ADVANCED QUANTUM MECHANICS Chapter 6: Approximation Methods

Chapter 6: Approximation Methods for Stationary States

6.1. Introduction

The exact solution of Schrbédinger equation can be found for only a limited number of
problems, such as square wells, harmonic oscillator, hydrogen atom etc. A majority of
problems in quantum mechanics can usually be solved using a wide variety of
approximate methods. In this chapter, we will consider approximation methods that deal
with stationary states corresponding to the time-independent Hamiltonians: time
independent perturbation theory (non-degenerate and degenerate) and variational
methods.

6.2. Time independent perturbation theory
6.2.1. Non-degenerate system

Perturbation theory is developed to deal with small corrections to problems which we have
solved exactly, like the harmonic oscillator and the hydrogen atom. We will make a series
expansion of the energies and eigenstates for cases where there is only a small correction
to the exactly soluble problem.

Suppose that the Hamiltonian for our system can be written as

A

H=H,+H, ....(6-2-1)

Where I3|0 is the dominant unperturbed Hamiltonian part (the part that we can solve

exactly i.e., we know exactly its eigenvectors and eigenvalues), and I:|1 is the perturbed
Hamiltonian part (the part that we cannot solve, provided H, <<H,).

It is then assumed that the solutions to the unperturbed eigenvalue problem:

~ |(0) (0)
A k>: E,

(o]

(0)
k> en(6-2-2)

©)
are known, in which we have labeled the unperturbed energy by E, and the

(0)

corresponding unperturbed eigenket by k>. By non-degenerate we mean that there is

(0)

only one eigenket k> form a

(0) ©)
k>associated with each eigenvalue E, .The eigenkets

complete orthonormal set:
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©](0)
(kK)o

Since I3|1 is small, the eigenstate |k>for the total problem do not differ greatly from the

(0)

eigenstate k> for the unperturbed problem, so

(©
[kli)-1

The corresponding Schroédinger equation of the full Hamiltonian given in eq. (6-2-1) is:

k) = E,[K) ... (6-2-3)

cannot be solved to obtain the energy eigenvalue E,and the eigenkets |k>exact|y.

However, it could be possible to reduce the full Hamiltonian H into independent parts,
the full Hamiltonian can be written as

H=H,+AH, (6-2-4)

Where A is an arbitrary parameter (0->1) which can be later taken equal to unity to obtain
desired solution.

It is possible to expand the eigenkets and the corresponding eigenvalues of the full
Hamiltonian in power series of A.

© &) @
|k>: k>+/1 k>+/12 k>+...

) SR
E.=E.+AE+ 4L E +..

Substitute equations (6-2-5) and (6-2-4) into equation (6-2-3)

. ~ Y]© &) € 0 ) 6 0

(H0 +/1H1I k>+}t k>+ﬂL2 k>+...):(Ek+/1Ek+/12 Ek+...j( k>+i

) ) Loy L@ )

k>+/1(Hl k>+H0 k>J+}LZ[H1 k>+Ho k>J+...= E, k>
OO\  ©|O O|m\ @@\ @]O

+/1(Ek k>+Ek k>)+/12(Ek k>+Ek k>+Ek k>j+...
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Because of linear dependence of terms in a power series, this can only be satisfied for
arbitrary A if all terms with the same power of A cancel independently.

Equate coefficient of like power of A

~ (O ©]0©

20 > Ho k :Ek k .....(6-2-8)

The zeroth order energy (eigenvalue of the unperturbed Hamiltonian) is

© /O] |©

E,=(kH,Jk) (6-2-9)
LoV Lo\ oo\ ©O]o

r > H, k>+H0 k>:Ek k>+Ek k> ..... (6-2-10)
~ o\ L@\ oo\ o]@\  @]0

o> H, k>+H0 k>:Ek k>+Ek k>+Ek k> ..... (6-2-11)

At this point, the parameter 1 has done its work and is not needed any more.

