The conditional probability

Definition 1.13

The conditional probability of A given B written as

P(ANB)
P(B)

P(A|B) = P(B) # 0.

Example

Two dice are tossed and let the event A that the number 2 appear at

least 1n one die and the event B that get sum 6. Find
(1) P(A|B),

(2) P(B|A).

Sol.

A =1(1,2),(2,2),(3,2),(42),(5,2),(6,2),(2,1),(2,3),(24), (2,5), (2,6)}
= P(A) = —.
B = {(24),(4,2),(1,5),(51),(33)} = P(B) = —.

ANB = {(2,4), (4,2)} = P(ANB) = —.
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Theorem

If A and B are independent events, then P(A|B) = P(A) and
P(B|A) = P(B).

Proof

P(ANB)
P(B) '

P(A|B) =

A and B are independent events
~ P(ANB) = P(A).P(B).

P(A).P(B
- P(A|B) = (P)(B)( ) _ pa)

And

P(ANB) P(A).P(B)
P(B|A) = P~ P =P(B). =




Theorem

Let A and B two events such that P(B) > 0, then
(1) P(B|S) = P(B).

(2) P(A°|B) = 1 — P(A|B).

(3) P(S|B) = 1.
4) P(¢|B) = 0.
(5) P(S|S) = 1.
Proof

~ P(BNS) P(B)
(1) P(B|S) = PGS) PGS

P(B)

2+ P(S) =1= P(B|S) = = P(B).

P(A‘NB) P(B) — P(ANB)

(2) P(A°IB) = —5 5 0
~ P(B) P(ANB)
=R 1 — P(A|B).
3) P(SIB) = P(BNS) _P(B) _

P(B) P(B)
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(5) P(SIS) = 1.

Theorem

Let A, B and C three events such that P(C) # 0, then

PI(AUB)|C] = P(A|C) + P(B|C) — P[(ANB)|C].

Proof
P[(AUB)NC
PlaUB)|c] = L p((:; ]
~ P[(ANC)U(BNC)]
B P(C)

~ P(ANC) + P(BNC) — P[(ANB)NC]
N P(C)

_P(ANC) P(BNC) P[(ANB)NC]
PO PO P(C)

— P(A|C) + P(B|C) — P[(ANB)|C]. m



Theorem

If P(A) = a and P(B) = b, then

Proof

+ P(AUB) = P(A) + P(B) — P(ANB)

< P(AUB) <1= P(4) + P(B) - P(ANB) < 1

— —P(ANB) <1 — P(4) — P(B)} x (—1)

= P(ANB) = P(A) + P(B) — 1} = P(B)

P(ANB) _ P(A) +P(B) — 1
P(B) = P(B)

a+b—1
= P(A|B) = p .




Decomposition Theorem

If {A,} i1s a sequence of mutually exclusive (disjoint) events with
1A =Qand P(4;) 2 0,i = 1,2,...,n,then for any event B € F,

P(B) = ) P(4)P(BIA).
=1

Proof
B = BN{2

= BN[Uj=1 4]

= UiZ1(B N4,).
Since {A,,} are disjoint

~ P(B) = P[U~,(BNA))]
=Y, P(BNA;)

= Xi=1P(A))P(B|A;). =



Bayes' Theorem

If {A,} is a sequence of disjoint events with U;_, A; = 2 and
P(A;) > 0,i =1,2,...,n, then for any event B € F

P(A;)P(B|A;)

P(A;|B) = =12, ..,n.
: ?=1P(Ai)P(B|Ai)
Proof
Since
(A;NB)
P(A;|B) = P(lB) :
P(BNA;
< P(BA) = =58

= P(BNA;) = P(4;).P(B|A;)

+ P(BNA4;) = P(4;NB)

P(A;)P(B|A;)

+ P(Ai|B) = =5

v P(B) = ).i1 P(A;)P(B|A;) by decomposition theorem

P(A;)P(B|A;)
" P(A)P(BIA) "~

~ P(A;|B) =



