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1-Quantities

A Scalar quantity is a quantity which is have only magnitude.
A Vector quantity is a quantity which i1s have magnitude and direction.

Laws of Vector Algebra
Commutative law for addition A+B=B+A
Associative law for addition A+ (§ + 5) = (ff + §) +C
Associative law for addition m(n/f) = n(m/f)
Distributive law (m +n)A =mA +nAorm(A+B) =mA +mB
Distributive law m(A + B) = mA + mB
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2-Vectors Definitions

Vector

a quantity that has both magnitude (size) and direction. It's
often represented graphically as an arrow, where the arrow's
length corresponds to the magnitude and the arrowhead
indicates the direction.

Vectors algebra

Involves algebraic operations across vectors

Magnitude of the vector

The length of the line between the two points P and Q

Direction of the vector

The direction or the displacement of point P to point Q

The tail The initial point of a vector P
The head The terminal point Q
Initial point Start position of the vector P

Terminal point

Final position of the vector Q
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https://www.cuemath.com/calculators/displacement-calculator/

3-Vector Algebra

Representation of Vectors A= A i+ Ayj+ AZE
Or Components of Vector

~

Direction of Unit Vectors 1, J, k
Unit Vectors u Vectors that have magnitude equals to 1
The magnitude of 4 A=|A] = \/A,ZC + A5 + AZ

The position vector or radius vector 7 from 0 | 7 = xi + yj + zk

The cosine values of cosa, cosP and cosy are called direction

The direction of a vector , —
cosines of the vector A
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Example 1:

Given a vector A = 3¢ + 4}' + 5k, find the following:
1. The magnitude of vector A.
2. The unit vector in the direction of A.

3. The direction cosines of vector A.



Solution Example 1:

1. Magnitude of Vector A

The magnitude of a vector A = A7 + ij; + A.kis given by the formula A = |A| =
\/ A2 4+ A2 4+ A2,
For our vector A — 37 43' + 5k, the componentsare A, = 3, A, =4,and A, = 5.

A=A =+/(3)*+(4)? +(5)
A=+9+16+25

A =+/50

A=5V2~7.07

2. Unit Vector in the Direction of A

A unit vector i in the direction of any vector A is defined as the vector divided by its magnitude:

_ A
| A

=

Using our vector A = 3t -+ 45 + 5k and its magnitude |A| = 4/50, the unit vector Ais:

A— 3i+47+45k
L «f,@ﬂ L .
_ . 5
A= —,_1 =] + 2k



3. Direction Cosines of Vector A

The direction cosines of a vector V = Vi + 1-2,_;: + Vik are given by the formulas:

v,
cos(a) = vi

cos(f) = TT:—

cos(v) = |

Where a, ﬁ, and =y are the angles the vector makes with the positive x, y, and z axes,

respectively.

Using our vector A = 3i + 47 + 5k and its magnitude |4| =

Direction cosine with the x-axis (cos{a)):

cos(a) =

Direction cosine with the y-axis (cos(3)):

(A A

Azl

Sp, the direction cosines of vector A are

..,f'm J 0 and ..,f'iu‘
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Example 2:
Prove that the vector directed from M(X,, y,, 2,) to N(X,, y,, z,) is given by; (x; — )i + (y1 — ¥2)] + (z1 — Z,)k.

z
Solution: Jrd
1 = xq0 4+ y4] + 2,k Alina, w2, za)
I, = X0 + y,] + 7,k vi, Z1)
vz .
rq =Ty + Ty T
Iy =T1 — Ty

ry1 = (X414 y1j + z1:K) — (X1 + y,] + zk)
g = X411+ y4j + 21k — %1 — y,] — 7,k

Ty = (xy — X)i + (y1 — y2)] + (21 — 22)k

10



4-Types of Vectors

Zero Vectors

Vectors that have Zero magnitude

Parallel Vectors

Vectors that have the same or opposite direction.

RN —

Equal Vectors A =B

Vectors have the same magnitude and same direction

Negative Vectors A=—B

Vectors have the same magnitudes but opposite directions

Orthogonal (Perpendicular) Vectors

Vectors that are at right angles (90 degrees) to each other.

Collinear Vectors

Vectors that lie along the same line or are parallel to each other.

Coplanar Vectors

Vectors that lie in the same plane.

Co-initial Vectors

Vectors that have the same initial point.
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Example 3:

Given two vectors A = 21 + 37 and B = 41 — 7, and two scalars m = 2 and n = 3, verify the

following laws:
1. Commutative Law for Addition: A + B=B + A
2. Distributive Law: m(A + B) = mA + mB

3. Associative Law for Addition: (mA + nd) = (m + n)A

1. Commutative Law for Addition

This law states that the order in which vectors are added does not affect the result.

+ Left-Hand Side (LHS): A + B
A+B=(2i+35)+(4i—3)
A+B=(2+4)i+(3-1);
A+ B=61+2j

« Right-Hand Side (RHS): B + A
B+ A= (4—j)+ (2i +3))
B+A=(4+2)i+(—1+3)j
B+A=61+2j

Since LHS = RHS (67 + 2j = 61 + 27), the Commutative Law for Addition is verified.

12



2. Distributive Law

This law shows how a scalar multiplication distributes over vector addition.

» Left-Hand Side (LHS): m(A + B)
First, calculate the sum of the vectors: A + B = 61 + 25‘ (from the previous step).
Now, multiply by the scalar m = 2:
m(A + B) = 2(61 + 27)
m(A+B)=(2-6)i+(2-2)j
m(A+ B) = 12i + 45

* Right-Hand Side (RHS): mA + mB
First, perform the scalar multiplications:
mA = 2(2i + 37) = 4i + 6]
mB = 2(4i — j) = 8i — 23
Now, add the resulting vectors:
mA +mB — [4% + 65) + (8; — 2})
mA+mB = (4+8)i + (6 — 2)j
mA+mB = 12i + 45

Since LHS = RHS (127 + 4j = 127 + 47), the Distributive Law is verified.

13



3. Associative Law for Addition
m(nA) = (mn)A. We'll verify this using the form (mA + nA) = (m + n)A

» Left-Hand Side (LHS): mA + nA
mA = 2(2i + 3j) = 4i + 6]
nA = 3(2i + 37) = 6i + 97
mA + nA = (4 + 67) + (67 + 97)
mA+nA=(4+6)i+ (6+9)]
mA + nA = 10i + 155

* Right-Hand Side (RHS): (m + n)A
First, add the scalars:m +n = 2 4+ 3 = 5.
Now, multiply the vector by this sum:
(m +n)A = 5(2i + 3j)
(m+n)A=(5-2)i+(5-3)]
(m +n)A = 10i + 15j

Since LHS = RHS (107 + 157 — 107 + 157), this variant of the Associative Law for Addition is

verified.

14



5-Vector Algebra Operations
Vector Addition Vector Subtraction
C=A+B D=A-B
A+B A-B
= (Ax‘l'Bx):l: + (Ay + By)f = (Ax_Bx)’l’: + (Ay - By)j
+ (A,+B,)k + (A,—B,)k
Triangle Law of Addition of Vectors AC= a+b
Parallelogram Law of Additionof Vectors OC = a+b=b+a
£ C
4 ,
g L >
% b
o > A = SB

15



Example 4:

Given two vectors A = 3i + 2j and B = i + 4], find the following: C
1. ThevectorsumC = 4 + B. P :
2. The vector difference D = A — B. _ 7 X v o ?
3. Describe how the Triangle Law and Parallelogram Law of addition apply to these vectors. ¢ 1‘,
Solution A ;B
1. Vector Addition _ﬂ}

To find the vector sum C = A + B, we use the component-wise addition formula from the table:

C=(A,+B.,)i+ (4, + B,)j

GivenA:ﬂ-E—E}andB:i-{—dj:
C=(3+1)i+(2+4)]
C = 4i + 65

The resultant vector is 41 + 67.