First order correction to energy eigenvalue

Reorder equation (6-2-10) in the following form:

n (OB n ®
(R4

©)
Scalar product with <

O\ A (0) \[ (@) (0)
i, -£.]8) -

@] ) (0) /(@) 0)
k| E.—E, [k)=—(k

O] . [@\  © /©
(i) k

(0)
k> ..... (6-2-12)

" (1)
H1 - Ekj

O\ O /0
k)+E(k

(0)
k> ..... (6-2-13)

A

Hl

(ﬁ)> e (6-2-14)

H,

(0)
k> =0 ....(6-2-15)
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The first order correction to the energy eigenvalue is

CIO)
£

By

Hl

(0)
k> .....(6-2-16)

First order correction to the energy eigenket

)
k> in terms of the unperturbed function

@)
k)=>c,
Insert equation (6-2-17) into equation (6-2-12)

A (0) ©) . @
[Ho - EkJZCn n>:—[H1 - Ekj

(0)

Scalar product with <n

(©)

Expand n> , where kK#n

(0)
n > wn..(6-2-17)

(0)
k> ..... (6-2-18)

O~ ©)O O . ) O
de,(n||H—E |[n)==(n| H-E|k .....(6-2-19)
© () O] . |@\ ©
(EH—Ek cnénn:—<n H, k>+Ek5nk
© © O] . [©
E,-E, [c,=—(nH k
O] . |©
<n H, k>
C, :W (6-2-20)
(B
©] . | (0
o) <n H, K ©)
k>=z OB n> ..... (6-2-21)
nzk (Ek_Enj
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Second order correction to the energy eigenvalue

Rewrite equation (6-2-11) in the following form:

N ORI O\ @
(A1) {2 |R)-E
(0)

Scalar product with <k

(0) (0) ~ (2) /)]0

Kk H,-E, +E (kK w...(6-2-23)

©  ©)/O@ O . @\ © /0O

(Ek Ekj<k > <k k> Ek<k

@ JO]. |

E,=(k|H, k .....(6-2-25)
) ©)] @
k>=0, <k k>=0

Substitute equation (6-2-21) into equation (6-2-25)

O, [\
(i

Ekzz © (0
nzk (Ek_Enj

(0)
k> e (6-2-22)

)
k

H,

(0)
k> ....(6-2-24)

0
Where <k

n A,

...(6-2-26)

EX. A diatomic molecule has permanent dipole moment P along the direction connecting
the two atoms. If such a molecule is placed in a uniform electric field ¢ . Treat the molecule

as a rigid rotator with unperturbed HamiltonianH, =L?/2I, where | is the moment of

inertia of the molecule. If the perturbed Hamiltonian is I:|1 =-P-£ which represent the
interaction energy between the dipole moment and the electric field. Find:

a) The first order energy shift of the ground state.
b) The first order correction to the ground state wavefunction.
c) The second order energy correction of the ground state.

53



ADVANCED QUANTUM MECHANICS Chapter 6: Approximation Methods

(0) (0) (0)
k>:Ek k>

The eigenfunction of L?is Y,"(#,9), so that the eigenfunction of H,is also Y;"(6,¢) =|¢m)

Soln.

A

a) H,

(0) 2
k> L L
21

W ()
-2

1
The eigenfunction of the ground state = Yg(@,(p) = |OO> =—
NAr
@ /O], [©) @ N _pg¥ _ ,
E.=(kHlk) — E, =<00|H1|OO>=4—J.d(p_[cosesinédezo (There is no first order
T 0 0

correction to the ground state energy).

Where I:|1 =-P.&=-Pecosd

b) Using equation (6-2-21)

(i?> 100) = £ o
= = —_— f— =
NEY/a °
(O] 0) 2
lm=vron = £ =10

H

<(0)

n
. ) [3

Using Y;(6,¢)=[10)=,/-——cos@
4

(0)

<n

Using the orthonormality condition IYm YrdQ=6,5

20" mm’

©
k> (¢m|H,|00) = '[Ym cos Q.

