jgia S/

dgia Jiad Al Ny add dady sdaally U g glesi JalSTl Qg3 Aoy g
Jalsil

Solution:

y =4 —x*
=>4—-x%2=0

=>2-x)2+x)=0



either x = —2 or x=2

b=2 4 a=-2 JalSil) g gaa Cianal (oY)

2
=|| 4-x%
-2
= [4x_x?3]32
2 3 -2 3
- ‘(4(2)—%)—(4(—2)—( 2,
_ 32
"3

Example:

Find the total Area bounded by the curve y = x3 — 4x and

the x-axis.

Solution:

x3—4x=0=>x(x2-4)=0

x(x—=2)(x+2)=0
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eitherx =0orx =2 ,x = -2

Jgda L0 L) Ciasaf Lis BadU

Area=|A1| + |A2|

+

0
J (x3 — 4x)dx
—2

2
f (x3 — 4x)dx
0

xt  4x2

0 16

42l = || @ = x| = =512 2o - - 9)
=4
2 o 4x? 16

2] = || = x| = B =58 = |1 - 81 - (0]

=4
Thus Area=|4,| + |4, =4+ 4 =8
Example:
Find the total Area of the region between the curves

y = x3 — x? — 6x and the x-axis over the interval [-2,2].



Solution:

x3—x2—-6x=0=2>x(x2—-x—-6)=0
x(x—3)(x+2)=0
Eitherx =0 orx=3 ,x = -2
M ad Eoliellin Lia SLi
Lid S gl A 5lbeal) 5 adl JAII il addl) daad
Sl A Jag e g 558l S 3 GSlg SN JSI 4 -2, 0 e g

Area=|A1| + |A2|

Area= |[°, f(x)dx| +Area= |[7 f(x)dx|

sl = | foae —x2 - 60| = [ -2 - Epe
S (e 3 2 172

—‘0 16 -8 24| 16

= |L0] [4 3 2] 3

2 x* x3 6x?
A, | = 3 _x2 — = — - 2
2] = || @ 2 - 6| = |G -5 -5




32
3

Thus Area=|A,| + |4;| = 1?6 +§ =16

Double integral ic Laal) Jalsil)
The properties of double integrals:

Double integrals over region R of centinuous functions have

the following properties:
1-f[ k(f(x,¥))dx dy =k [[,(f(x,y))dx dy
X,y tad Cupiio 4 ma 0 8 f(xy) Lo Liadli

2- [J{Uf G ))& g, y)] dx dy = [[(f (x, y))dxdy +
[z (g (x:y))dx dy

3'IfR == R]_ U Rz then

UR(f(X,Y))dx = lef(x,y)dxdy+J f(x,y)dx dy

R;
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Theorem: (Fubini’s)(first order)
If f (x,y) is continuous function on the rectangular reign

Ria<x<b,c<y<d then

JfR f(x,y)dx dy = fcd Lbf(x,y)dxdy = Lb jcdf(x,y)dydx

Tpuailly JalS3 iy X e Al
Example: i

Sl gy Jgx

Calculate f23 fol(x + 3y) dx dy

Solution:

3 ‘xz
[F155 + 3y i1y
2

3 (1)2
=] 165 +3y (1) - ©)ldy

31
- [ G+3nay
2

_ o] y*
—[(§Y+3 7)]3
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_(1 (3)? 1 (2)?
3 <§(3) +3 T) - G@+320)

30
= G- ()
=38

Example:

Calculate fol f23(x + 3y) dy dx

Solution:

jolfzs(x + 3y)dydx = Jol[[xy+ 3%2]3] dx

[\ +3D) - +3D) ax
0 2 2

1 15
j (x +—=)dx
0 2

x? 15
— [7+7X]0
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_ 2 15
= 5+ (1)~ ()

_1+15
202

=8

Home work:

Calculate each of the following double integrals

2 3
1- [ J, (x +y) dy dx

1 01
2'fo fo (xy)dy dx
3-fy J; (x* +y?) dx dy

2 3
4- [ Jo x*y) dxdy
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