2. Vector Subtraction
To find the vector difference D = A — B, we use the component-wise subtraction formula:

D= (A; - B,)i + (A, - B,)j

D=(3-1)i+(2-4);
D =2i-2j The resultant vector is 21 — 27. 16



3. Geometric Laws of Addition

Both the Triangle Law and Parallelogram Law provide a visual representation of vector addition.

Triangle Law of Addition: This law states that if we place the tail of vector B at the head of
vector 4, the resultant vector O = A + B is the vector that goes from the tail of A to the

head of B.
» To apply this, imagine vector A starts at the origin (0, 0) and ends at (3, 2).

» Vector B then starts at (3, 2) and ends at (3 + 1,2 + 4), whichis (4, 6).

» The resultant vector C is a straight line from the origin {0, 0) to the final point (4, 6),
which corresponds to the vector 47 + 6} we calculated earlier.

Parallelogram Law of Addition: This law states that if two vectors start from the same

origin, their sum is the diagonal of the parallelogram they form.

« Vectors A and B both start from the origin (0, 0), ending at (3, 2) and (1, 4)

respectively.
To form the parallelogram, we draw a vector parallel to A from the head of B (at 1:1., 4]}

and a vector parallel to B from the head of A (at (3, 2)). These two lines meet at the
point (4, 6).

The diagonal of this parallelogram, starting from the origin and ending at [4, 6), is the
resultant vector C' = 4i + ﬂl}'.The other diagonal of the parallelogram, from the head

of B to the head of A, is the difference vector D = A — B = 2 — 2J.

17



6-Vector Algebra Operations

6- Multiplication of Vectors

Dot (Scalar) Product Cross (Vector) Product
A.B = |/T||§|cos€ AXB = |/T||§|Sineﬁ
A.B=B.A AXxB=-BxA
A.B=AB,+A,B, +A,B, AXB = (A,B, — A;B))t + (AxB, — A,B)j + (AxB, — A, Bk
A(B+C)=AB+AC Ax(B+C)=AxXB+AXC
m(A.B) = (mA).B = 4.(mB) = (i.B)m | m(4 x B) = (md) x B = A x (mB) = (A x B)m
Li=jj=kk=1 ixi=jxj=kxk=0
.j=jk=ki=0 ixXj=k, jxXk=1{kxi=]

A AxDB positive.

I
=3 X

M '}

A "“t-._._._.---"'/ 18




Example 5:

Given two vectors A — 2i + '35 + kand B = 4i — 5 + 2k, find the following:

1.
2.
3.
4.

5.

The Dot (Scalar) Product A - B.

The angle € between vectors A and B.

The Cross (Vector) Product A x B.

Verify the Anticommutative Property of the cross product by calculating B = A.

Verify the Distributive Law by calculating A - (A + B) in two different ways.

1. Dot Product: A - B

We use the component-wise formula from the table: A - B = A, B, + AyBy 1+ A.B..
A-B=(2)(4)+ 3)(—-1)+(1)(2)=8—-34+2=7

2. Angle between A and B

The dot product can also be expressed as A - B = | A||B| cos 6. We can rearrange this to find

the angle: cos @ =

A-Iz
|41 8|

First, find the magnitudes of the vectors:

Al =v/22 4+ 32+ 12 =44+ 9+ 1=+14
|1Bl = /42 + (-1)2+22 =16+ 1+ 4 = +/21

Now, substitute the values into the formula:

il 1

7 7
COSH:@@:mZTﬁZE
H:a.rccas(ﬁ)ﬁﬁﬂg

19



3. Cross Product: A x B

We use the determinant formula from the table:

- e o

i ;7 k
AxB—=112 3 1
4 -1 2

=1((3)(2) — (1)(=1)) = 7((2)(2) — (1)(4) + k((2)(-1) — (3)(4))
— (6 — (—1)) — j(4 —4) + k(-2 — 12)
= Ti+ 07 — 14k = 71 — 14k

4. Anticommutative Property: B = A

According to the table, B x A — — A x B. Let's verify this by calculating B x A.

- -~ L
H H

i 7 k
BxA=14 -1 2
2 3 1

= E((—l)(l} —(2)(3)) - Hﬁifi}'(lJ —(2)(2)) + k((4)(3) — (-1)(2))
=1(—1—6)—j(4—4)+ k(12— (-2))

— —7i—0j + 14k — —7i + 14k

Since —(TE — 14@!} — _7Ti + 14k, the property is verified.

20



5. Distributive Law: 4 - (A + B)

Method 1: Direct Calculation
First, find the sum of the vectors:
A+B— (20 +3j+Fk)+(4i—j+2k) = 6i+2j + 3k
Now, take the dot product with A:
A-(A+ B)=(2i+3j+k)-(6i+2j+ 3k)
= (2)(6)+(3)(2)+(1)3)=124+6+3 =21
Method 2: Using the Distributive Law
According to the table, A- (A 4+ B) = A-A+ A-B.
» Calculate A - A:
A-A=|A = (V14)* =14
*» Use the result from Part 1
A-B=1T

+ Add the two results:
A A+ A-B=144+7=21

Both methods vield the same result, thus the distributive law is verified.

21



Example 6:

Prove that |K X §| represent the area of a parallelogram with sides A and B.

A
Solution:
Area of parallelogram=Height x Base. i.e. |B| )
Area = h- |K|
B 0
h= |B|sin6 .
A

Area = §|sin6 . |K|

Area = §| |K|sin6

Area = Kx§|

22



7-Vector Algebra Operations (Triple Product)

Dot (Scalar) Product

Cross (Vector) Product

=N

(A.B)C # C(B.4A)

Ax(BxC)= (AXB)xC

—_—

(BxC)=B.(CxA)=C.(AXB) =

ix(BxC)=B(4.C)—C(AB)

A
H

W. Prove all (5)

(AxB)xC=(A.C)B—(B.C)A

23




Example 7:

Prove that A.. (§ X E) is in absolute value equal to the volume of parallelepiped with sides K, B and C.

Solution:

« The volume of a parallelepiped is given by: ~ Volume = (Area of the Base) X (Height)
* Let's choose the base of our parallelepiped to be the parallelogram formed by vectors B and C.

Therefore, the Area of the Base is | B x 5 |.
* The height (h) is the perpendicular distance from the tip of A down to the base plane (the plane containing BandC

* The height is the component of A that is perpendicular to the base.
The vector 71 is perpendicular to the base.

The component of A in the direction of A is given by the dot product: A-A =| A | cos 8 ,where 0 is the angle between A and .
This component, | A | cos6 ,is exactly the height (h) of the parallelepiped.