0)
k> (em|F,[00) = ngvm Y2dQ

A

H,
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O] .
n

(0)
n>=|10>:Y1°(9,(p) 5 E.E

Pe

" e

5 15m0

”> (rm|F4[00) =~ ij Yo ==

k :\/§h2Yl:\/_7Z'h cosd

<1>> Pd ., 1 Pd

n|H,

OIIONG
. . & k (2) T4 2%
c) Using equation (6-2-26) -> Eﬁzﬁ — 0:__[_j
n=k L(E)_(E)j 3 h
k

n

EX. Consider one dimensional anharmonic oscillator with full Hamiltonian
2

H :2p_m+ > kx? +ax*, where ax*is small, if the unperturbed wavefunction of the ground

14 _kx2
state is %(X)=(Lj -e[ztmj.

whw

a) Find the first order energy shift for the ground state.

b) (H.W) Find the zeroth order energy eigenvalue, and the total energy of the ground state
up to first order correction.

¢) (H.W) Find the first order energy correction for the first excited state if the unperturbed

. . . o k 2k ) [k}
wavefunction of the first excited state is given by: Wl(x):( j [ j -x-@l2n0).

who ho

Soln.
O\ @\ © k [—kxzj
k)=|0)= X)=| — | -al2mw
R ANE S

2
I:|o:p—+1kx2

2m 2
H, = ax*

H,

1

o /o o\ (ak "% [_kxzj 4
a) Using equation (6-2-16) < E, =<k 0> = pr Ie ho ). X"dX
w

—0

~ [(0) (1) 0)| .
k> > Eo:<0H
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0 —kx2 5/2
Je[m] -x*dx = %(h_a)) \/;

k

@ 2
4  k

H.W. Calculate the first order correction to the energy of the n state of a harmonic

oscillator whose center of potential has been displaced from 0 to a distance L.

EX. An electron of charge (-e) moves in a one-dimensional harmonic oscillator potential,

2
the unperturbed Hamiltonian is H, = sz +%ma)2x2. A weak, uniform electric field ¢ is
m

applied in the positive x-direction. Thus, the potential energy due to the electric field is

eex (@) Write down the perturbation Hamiltonian H, in terms of a*, a  and other

guantities. (b) Find the first-order correction to the ground state energy. (c) Find the
second-order correction to the ground state energy.

Soln.
ho .. . ~ h .
a) X=,——(&a"+4a > H,=esx=e¢ a*+a
) () 1 (@)
() O], | [N (0) (0)
b) Ek:<k H1k> > E,—es |t <o(a++a-io>=o (Why)
2Mmw

(0) (0)

o O (0)
<n(a++a‘10>:<n

The only allowed transition is where n=1 and so we find

A+

a

(0)
O> = §n1

(2) 2
Eo = (65)2 . h . 1 =— (68)2
2Mae (1;‘1 3 ) 2me
~“ho—-—ho
2 2
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6.2.2. Degenerate system

Consider a degenerate system such that the zeroth order Hamiltonian has v states with
(0)
energy E, . These zeroth order states satisfy

N (0) (0)
H(O) k,a> = Ek,a

(0)
k,a> a=123 ..v L. (6-2-27)

where now we use two indices to represent each state: the first index k runs over the
different energy eigenvalues while the second index « runs over the v degenerate states

(0)
for a particular energy eigenvalue. Since we have v degenerate states of energy E, , any

©
linear combination of these states is also a valid state of energy E, .