(If A lies almost flat in the base plane, 0 is large, cos 8 is small, and the volume is small. If Ais perfectly perpendicular to the base, 0
= 0, cos@ = 1 ,and the height is maximum.) |B|
So,

Height(h) =] Alcos@=A4-#A

Volume = A cos6 (|§ X E|)
<A -l = AcosO

Volume = A - fi (|B x C|)

Volume = A - (|B x C|)

Volume = A - Bx C 24



8-Vector Algebra Operations (Vector calculus identities) Vector Derivative

Gradient of a scalar field

Divergence of a vector field

Curl of a vector field

Laplacian of a scalar field

_

—_

_

v V- V X V-V
It is called “del” Del dot Del cross Del dot del
= = 2 2 2
v.(V) VX(Y) A ) 5T 62+6 +62
NG 0 0 . — _i_|_i 1 ] k dx dy 0z
=—i+—]+ dx  dy =|0/0x 0d/dy 0/0z
dx dy’ 0z
a .\, . . Vi W Vz
+o-k (Vel + Vij +V, k)
grad (f) = div(V) = V.V Curl (\7) —VxV Lap(f)
o of +0fA S ov, oy, oy, (2% - 2%) _ 0 0% 0
o o) T = ox "oy Tz — oy " 9x% " 9y? ' 0z
an oV,
+] _ ax)

avy 1%
+ k ( 0x 6;)

The function f rating
(percentage) of change in a
direction

The vector V is spread out
(divergences) from the
point in question.

The vector V will curl
(rotate) around the point in
question

The function f is changing
over a small sphere
centered at point.

Gradient of
function f(x,y,z) in three-
dimensional

The divergence of vector
V=V, i+ V,j +V, k

The curl of
vector V=V,i + Vij +V, k

The Laplacian of
function f(x,y,z) in three§5
dimensional




Example 8: f:x2y23

Given a scalar field f(z, y, z) — ?yz® and a vector field V = z%i + yzj — 22k, find the

following at the point P(1, 2, 1):
1. Gradient of the scalar field f.
2. Divergence of the vector field V.
3. Curl of the vector field V.

4. Laplacian of the scalar field f.

V=x2{ + yzj — z2k

The gradient, V £, is a vector that points in the direction of the greatest rate of increase of the

scalar field. It's calculated as:
vi=8i+ i+ Yk f=x?yz3
. O %(mzyzﬂ) = 2ayz°

‘%(mzyz:ij — E:E.ZH

Y S

a—i(mzyzg) = 3z2y2?
So, Vf = (2ey2®)i + (222%)] + (3z2y22)k.

At point P(1,2,1), substitutex = 1,y = 2,and z = 1.
V£(1,2,1) = 2(1)2)(1)% + [(1)*(1)%)7 + B1)*(2)(1)’]k
V#(1,2,1) = 4i + 15 + 6k

Gradient

-

Divergence Curl
A7 W
8 SV ‘AR
. O
i ~h Y % F .
 f N W
\ ¥ A -
e ,l’ i f A LY
= ®
- ;O\ - LS N
f & - ¥

r

grad {scalar field) = vector

div fvecter fleld) = scalar

curl {vector field) = vector

1



2. Divergence of V' V=x%1+ yzj] — z°k

The divergence, V - V, is a scalar that measures the magnitude of the vector field's source or

sink at a given point. It's a “del dot" operation:

] _ave av, Ve
V-V + ¢ + 2

Given V = z% + yzj — 2%k, the componentsare V, = 22, V,, = yz,and V, = —2°.

. ﬂ—i"‘:%(m%:?m

av, 8
. ¥ — a—y[yz:} — 2z
av. _ B
© e T () = 2

So,V-V=2r42—22z=2z— z.

At point P(1, 2,1), substitutex = land z = 1:
V-V(1,2,1)=2(1) - (1) =1



3.Curlof V

The curl, V x V, is a vector that measures the tendency of a vector field to "curl” or rotate V:xzfl\ + ij _ ZZE
around a point. It's a "del cross” operation, best solved using a determinant. V x V =

- -~ g

: j K % dV, " a1

2 & El=iG -5 - %~ o) '

v, V, V.

with V, = =2, Vy=yz,and V, = —2z? Curl (V) — ? X V

av, 8 . =

* o T ez =y Y

av. dV.

e DL _ B 2y +j( x_ﬂ.;)

S YR + % (av}* _ 31‘&-)

o T By =g dx  dy

V. _ 8.2y _
© oy = 5@ =0

Substitute these into the curl formula:
VxV=1(0-gy)—3(0-0)+k0—0)=—

At point P(1, 2, 1), substitute y = 2:
V xV(1,2,1) = —

28



4. Laplacian of f

The Laplacian, V2 £, is a scalar operator that provides a measure of how the average value of a
scalar field differs from its value at a specific point. It's calculated as the divergence of the
gradient: V2f = V - (V£).

ne s - A f=x?yz3
From Step 1, we found V f = (2zy2*)2 4 (2%2%)7 + (3z°y2?)k. y

Now, we take the divergence of this result:
2 i 3 3 (2.3 8 (9,22
Vef = £ (2zyz }—E—é—y(m z°) + 5-(3z°y=z")

Vf = (2zy2%)i + (222%)] + (3z%y2)k.

. ﬂ—i(i’myzgj = 2y2?
. ﬂ:_i(mzz:s} _ 2,3
. 5—1(3&23;32] = bz yz
S0, T-“'Ef — Eyz:i 4+ zz% 4+ ﬁmzyz.

At point P(1,2,1), substitutex = 1,y = 2, andz = Lt
VA£(1,2,1) = 2(2)(1)* + (1)*(1)° + 6(1)*(2)(1)
Vif(1,2,1) =44+ 14+ 12 =17

29



Example 9:

Find the gradient for the magnitude of the position vector: 7 = \/x2 + y2 + z2 .

Solution:

1
r=yx2+y2+z2= (x2+y?+2%)2

S or +0r +6rk
r=—~1+—

0x ay] 0z

1 2 2 2 1 2 1

-2 =2 (a2 + % + 22) (a(x o )) =GP+ y? 422+ 04 0) =50 4y 4+ 29220 =
:l L 2= Iz _X

(x2+y2+z2)z 2 Jx2ty2+z2 27 T

_—

2-5 "

or z
SR e
- x/\ y/\ Z ~ 1 A A T F A A - . . % . .
Vr=—i+j+-k=—(xityj+zk)=-=F=4 M st o iy (e ladl) Bas gl axie g Jead) e Al "

This result means that the distance from the origin increases most rapidly in the radial direction and the rate of increasg is 1.



Example 10:

Calculate the divergence of the following vector functions;

1. V, =xi+ yj+zk
2. [719 = i&

3. I7C = zk

Solution:

_

= 0 0 0
1. V.Va—a(ﬁ(ﬁ)ﬁ'a(}/)ﬁ'a(Z)— 1+1+1=3

l

<l

0 0 9,
2. b—a(0)+£(0)+£(1)—0+0+0—0

<l

= 0 0 0
3. .VC—E(O)+E(O)+£(2)—O+O+1—1



9-Vector Algebra Operations (Vector Integration)

Line Integral

Surface Integral

Volume Integral

Is the integral of the dot product of a

vector function(ﬁ) with a tiny (very
small) displacement vector along a

is the integral of the dot product of a

vector function(ﬁ) with a tiny area
vector over a specific surface.

Is the integral of the product of a
scalar function(@) and tiny volume

specific path
b _ =N
j F.dl
a

f F.fida
S

k=[, FaVv and J=[ @dV

jﬂ F.dl
(5

% F.ida
S

Where k is a vector and J is a scalar

Line integral depends on the end
points a and b

The surface integral is a scalar
quantity

When the scalar function (@) in the
volume integral is replaced with a
vector function (F), it reduces to a
group of integrals of scalar functions

Line integral depends on curve along
which the integration is performed.

The surface integral usually depends
on the surface S

32




Example 11:

Given a vector function F — i + y7 and a scalar function ¢(z,y, z) = xz, find the following:

1. Aline integral of F' along a straight line path C from point A(0,0) to B(1,1).

2. Asurface integral of F' over the surface S of a unit square in the xy-plane with vertices at

(0,0,0), (1,0,0), (1,1,0), and (0, 1,0).

3. A volume integral of the scalar function ¢ over a cube V with sides of length 1, starting at

the origin, fromaz = 0tol,y = 0tol,and z = O to 1.
b

Line Integral = j F.dl ——— —1
a

RN

F=xi+yj=1r———-2

r=xi+yj---- 3

r(t) = ti + tj - 4

When we derivative eq 4

ﬁ_(1)l+(1)]_l+] ------ 5
dt dr

vdl=df =dif— = —dt ———— —6
R T T:

cdi= T 7

ST dt

By subeq5ineq?7

~dl=>0+]))dt ------ 8

By sub eq4 and eq8 in eq 1

b

Line Integral = f F.dl ——— —1
a

r(t) =F =tl+tj---- 4

dl = (1 +]) dt ------ 8

b 1
=j (ti+tj).(i+j)dt=J (ti + tf). (i + J) dt
a 0

=f01(t- 1+t.1)dt = fol(Zt) dt = [t2]}

1
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2. Surface Integral

The surface integral is given by [[¢ F - nda.
The surface S is the unit square in the xy-plane. The outward normal vector for a surface in the
xy-plane isnn — k.

The differential area element is da — dx dy.

The dot product F - 11 is:
F-a=(zi+yj)-k=z(i-k)+y(G-k) ==z(0)+y0)=0

Now, integrate this result over the surface S:
[[¢F-nda= [[(0dxdy =0

The value of the surface integral is 0. This makes sense, as the vector field F' lies entirely in the

xy-plane and has no component perpendicular to the surface.
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3. Volume Integral

The volume integral is given by J = [[[,, ¢ dV.
The scalar functionis ¢ = xz.

The differential volume element is dV = dax dy dz.

The region V is a cube with & from 0 to 1, y from 0 to 1, and z from O to 1.

The integral is set up as a triple integral:
1 ol pl
J = j;l j;l ﬁ} rzdrdydz

Integrate with respect to z first:

1 2 1 0’ 1
Jo zzde = 2[5 =2(5 — 3) = 52

Now, integrate this result with respect to y:
1
Jy (32) dy = 52[yls = 52(1 - 0) = 3z

Finally, integrate with respect to z:

1] 12t 1412 Py 171y
Jo 32dz =3[Fh=3(5 — %) = 3(3)

1

The value of the volume integral is 3
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10-Theorems

Gauss’s Theorem

Stokes’ Theorem

jDivﬁdvzjV.ﬁdv=j£ F.ida
S

v vV

5£ﬁ.dfzj(Vxﬁ)-ﬁdazfCurlﬁ-ﬁda
S

c S

Gauss’s Theorem

The integral of the divergence of a vector (F) over a
volume (V) is equal to the surface (S) integral of the
normal component of the vector (F) over the surface(S)
bounding (V)

Stokes’ Theorem

The line integral (C) of a vector field (F) around the
closed curve (C) is equal to the integral of the normal
component of its curl over any surface (S) bounded by
the curve.

If S is closed surface bounding the volume V and
da is very small area and
1 is unit vector

If Cis closed curve around the area S
da is very small area and

dl is very small length
i is unit vector



https://en.wikipedia.org/wiki/Line_integral
https://en.wikipedia.org/wiki/Curl_(mathematics)

10-Theorems

Gauss’s Theorem

Stokes’ Theorem

fDivﬁdv=JV.ﬁdv=34 F.Ada
v Vv s

jéﬁ.di=](Vxﬁ)-ﬁda=fCurzﬁ-ﬁda
S

c S

Gauss’s Theorem

The integral of the divergence of a vector (F) over a volume (V) is equal to
the surface (S) integral of the normal component of the vector (F) over the
surface(S) bounding (V)

Stokes’ Theorem

The line integral (C) of a vector field (F) around the closed curve (C) is equal
to the integral of the normal component of its curl over any surface (S)
bounded by the curve.

If S is closed surface bounding the volume V and
dais very small area and
1 is unit vector

If Cis closed curve around the area S
dais very small area and

dl is very small length

1 is unit vector

Intuitive illustration of the Gauss's divergence theorem?°):

divergence is equal to net flux for a given volume

S LY L7
+ & + 4 ;/ ;
% 0 - 4 / I // il /

4

\ i /+'

- 2 P ‘W
[+ I e S //

- -+ + |, - /J
- el P

Intuitive illustration of the Stokes' curl theorem®"!

20-=1
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v
A

X
da
qu) Z
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Ly


https://en.wikipedia.org/wiki/Line_integral
https://en.wikipedia.org/wiki/Curl_(mathematics)

Problem: Verify Gauss's Theorem for the vector field F = z1 + yj + 2k over the surface of a
cube in the first octant with sides of length 1, with vertices at (0, 0, 0), (1,0, 0), (0,1, 0),

(0,0,1),(1,1,0),(1,0,1),(0,1,1),and (1,1, 1). Example 12:

Solution:

Gauss's Theorem states that the flux of a vector field through a closed surface is equal to the
divergence of the field integrated over the enclosed volume: ‘gq F -nda = ffft V - FdV|We

will calculate both sides of the equation and show that they a oal.

1. Right-Hand Side (Volume Integral)

F =xi+yj+zk
First, calculate the divergence of the vector field FF — a1 + yj + zk.

V-F=g(@)+ 5@ +5()=1+1+1=3

Now, integrate this divergence over the volume V of the cube, where x, y, and z all range from 0O
to 1.
J[[, V- Fav = [[[,,3dV = 3 [[[,,dV = 3 x (Volume of the cube)

The volume of aunitcubeisl x 1 x 1 = 1.
[, V-FdV —3x1=3.
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2. Left-Hand Side (Surface Integral)

The surface integral ﬁq F . nida is the sum of the fluxes over all six faces of the cube. Due to the

symmetry of the vector field, we can observe that flux will only exist on the faces where the « Face 2: The face where & = 0 (back face)
normal vector is aligned with the field's components. o The outward normal is i = —.
For example, the back face is at z = 0, the fluxis F - [—z) = [::I‘E:] : [—E) — —r = (.By > On this face, & = 0, so the vector field is F' = 07 + yj + zk.
symmetry, the flux through the faces at y = 0 and z = 0 is also zero. o F-fo=(0i+yj+ zk)- (—i) =0.
o The flux is j}ace +_p0da=0.
Let's calculate the flux for the three non-zero faces: — . ) -
) F=xti+yj+zk
« Front Face (z = 1): The normal vectoris nn. = 1. T
“ 1 pl, = “ Sy 2 1 p1
Js Frida= [g [y (xi+yj+2k)-idydz = [ |, zdydz
Since & = 1 on this face, the integral becomes:
1 pl — 1711
Jo Jo Ydydz = [ylg[=]s = (1)(1) = 1.
» Top Face (y = 1): The normal vectoris n = j
A 1 pl, = A . ® 1 pl
Jo, F-ada= [ [, (zi+y]+2k) jdedz = || [, ydzdz /' ,
Since y = 1 on this face, the integral becomes: / ?
1 p1 - 11
Jo Iy Ydzdz = [z]g[z]o = (1)(1) = L /
- X
» Right Face (z = 1): The normal vector is 1 = k. *

) 1 ply = . AU 1 pl
Jg F-kda= [ [ (zi+yj+zk) kdzdy= || |, zdzdy
Since z = 1 on this face, the Iﬂ‘tE‘QFEl becomes: The total flux is the sum of the fluxes from all six faces: 0 +0+0+1+ 1+ 1 = 3.