(0)
k,a>

(0)
Kk, a> ..... (6-2-28)

O

Let expand k>in terms of the degenerate unperturbed function

(ﬁ)> _ ZV:C(Z

a=1

Insert the above equation into equation (6-2-12)
. )| ® v . M
(H(O) - Ek] k> =->c, (H(” —Ekj

a=1

(0)
Scalar product with < K,

(0) A 0) \| @ v (0)
<k,ﬂ (H(O)—Ek) k>:—2ca<k,ﬂ

a=1

(0)
Kk, a> ..... (6-2-29)

e,

(0)
k,a> .....(6-2-30)

(0) n @) (0) /(0) (] v (1)
<k,,3 RO k>—Ek<k,ﬁ k>:—an[H(ﬁg—Ekéﬁa}
a=1

1 (0) N (0) (0) ~(0) (] (0) /(0) (@)
where HY) =(k,s|AY k,a) and (k,B|H®|k)-E,(k,B|k)=0
e [Ho € s, |0
Y.c,|HY B8y, |= ..(6-2-31)
a=1
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In matrix form

®

T N A
@
HY  HY-E. HY |Gl (6-2-32)
HO HY  HO_E ‘s
31 32 33 k .

Trivial solution, if C, =0, (reject this solution because it has no physical meaning).

&
Nontrivial solution if and only if det[H% -E, 5ﬂ“j =0 ,ie.

(@]
HY -E,  HY H
(1)
HY  HY-E,  HY -0 (6-2-33)
()
HY) HZ  HY-E,

6.2.3. The Stark effect

The effect that an external electric field has on the energy levels of an atom is called the
Stark effect.

EX. Consider the Stark effect in Hydrogen atom, where an external uniform weak electric
field & directed along the positive z-axis. Find the first order energy correction for the
ground and first excited state.

Soln.
In the absence of an electric field, the unperturbed Hamiltonian of the hydrogen atom is:

qo_P 1 e
2m  4rng, r
When the electric field is turned on, the interaction between the atom and the electric field

generates a term ef-£ that needs to be added to H . i.e., the perturbed Hamiltonian is:
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HY =ef-€ =er€cosd =e€ z
The eigen state of A%is |n/m)

where n is the principal quantum number, ¢ is the orbital quantum number and m is the
magnetic quantum number.

1-For the ground state, n=1,

/=0 and m=0 > |100>, this corresponds to “1s” configuration. This state is non-

degenerate, so we use non-degenerate perturbation theory.

@
The first order correction to the ground state energy eigenvalue E| is:

(0)
180> > I(El:) = eé’jz‘z//l(ggrdr

A

@ ) .
Ek:<k H® 2

(© & (0)
k> > E,=¢& <1O

Because the function z has odd parity and the square of the wave function \W;ggf has

even parity. The resultant integrand has odd parity and so yields zero when integrated
over all space.

@
E, =0

There is no first-order (i.e., linear) Stark effect occurs in the ground state of hydrogen.

The absence of a linear Stark effect in the ground state implies that the atom does not
have a permanent electric dipole moment in its ground state.

2-For first excited state, n=2.

The n=2 state of the hydrogen atom is 4-fold degenerate, with one 2s state and three 2p
states, i.e. |200), |210), |21-1) and |211).

Let us denote the unperturbed first excited state as

)
1)-

)
1> , then

(0
2oo> c,+

(0
210>c2+

(0
21—1>c3+

0
211>c4
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We construct the matrix of the perturbation H” in the n=2 degenerate subspace,

Chapter 6: Approximation Methods

© . ] © . | © .. | © ], ]0©
<20 A® 2oo> <2o A® 210> <2o A® 21—1> <2o A 211>
O 2] 1 O 2] 0 @ ] O 2] 0
210/A® {200 210/A® {210 210/AW|21-1 210[A® {211
po = * ot v e (1)
© [..] 0 © |0l © © |0 © © ||
21-1|A%[200) (21-1/A%|210) (21-1{AY|21-1) (21-1|AY|211
.. |0 O..| © .| © .. |0
<211 H® 2oo> <211 A® 210> <21 A 21—1> <21 A® 211>