1 |.1 . 11 11 . .
Jri_'l J[] ]' d:ll dy - [I.[}’y.[} - [:1:]{1) — ]' Since the Left-Hand Side (3) equals the Right-Hand Side (3), Gauss's Theorem is verified.



Example 13:

Problem: Verify Stokes' Theorem for the vector field F = —y% + mg over a unit square in the
xy-plane defined by the vertices (0,0), (1,0), (1,1), and (0, 1). The path C is the boundary of

the square, traversed counter-clockwise.

Solution:

Stokes' Theorem states that the line integral of a vector field around a closed loop is equal to the

surface integral of its curl over the enclosed surface:

calculate both sides and show they are equal.

f.Fdl=[[(VxF) ida

We will
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1. Left-Hand Side (Line Integral) F = —yi+ xj

The line integral is the sum of integrals along the four sides of the square.

Path C1 (from (0,0) to (1,0)):

y =0, riy_[l dl = dzi. F = —0i + zj = zj.

Jo, F fﬂ zj) - (dzi) = 0.

Path C2 (from (1,0) to (1,1)):

z=1dz =0. d.f_dyj F = —yi+1j.

Jo, Fodl= [/ (—yi+3]) (dyj) = [, 1dy = [y} =

Path C3 (from (1,1) to (0,1)):
y =1, riy_ﬂ dl = dri. F_—lé—zj'.

‘J;Tﬁ vrl ~1i+ Tj (dﬂﬁ} = Jlﬂ —ldzr = [—IL']EI =0—-(-1)=1.

Path C4 (from (0,1) to (0,0)):
z=0,dz=0. d.f_dy} F=—yi+0j=—yi.
Jo, F-dl = fl - (dyj) = 0.

Total line integral: ¢, F -dl =0+1+1+4+0=2.

o —g
“m

C4

NL

C3

f(VxF) -fida

1,1

C2

0,0

C1

\ 4
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2. Right-Hand Side (Surface Integral) F = —yi + xj

First, calculate the curl of the vector field F' = —y% + ﬂ:j an 0k. 7€ F.
17k c

VxF=|2 8 81_32(0)- L)) - j(Z(0) - 2(-y) +h(L(z) -
-y x 0

2 (—y))

VxF=10-0)—3j(0-0)+k(1-(-1)) =2k

The surface S is the unit square in the xy-plane. The normal vector is 1 = k for counter-
clockwise circulation, and the area element is da = dz dy.

Now, calculate the surface integral:

[[¢(V x F)-fda = [[o(2k) - kdzdy = [[¢2dzdy

Jl¢2dzdy =2 || dzdy = 2 x (Area of the square)

The area of a unit squareis1l x 1 = 1.

J[{(VXF) nda=2x1=2.

Since the Left-Hand Side (2) equals the Right-Hand Side (2), Stokes' Theorem is verified.



11-Coordinate Systems

Cartesian (rectangular)

Cylindrical

Spherical

—oo < x < +00
—00 <y <+
—0o < zZz< 4+

0 < p < o axial radius p
0 <0 <2m Qistheazimuth
—0o < z< 400

0 < r < oo central radius r
0 < 0 < 1 elevation or inclination
0< Q@ <2m Qistheazimuth

Cylindrical to Cartesian

X = p cosP
y = p sin®
zZ=7z

Cartesian to Cylindrical
p =/ x2+y?
tan@=2

X

=7

Cylindrical to Spherical

r = JpTan
0=0

0 = arccos( <

p
= =)= arctan(;)

Jo+z

Spherical to Cartesian
X =1 sinf cosP

y =1 sinf sin@®

Z =71 cosf

Spherical to Cylindrical

p = rsinf
D=0
Z =1 cos6

Cartesian to Spherical

r= Jx2+y2+z2
tan@ =2

e

tan@ =

A=Ad+ A+ Ak

A=A,p+AgD+ Ak

A=A 7+ Agh + AyD

dl = dxi + dyj + dzk

dl = dpp + pd®® + dzz

dl = dr# + rd60 + rsindd@d

ds = dxdy = dxdz = dydz

ds = dpdz = pdpd® = pd@dz

ds = rdrd6 = r?sinf8d0d® = rdrsinfd®

dV = dxdydz

dV = pdpd@dz

dV = r?sinfdrd0de




p:rs.ll'lﬂ'

Pilx,v,2)=Plr, 8, &)= Plp. b, )

9,
-y
@Pﬂﬂﬁ'ﬁ

Figure 2.5 Relationships between space variables (x, v, 2), (r, 8, ¢).
and (p, ¢, 2).
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Problem 1: Cartesian Coordinates

Example 14: o particle's position is given by the vector P = 37 + 4] + 5E. Find its distance from

the ongin and express the position vector in cylindrical and spherical coordinates.

Solution:

Distance from the origin: The distance is the magnitude of the position vector, which is
calculated using the formula for the magnitude of a vector from the first table:

|P| = /22 + 3% + 22 = /37 + 42 + 57 = /0 + 16 + 25 = /50 = 542
Cylindrical Conversion: Use the formulas from the table for converting Cartesian to
Cylindrical coordinates: p = m, ¢ = arctan(y/z), and z = z.
P=+vV3+42=/0+16=+25=5

¢ = arctan(4/3) == 0.927 radians

o —
A —

The cylindrical coordinates are (p, ¢, z) = (5, arctan(4/3), 5).

Spherical Conversion: Use the formulas from the table for n:unverting Cartesian to

Spherical coordinates: 7 = /22 + y? + 22, # = arctan(¥ e ), and ¢¢ = arctan(y/z)

r=+/3% + 4% + 57 = /50 = 542

8 = arctan[@] = arctan(?) = arctan(1) = w/4

¢ = arctan(4/3) = 0.927 radians

The spherical coordinates are (7, 8, ¢) = (5+/2, /4, arctan(4/3)).
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Example 15: : Cylindrical Coordinates

Prablem: A cylindrical tank has a radius of 3 m and a height of 5 m. Use a volume integral in

cylindrical coordinates to calculate the volume of the tank.

Solution:

« Volume Integral Setup: The volume element in cylindrical coordinates is dV = pdpdo dz.

The limits of integration for the cylindrical tank are:
» Radius p goesfrom () to 3.

« Azimuthal angle ¢ goes from 0 to 27

« Height = goes from () to 5.

« Calculate the Integral:

Fopdr pld .
V=[llydv=JJ," ly pdpdéd:
Integrate with respect to o

& R ¥ ok O R
fu pdp=[5h=7% — z
Integrate with respect to ¢

[ (8)de = 2[4 = (2 — 0) = 9
Integrate with respect to z:

ﬁ?{gﬂjdﬂ = Omr[z]} = 9w(5 — 0) = 45

The volume of the cylindrical tank is 457 cubic meters.
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Example 16: : Spherical Coordinates

Problem: A scalar field is given by ¢¢ = = + y* + z”. Find the value of the volume integral

Jﬂfﬁ, &dV over a spherical shell with an inner radius of 2 and an outer radius of 3.