Reduction of the size of the matrix:

1-Since [L,,AY =0 > eg[L,.z]=0
e8<nﬂm|[llz,zJ|n12’m’>=e5<n€m|[|lzz—zllz]|n£'m’>:0
e5(<n6m|I:Zz|nf'm’>—<nﬂm|zI:Z|nﬁ’m'>):0
eCh(m-m')(nfm|z|n'm")=0

(ntmlznf'm’)=0 if m=m'

According to the above condition, the following matrix elements in the determinant of eq.
(1) will vanish

© . | © © | . o © | .| © © |.
<2oo H® 21—1>=<2oo H® A 21—1>=<210 H® 211>=<21—1‘H(1)

(0)
211> =0

(0) (0)
211> = <210

Eg. (1) becomes:
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(0) (0) (0) (0)
<200 200> <200 210>

(0) (0) (0) (0)
<210 200> <210 210>

£ (o

e G

(0)
<21—1

2- Using parity condition:

The parity T1 of the hydrogen atom wave functions is determined as

IQI\PMm (?) = (_ 1)/ ¥ (?)

0

0

£

(0)
21—1>

Chapter 6: Approximation Methods

|

(0)
211

£

(
2

0)
11>

The Hamiltonian for the perturbation has odd parity, so the matrix elements between
states of the same parity give an integrand that is odd and hence a zero integral. The only
nonzero matrix elements are those between states of different parity, which are the s and

i.e., the only nonzero matrix element (n/m|H®|ne'm’y=0, only if (+{'=o0dd. Eq. (2)

p states.
becomes:
O | o] 0
0 200{AY[210) 0 0
O], |©
HY = <210 HO 2oo> 0 00
0 0 0

Thus, the only nonvanishing matrix elements of the perturbation are those connecting the
2s 2s=|200) and 2p,=|210)states; the 2p,, =|21+1)states are not affected by the

perturbation and their energies are unchanged and the linear homogeneous equations
reduce to a set of two equations.

HO —
(0)
<210

5o

A

H®

(0)
<20

(0)
200> 0

(0)
210>
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(0)
210>

0) | .
Now we need to calculate the matrix element <200 H®

)
200> =1 200 (1, 0.0) =R (1)Y; (6, 9)

R0 (r) =Ry () = %(ao)“’z)(z —aij : e[ij : Y2(6,4) =|00) = %

© 0 0 (312) r [;r]
200)=R,,(r)-Y,(6,0) =R, ()Y, (0,9) = \/_( o) 2—— |-@lz,

a

0o

2(3)-)0> = 5/0/)210 (r: 0, ¢) = R21(r)Y10 (0’ ¢)

1 . il 3
Ru(N)=R,,(r) :m(ao) (5/2)-r-e(2aoj : Y. = ‘/E cosé

cosé (5/2) [ m ]
r,o,p)== .-l 2a,
‘/’210( P) = 4r( ) e
(0)
<200

y].© ©0)
210 ) =e&( 200

Where, we have using  [@ ™ x"dx = I'(n+1)

H( rcos

(0) 727
210> eé’.[ j Y, cos @Y, sin od HdgojRZSrRzprzdr =-3a.,e&

oy to get:
TRZSrRzprzdr =—/27 -a,
0
and
ITYSCOSQYlOSianQd(p \/7 J-d(pJ‘COS Hsmede_%ﬂ- %.zﬂEZ% _

Eg. (4) becomes
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0 —3aef
HY { 4.8 j ..... (5)
—3a,e& 0

We diagonalize the perturbation Hamiltonian to get the energies and states:

@
-E, -3a.ef
=0
@

-3a,e£ —E;

)2
Ell) = (32,€)’

&
B, =13ef a,

The perturbed energy states are shown in Fig.1. Note that the perturbation has lifted some
of the degeneracy, but not all of it; two states remain degenerate. The 2p,, states are not

shifted, and those eigenstates remain the same. The 2s and 2p, states are mixed by the
perturbation

AE
0 EM=3eea,
EMN=0
EM=_3eea,
> &

Fig(1): Stark effect in the hydrogen n=2 state.