Solution:

- Convert to Spherical Coordinates: The scalar function =2 4 %~ <+ 27 is simply 7~ in
spherical coordinates. The volume element is dV = v~ sin @ dr 46 dg.

The limits of integration for the spherical shell are:

= Radius r goes from 2 to 3.

« Polar angle @ goes from () to w.

« Azimuthal angle ¢ goes from (0 to 27, R

« Calculate the Integral:
M1 #dv = [7 f7 [, (r*)(r* sin 8) dr d8 do
[l ddV = [7 [T [} rtsind dr d8 dg
Integrate with respect to r:

* °1: 3 2" 24332 2
I.‘:_,. Tddr = [%]_E = 5? —_— ’? — 3'1!5 p2 :;1

Integrate with respect to &:

Jy sinfdf =[—cosflf =(—cosw) — (—cos0) = —(—1) — (—1)=1+1=2
Integrate with respect to ¢«

1,7 (2)de = 2[$]F™ = 2(2w — 0) = dor

Finally, combine the results:

(21) x (2) x (47) = L8

1fsss

The value of the volume integral is =
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Example 17; A point has Cartesian coordinates (o, y, =) = (1, 2, 3). Convert these coordinates to
cylindrical and spherical coordimates.

Solution:

1. Convert to Cylindrical Coordinatas

We'll usae the farmulas g = /ie? | w2 & = arctan{y /). and z = =.

= Calculate g
p=A0 1P (2P =TT 2=

=  Calculate - Sinca the paint iz in the second quadrant (= < 0,z = 0}, we most adjust the
angla returned by arctan.
& = arctan(-5) = arctan( 2} =  1.107 rad.
To get the correct anglse in the second quadrant, we add =:
¢ = | arctan( 2) = 7 L107 == 2.034 rad.
= Calculate z:

z =23

The cylindrical coordinates are (5, 7 arctan(2), 3).

2. Conwvart to Spherical Coordinates

wWe'll use the farmulas r = o/ @ g2 =% 0 = are Lau{ﬂ}, and ¢ = arctan(y/x) with
the sarme gquadrarnt adjustment az above.
= Calculate r:
r=/ 1P (2P (B =T 147 09=+14
« Calculate £:

i = :—‘JICL:-‘J.ILI:!"'I;:—[_':I = arctan( ") == (LG43 rad.

=  Calculate o This = the zamea as the eylindrical angle.
¢ = | arctan( 2} == 2.034 rad.

The spherical coardinates are (114, u.l'-l:‘l.uul:l";;—d':I }o ™ arctan(2)).
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Example 18: = A point has eylindrical coordinates (g, &, z) = (5, w4,  2). Camvert these to
Cartesian ard spherical coordinatas.

Solution:

1. Canvert to Cartesian Coordinates

We'll uza the farmulas @ = peosd, y = psind, and =z = =
= Calculate x:
x = Deos(w/4) = EI:;'";—T} = hl:'—j

= Calculate 1
y = Ssin(w/4) = ﬁ{li:—f} — 2=
= Calculate =:

z= -3

The Cartesian caardinates are Ii_ﬂf—j, B2 9.

2. Convert to Spherical Coordinates

we'll uza the farmulas » = Ao =t 0 = arctan(p/=z), and ¢ = &
= Calculate r:
r= /8% 1 (2] = 25 — 20

= Calculate @: Since = is nagative, we add 7 to the angle returned by arctang/=).
i = :—‘JI-:L:-HL['_—":} — arctan{ 2.5} =  1.19 rad.
= | arctan| 2.5) =7  1.19 == 1.951 rad.

= Calculate o

@ = 4
51
The spharical caardinates are (29,7 arctan( 2.5}, 7 /4).



Example 19: ; 4 point has spherical coordinatas (r, &, &) = (4, =/3, 57 /6). Convert these ta
Cartezian arnd cylindrical coordinates.

Solution:

1. Canvert to Cartesian Coordinatas

We'll usa the farmulas o = rsinfoos oy — rsin @ sin d, and z = reos 0
» Calculate =:
x = 4sin(x/3) cos(5x/6) = 4[5 F)=4(F)1= 3

= Calculate 1

y = 4sin(w/3) sin(5=/6) = 4(53 (L) = 4{¥) = /3
»  Calculate z:

z = 4cos(m/3) =4(3) =2

The Cartesian caardinates are [ 3, v'3, 2).

2. Convart to Cylindrical Coardinates

We'll usa the farmulas p = rsind, & = &, and z = roos il
= Calculate g
p=4sin(7/3) = 4|:-"'_,£} — 2+/3
= Calculate g
& = B /6
= Calculate =:
z = decos({7/3) = -1{%} =2

The cylindrical coordinates are (243, 5r /6, 2).
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12-Orthogonal curvilinear coordinate equations .
dgiadial) daladiall ciluilaal)

Orthogonal curvilinear coordinate equations describe physical phenomena in coordinate systems where the axes are not
fixed and perpendicular, but instead curve and are always mutually orthogonal at every point. Key equations include the

transformation from Cartesian coordinates, A . .
O S it AU day LA

where position vector r = (X, y, z) becomes r= (ui, Uz, U3); uandhande
the line element, |dr| = hidu: + hoduz + hadus, with scale factors h; that vary with position
Curvilinear Cartesian Coordinate Cylindrical Coordinate Spherical Coordinate

Uq X P r

Uy y d 0

U3 z z O

hy 1 1 1

h, 1 p r

hs 1 1 rsinf

é1 { p a

é, j o 0

é3 k 2 d .




1. Transformation Equations U;

The core of a curvilinear system is the transformation from Cartesian (x, y, z) to the curvilinear

coordinates (u1, Uz, us): ¢5.55) Cugtal) amal) JS& 2 diaiall Ja ghadl) (e A3 e ASud aladi) Jla A diaial) Baslaial) cildlaay)"
"gle cilluall ol ja) Jaged) (Aadld Al ) g gas JSn Laily adaliii Jaghadld) 028 (o (laa g () (Al shaad
X = X(Ul, Uz, U3)

Lghi & e/i b sl Cgin/dled & ati | "day je 403" S5 o Ll Ane 8l Jie 14y 3 Sl cililaaY)e

y = y(u1, Uz, Us) _

z = z(u1, Uz, Us) Cauai) "Jalall g o AN Lol o jai el (4 il 2l Japma) 5000 Apde 3 ol Jie pBaalaial) ddadal) cildilaayle

O al ) clgd i Adads gl b Lguiany pe Baalatie cilalai¥l oda [ "Jaud 5 V™ 1 o(A5) 1) "s_alall J st i o Lkadl

2. Unit Tangent Vectors €; Aginia Lgudi 3kl

These are the non-Cartesian base vectors, which point along the coordinate curves and are orthogonal

to each other in an orthogonal system.
1 Or

h; 0u;

3-Scale Factors h;
These represent the magnitude of the change in the position vector for a unit change in the coordinate,

G
hi=|—

5 |- In Cartesian coordinates, h; = 1.
i
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4. Operators in Orthogonal Curvilinear Coordinates