H.W. Find the eigenstates of the perturbation Hamiltonian in the above equations.

EX. A two-dimensional isotropic oscillator has the Hamiltonian
~ n ( o0 0? 1
H=——| —+— |+ =k(l+bxy)\x* +y?

Zm(ax2 ayzj 2 ( y)( y )

a) If b=0, write down the energies of the three lowest levels, stating the degeneracy
in each case.
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b) If b is small positive number such that b<<1, find the first perturbation corrections
to the energy of the three lowest states. Where the zeroth order wavefunction of
the three lowest states are given below, respectively:

AR N A PE SR A X SR NES

o % ho 7o ho
Soln

2 2 2
A(O)_ h a a 1 2 2 ’\(1):1 3 3
i e e [ ) ROl

a) Ifb=0 > A" =0
(0) (0) 1(0)
k)=E,

o k> > HO

© @\ ©
n.n,)=E,

(0) (0)
n,n,
The energy of the 2-Dimensional harmonic oscillator is given by:

© 1 1 ©
En,n, =ha nX+E+ny+§] = E.=ho(n+1)

©
1-For ground state n=0 - E,=h® non-degenerate state

©)
2-For first excited state n=1 - E, =2h® two-fold degenerate (double degenerate) state

Nx ny n
o 1 1

1 0 1

©
3-For second excited state n=2 - E, =3hw three-fold degenerate (triply degenerate)

State

Nx Ny n
2 0 2
1 1 2
0 2 2
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b) If b<<1

1-For the ground state, n=0, the first order correction to the energy is:
® /) ©
E,=(K Kk

® 1 (0) (0)
E ==kb(n_,n
n 2 Xy

£y

X’y +xy® X y X y

O\ 1 /0O
ny>+—kb<nX
2

(©)\ /(0)
0)0

©\ /©
nn,

o\ 1 /[0

(0)
3
(0)\ /(o)
0)(s

)@\ 1 /O
n,n,)=—kb(n,
2

@O\ 1 (0)(9)
00)==kb(00

O\ /O
n(n,

©©\ 1 /©
00)==kb(0

3

X 3

y

AY Xy +xy* > y X 0

) (0)(0)
E,=(00 —
2

)
%)

2-For the first excited state, n=1,

@\ [0 (0)(0)

1)=/10)c,+/01)c,

0)(0)] . . (0)(0) 1) (0)(0)

10/H"|10)-E, 10
(1

(0)(0) (0)(0) (0)(0)
01/A%|1 0 01

ey

(0)(0)
0 1>

w @O\ @
H® 01>—El

3

y

O o

Yy X

(0)\ /(0)
o><o

3

(0)\ /(0)
i

(0) (0)
1)+(1
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(O) (0) k 1/2 2k 1/2 » ixz

1(x|0 — | | = ho ) x%dx =
(8} () fel™

(0) k 1/2 2k 12 «

0 - .

(1)

-3t

3-For the second excited state n=2

X

7ky2
hew

]-y“dy=

2
NG

1
V2

ho

v

k

ho

1 kb (_
2 Kk

(0)(0)
<2 0

(0)(0)
11

<

(0)(0)
02

go

Similarly,

(0)(0)
< 20(H

(1)

@
_E2

(0)(9)
£0)

(0)(0)
20

(0)(0)
02

20

<(0)(0)

N (0)(0)
AY2 0 11

<(0)
0

2

4o

©)

Bo

(0)(0)
11

(0)(0)
11 >

[

(0)(0)
11

@] @
Ez Ez_

66

(0)(0) (0)(0)
11 02

(0)(0

11

g
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2

+

0
2

0
0

<()()

G

(0)(0
11

)

2 1/2

)
and E, =0
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2]1/2

Variational principle which is also called Rayleigh-Ritz method, states that the expectation
value of a given Hamiltonian H in any state using any trial (approximate) wave function
v is always greater or equal to the exact ground-state energy &, .

e

(0)(0)
02

(0)(0)
11

)
H.W. Determine Ez—i{

6.3. Variational method

Iy/*l:| wdr

2>
fw*wdf

The equality condition in equation (6-3-1) holds if i is the exact ground state.

The variational method is particularly useful for determining the ground state energy and
its eigenstate without explicitly solving the Schrédinger equation.

In general, we do not know the exact ground state energy &,, and wish to find an
approximation for its value.

To prove equation (6-3-1), we assume that we know the exact solutions @, to the

Schrédinger’s equation,

HO, =Ed, , i=0,1,2,..,00 (6-3-2)
Expand the trial wave function y in terms of the exact eigenstates @, of H.
W= Z(:icpi ...... (6-3-3)

The expectation value of the Hamiltonian H in the trial wave function v is:

. Iw*ﬂwdr Z|Ci|2j®i*ﬂ®idr_zi:|ci|za
E=(A)= wds — Sef Ser (6-3-4)
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Subtract both sides of equation (6-3-4) from &,

Ylcils
=1 _&
0 Z|Cl|z 0

Since \Ci\z always positive or zero, and & 2§, for non-degenerate bound systems, we

have,

E> 50 ...... (6-3-6)

Or can be written as

jg//*l:| wdr

S 2& (6-3-7)
fw ydr

By the variational principle, our approximation <I:|>using any trial wavefunction y will
always be greater than the exact ground value &,. Hence, the lower the expectation value

<I:|> (i.e., the closer to the exact value), the better the trial wave function.

A typical varitaional calculation is as follows:

1- We first choose a trial wavefunction with a few variational (adjustable) parameters
a, Ay, ... e y(a o, ...

2- Calculate the expectation value of H in the a,u(al, a,, ) this yields an expression

which depends on the parameters «,, a,, ... :

__[l//*(al, &, .. )Hy(a, a,, ...)dr

0
Ele,, ,, ...)=
CHL Il//*(Otl, o, . y(a, a, ...)dr

3- Using (6-3-8) to search for the minimum of E(al,az,...) by varying the adjustable
parameters ¢, «,, ... until E is minimized.

5E(ey,ay,..)=0 (6-3-9)
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or

=0

OB (o, @, o) _ @ J.!//*(al, &, - )Hy(a, @, ...)d7
oa, oo, Iw*(al, &, (e, a, ..)de

This gives the values of «,, «,,... that minimize E.

Approximation Methods

4- Substitute these values of «,, a,, ... into (6-3-8) to obtain the approximate value of the
energy. The value E that obtained provides an upper bound for the exact state energy.
The exact eigenstate will then be approximated by the state l//(al, Q,, )

Now, we can prove that the using of method of linear variations is equivalent to the

construction of the matrix formulation HC=EC of the Schrodinger equation I:|w =Ey.

Let us assume that a set of basis functions{®,, i=1, 2, ...n} has been chosen, in which ®,

are linearly independent, but not necessarily orthogonal or normalized. The trial wave

function ¥ can be written as

V= Zciq)i

The energy expectation value of v,
c_ jz// Hydr

fl//*wdf
or can be written as

C'HC
E=—~
C'sC

(6.3.11)

(6.3.12)

(6.3.13)

where, H and S are the Hamiltonian matrix and the overlap matrix, respectively, their

elements given by:
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H, = [ @]Ho dr (6.3.14)
and
S = @0 de (6.3.15)

, and C is the column vector of the expansion coefficient C.
In order to minimize E, we wish to ensure that