These operators are crucial for physics and engineering problems solved in non-Cartesian systems:

p— 1 of 1 of 1 of
ient Vf=__e — € —-——e

Divergence, V - V= 1 [a(h2h3V1) n d(hzh, V) n a(hthVB)]

h1h2h3 aul 6u2 aU3
Curl, Vx V= hlhlzhs le1 (hoVs — h3Vy) + e, (hsVy — hyV3) + e3(hiVy — hyVp)]
. 2¢ 1 [ 0 ,h,hz 00 0 ,hihz 00 0 ,hih, 00 ]
LapIaCIan’ V f_ h1h2h3 aul h1 aul) + auZ hz auZ au?, h3 aU3)
The Line Element dL = hldulel + hszzez + h3dU3e3

The Surface Element dS = hlhzdulduZ = h1h3du1dU3 - hzh3dU2dU3
The Volume Element dV = h1 hz h3 du1 dUz dU3
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Example 20:
What will happened when a point p (x, y, z) 1s expanded to (x+dx, y+dy, z+dz) or (r+dr, ¢+do, z+dz) or (r+dr, 0+d6, ¢+d¢)?
Answer:
As show in the figures; zy
1) A differential volume dV is formed;
dV = dxdydz (Cartesian)
dV = pdpdepdz  (Cylindrical)
dV = r?sinfdrdfde  (Spherical)

1) A differential area dS is formed;

ds = dxdy,= dxdz,= dydz  (Cartesian)
ds = dpdz,= pdpde,= pdepdz  (Cylindrical)
ds = rdrd8,= r?sin8d0de, = rsinfdrde  (Spherical)

1) A differential line d{ is formed; “4
dl = dxi + dyj + dzk (Cartesian)
e
= _—
dl =dpp + pdep + dzzZ  (Cylindrical) .
7 2) = ~t |
dl =dr? +rdf0 + rsinfde (Spherical) o _‘1_/’ e
P #
However; -——— rﬂﬂf | ¥
~
dl? = dx? + dy? + dz?  (Cartesian) - /
a ¥ |
dl? = dp? + p?dg? +dz?  (Cylindrical) *

dl? = dr? + r*d6? + r?sin*0de?*  (Spherical) 56



Example 21

We'll use the point P with cylindrical coordinates:

» p = 3 (radial distance)
* @ = 60" = 3 radians (angle)

.z:.fi]:

Find

1. Transformation to Cartesian Coordinates
2. Scale Factors h;

3. Unit Tangent Vectors e; at Point P

4. The Line Element dL

5. The Volume Element dV
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1. Transformation to Cartesian Coordinates
The transformation equations are:

* I = pCosy

* Yy =psing

. F —_— =

Let's calculate the Cartesian coordinates of point P:

e x=3xcos(60°)=3x05=15

« y=3xsin(60°) =3 x L ~3x0.866 = 2.598

e 2 =4

So, the Cartesian coordinate of point P is approximately (1.5, 2.598, 4).
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2. Scale Factors h;

As derived from the general formulas:

e h,=1
[ ] w:p
e h. =1

At our specific point P(3, 60°, 4):

e h,=1
« h, =3
e h, =1
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3. Unit Tangent Vectors e; at Point P

In Cartesian coordinates: 7 = xi + yj + zk

In cylindrical coordinates: x = pcos@ ,y = psing ,z =z

So: 7 = (pcos @)i+ (psin)f + zk

To Find tangent vectors (not yet unit vectors)

We take partial derivatives of 7 with respect to each coordinate:

o _ (cos )i + (sin@)j + 0k

or p-direction: %5

For ¢-direction: 2—; = (—psin@)i + (p cos @)j + 0k

For z-direction: % =01+ 0j + 1k

To convert to UNIT vectors

We divide each tangent vector by its magnitude:
for e,

Vector: (cos @)i + (sin@)j

Magnitude: / cos2¢@ + sinZ¢g =1
So e, = (cosg)ir+(sing)in

for ey
Vector: (—p sin @)1 + (p cos @)j

Magnitude: Jpz sin @ + p?cos ? Q=p
S0 eg== % [(—p sin@)i + (p cos @)j] = (—sinp)i + (cos @)j



3. Unit Tangent Vectors ¢; at Point P

These vectors depend on the location. Let's calculate them for point P.

e é,=(cosp)i+ (singp)j

o &, =(0.5)7 + (0.866) j
e &, = ( sin )1 + (cos @) j
(—0.866)7 + (0.5) ]

O ES,_;,

I
b

~
. E_.‘
z

These three vectors form an orthogonal basis at point P. You can verify they are perpendicular by showing

their dot products are zero (e.g., €, - €, = (0.5)(—0.866) + (0.866)(0.5) = 0).
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4. The Line Element d L,

The general form is:

dL = h,dpé, + hydpé, + h.dzé.

At our specific point P:
dL = (1)dpé, + (3)dpé, + (1)dzé;

This means:

» Astep of dp = 0.1 m in the radial direction covers a distance of 0.1 m.
o Astep of dp = 0.1 rad in the angular direction covers a distance of 3 x 0.1 = 0.3 m.

o Astep of dz = 0.1 m in the z-direction covers a distance of 0.1 m.
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5. The Volume Element dV

The general form is:

dV = h,h,h.dpdyp dz

At our specific point P:
dV =(1)(3)(1)dpdpdz =3dpdpd=

If we have a small “curvilinear box" with sides dp = 0.1, dp = 0.1, dz = 0.1, its volume is:

dV =3 x 0.1 x 0.1 x 0.1 = 0.003 cubic meters.
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Q.1:
Show that the vector directed from M (xq,yq1,21) to N(x5,V5,23) in the 2‘

figure below is given by: (x, — x)i — (v, — y1)j — (z, — 2k

Solution:

M and N are the two locations (in Cartesian coordinate) of those points in

. >y
three dimensions. The two position vectors for them can be denoted byAand

B, respectively. Then:

A= x1i + y4] + z,k is the position vector from the origin to the M and :

—_

B = x,1 + Vy,j + z,k is the position vector from the origin to the N. So the

vector directed from M to N is given by the subtraction of A from B which
gives:

RN

B—A=(x;—x)l+ (v, —y)f + (22 — 21k
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Q.2:
Find the vector A directed from (2,—4,1) to (0, —2,0) in Cartesian coordinates and find the unite vector along A.

Solution:

The required position vector is:

~

A=0-2Di+[-2- (D) +O0-Dk=-21+2j—k

4] = /(=2)2+ (2)2+ (-1)2 =9 =3

l
o
|
=,
|
|
Wl N
—~>
+
Wl N
~>
|
W =
&



Q.3:
Find the distance between (5,37/2,0), and (5,7 /2,10) in cylindrical coordinates.

Solution:
Let: M = (5,3m/2,0), and N = (5,7 /2,10).

The transformation equations from cylindrical to Cartesian coordinates are given as; x =7 cos@ ,y =1 Sing ,z = Z.

Thus for point M: x = 5 cos (37”) =0, y = 5sin (37”) = —5, z=0. So M will be (0,—5,0) in cylindrical coordinate.

Also, for N: x = 5 cos (g) = 0,y = 5sin (g) = 5,z = 10, thus N will be (0, 5, 10) in cylindrical coordinate. Accordingly,

TN

the position vector from the origin to M is: A= —57 and the position vector from the origin to N is: B = 5f + 10k.
zZ)

- The position vector from M to N in Cartesian coordinate then calculates as: (5, n/2, 10)
B — A = 5] + 10k — (-5)) = 10j + 10k,
- Then, the required distance between the two points is;

|A—B|=10V2




Q.4:
Show that the two vectors: A = 41 — 2j — k and B=1{+ 4} — 4k are perpendicular.