%E _o (6.3.16)
oc "

carrying out the above condition into Eq. (6.3.13) gives

f§§}03¢ﬁfg%4030>:§§UfHC) (6.3.17)
however,

9 (c'sc)=-2 Yy esc |=Ys.c (6.3.18)
6C;‘( )_ac;‘ ZZJ: e _Z,-: i 3.
and similarly,

0 0 LI B n

oc? (CTHC): ac (Z;CiHijijzzj:HijCj (6.3.19)

Substitute the results of Egs. (6.3.18) and (6.3.19) into Eq. (6.3.17), and applying the
condition in Eq. (6.3.16), then Eq (6.3.17) becomes

EZSijCj :ZH”CJ-
] ]

Zn:(Hij ~ES;)C, =0, j=1,2, ...n (6.3.20)
j

We may rewrite the above equation in matrix form,
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HC =ESC (6.3.21)

EX: Use the variational method to estimate the energies of (a) the ground state, and (b)
the first excited state for a one-dimensional harmonic oscillator. Hint: take the trial function

2
for the ground state and first excited state to be Gaussian function i.e., ¥, (X, a) = Ae “

2
and ¥, (X,a)=B-x-e > respectively, where A and B are normalization constants.

Soln.

a) Using “f//o (x,a)|2dx =1 to find the normalization constant

—00

A? T e 2 dx =1

Jz (Za):l/Z 20
A2 — =1 — A2 = — A= ( j
(2a )" Jz V1

2a 14 ol
¥V, (Xf Ol) = [7) e

2 2
H= —h—d—2+1ma)zx2
2madx® 2

12 »

E0 (a) = I V/;(X,a)ﬂl//o(X,a)dx :(z_aj '[ e—axz [_h_d__l_lmeXZ}eaxzdx
—® T

. 2mdx® 2
i mo®
Eo(a):—a+
2m 8a
E(a) o(n mao’ W me? ma*
oa oal\ 2m 8 2m 8« 2h

1 mao Y * [_n;a;;XZJ
E =—lho and X)=| — -e
0= 3 ¥, (X) (ﬂhj

The ground state energy and wave function obtained by the variational method are
identical to their exact counterparts.

71



ADVANCED QUANTUM MECHANICS Chapter 6: Approximation Methods

b) w,(x) = Bxe™

Using J.|z//l(x,a)|2dx =1 to find the normalization constant

—00

32a3 14 32a3 1/4 ,
B:( ] : wl(X,a)z( j xe
r T

2m dx?

NE R PN A R TWRR TS
n ; 2m dx dx 2

3 1/2 2
_ (32& J J- eaxzx[_zh_mdix(eaxz _ ZaXZe )+ ;ma)zx3e ox de
T —o0

12 o
:[32a3j1 2 I e“"xzx(—%(— 2axe™ ™ —204(2xe“’X2 —2ax’e ™ ))+ ; ma’x’e ]dx

—00

s 3 vz 2 2
E,(a)= wa(x,a)ﬂy/l(x,a)dx:(gza ] je‘“xzx(—h—d—+;m X jxe‘“X dx
—0 T —o0

1/2
3248 h? T oo o T oo o 4g-20x" 1 4g-20x"
:( 7[ J [—%(—Za:[cx e —4a:[ox e +4a? _[x +2ma) _[x dx
323" n?
_ o _ 2 —2ax 4 —Zax 4q —2ax?
_L ~ j [ Zm[ 12ajx + 8« _[x J+ma) _[x ]dx

3h° 3mw?
El(a): om a+ ™

The minimization of E,(«) with respectto «, i.e

_ a -0 —» gq=—0Hw
oa al2m 8a

o () o | 7 +ma)2 3 _ma)2 mo?
2m 80!2 2h

/4 1/2 —Mmax 3 3\l/4 —max?
m 2m 4m )
E1=%ha) and ‘//1(X) ( wj (—a)j X-e[ 2 J=[ a)J x-e[ 2 j

ih h