Solution:

For the two vectors: A = 41 — 2j — k and B=1+ 47 — 4k we have:

A.B = |A||B|cos8 = A,.B, + A, B, + A,B,=4—8+4=0

Since the dot product contains cos6, a dot product of zero from any two nonzero vectors implies that the two vectors are

perpendicular (8 = 90°), i.e:
4] = V& + (2% +(-1)°= V21,

B| = /12 + 42 + (—4)2= 33

N jeld
« A.B =v21.V33c0s0 = 0—50 = 90°.



Q.5: Given; 4 = 2i + 4] and B = 61 — 4k, find the smaller angle between them using: a) the cross product and b) the
dot product.

Solution:

= —161 + 8 + 12k

Al =22+ (4)2 + (0)2=4.47

o]’

| =V (0)2+ (6)2+ (4)2 =721

Ax B| =/(=16)% + (8)? + (12)2 = 21.54, then;

since: |ff>< §| = |ff||§|sin9

21.54

sing = ——— = 0.668o0r 0 =41.9°
(4.47)(7.21)

(b) A.B = (2)(0) + (4)(6) + (0)(—4) = 24

-

AB 24
|A||B|  (4.47)(7.21)

cosO = = 0.745 or 8 = 41.9°



Q.6:

Given; F = (y — )i + 2xj, find the vector at (2,2,1) and its projection on B, where B=50—j+2k

Solution:

F(2,21)=2-1Di+ (2)(2)j

=1+ 4j

Note: As indicated in fig., the projection of one vector (ff) on a second vector (E ) 1s obtained by expressing the unite vector in the

direction of the second vector (ug) and taking the dot product with first vector (ff) :

ProjAonB = Aay =2
roj.A on = A.dg = ——=
|B]

A=F = (y — 1)i + 2xj

|§|=B=JB§+B§+B§=J52 + (—1)% +2% =430

Thus, at (2,2,1)

= _FB_(WG+®WED+HO@) _ 1

Proj.FonB=|§|— 730 730 ‘Aﬂnn
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Q.7:
Given; A=1 + J,

[N

B =1+ 2k and
C=2j+k
a) Find (/T X §) x C and compare it with 4 X (§ X C )

_

b) Find A.B x C and compare it with AxB.C

Solution:
(a)
.o |tk R
AXB=|1 1 ol=21-2j—-k
1 0 2
Then;
Lo L |tk R
(AXxB)xC=|2 —2 —1|=-2j+4k
0 2 1

A similar calculation gives A x (E x C ) = 21 — 2j + 3k. Thus the parentheses that indicate which cross product is to be taken first are

essential in the vector triple product.



Given; A=1+ Js

B =1+ 2k and

C=2j+k
b) Find A.B x C and compare it with AxB.C
Solution

BxC = —41 — j + 2k. Then;
ABXxC=Q)(-4)+ D1+ (0)(2) =-5
We have: 4 X B = 21 — 2j — k. Then;
AxB.C=(2)(0) + (-2)(2) + (-1)(1) = -5
Parentheses are not needed in the scalar triple product since it has meaning only when the cross product is taken first. In general, it can be

shown that:;

=
o

<
o

N

A\.EX E = Bx By Bz
c. C, G,

As long as the vectors appear in the same cyclic order the result is the same. The scalar triple products out of this cyclic order have a

change in sign.



Q.8:Expresss the unit vector which points from (z = h) on the z-axis toward (7, ¢, 0) in cylindrical coordinates.

Solution:

First, let's represent the two points in Cartesian coordinates to make vector subtraction straigh
The point on the z-axis is 7; =(0,0,h).

The point in the xy-plane is 7, =( rcosd , rsing , 0 ).

The vector pointing from 7, toward 7, is R =7, - 7 .

R = (rcos® — 0)% + (rsin® — 0)y+ (0—h)z =rcos® X + rsin@y — hz
Now we have to change from Cartesian to Cylindrical

p2=x2+y?

p =/ (rcos®)2+(rsin®)2= \/r2(cos@? + sin@?) = r
_Y rsing _

tang == = e tan® =0

z=z-z=—h

SoA=Ayp+A,p+ Ak
R=rp+0—hk=rp—hk

A=A =\/A,%+A§+A§

R = |§| =/ (rcos®)2+(rsin®)2+(—h)2= /12 + (cos@ + sin@)2+h?2

|R| = V7% + h?

~ R rp—hk
So, R=—==
’ [R|  VrZ+n?
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Q.9: Express the unite vector which is directed toward the origin from an arbitrary point on the plane z = —5, as shown in following

figure.

Solution:

F4
To find the unit vector, we'll first define the position vector of an arbitrary point on the plane z=-5. #
Let's call this point P.
The coordinates of point P can be represented as (x,y,-5),
where x and y are arbitrary.

Position Vector
The position vector rp of this point, originating from the origin, is:

rp = xi 4+ yj + 5k

Vector Toward the Origin
The vector directed from the point P toward the origin is the negative of the position vector 7p .

Let's call this vector ﬁ

R=(0 —15)=(0—-x)i+ (0 —y)j+ (0+5)k=—xi —yj + 5k

Therefore; Unit Vector
A unit vector is a vector with a magnitude of 1. To find the unit vector R in the same direction as R, we divide the vector R by its magnitude
[R].

R _ —xi-yj+5k

R=—==
IRl J/xZ+yZ+25




Q.10: Using the appropriate differential elements, show that:
a) the circumference of a circle of radius p, is 2mp,.
b) the surface area of a sphere of radius 7,1s 4 77,.

c¢) the volume of a sphere of radius 7, 1s (4/3) ntr,

Solution:

(a) To find the circumference of a circle, we can sum the lengths of small arc segments that make up the circle. We use a polar coordinate system
with the differential length element dl=pdB, where p is the radius and db is the very small angle.

For a circle of constant radius p=po, the circumference L is the integral of the differential length element over a full rotation, from 8=0 to 6=2m:

2T 2T
_ _ _ _ 2T
L —fdl —fo Podd =p, | dp =p,ldls

0
L = 2mp,

(b) To find the surface area of a sphere, we sum the areas of infinitesimally small patches on its surface. We use a spherical coordinate system with
the differential surface area element dA=(rd6)(rsinBd¢)=r2sin8d0dd, where r is the radius, 6 is the polar angle, and ¢ is the azimuthal angle.

For a sphere of constant radius r=ro, the surface area A is a double integral of the differential area element over the full range of angles: 6 from 0
tomand ¢ from 0 to 2.

2m ,m Z ? ds = r” sin0d0dd
S = ff ds =j f r2sinfdfde
¢$=0+76=0 ‘
' v
= 12 f;:o f;T:O sinfd@d¢ =12 fc;;o sinfdo f;:o d¢ y r, - !
= 12[—cosOIF [p1I5" = 77(2)(2n) Jl=
P, dq) *

S = 4mr? X



c) Volume of a Sphere of Radius ro

To find the volume of a sphere, we sum the volumes of infinitesimally small volume elements. We use a spherical
coordinate system with the differential volume element dV=r2sinBdrd6d¢, where r is the radius, 0 is the polar angle,
and ¢ is the azimuthal angle.

The volume V is the triple integral of the differential volume element over the entire sphere: the radius r from 0 to ro,
0 from O to it, and ¢ from O to 2.

V=fffﬂ“v‘ Z| dv=r?sinBdrd,
= T } Tfr%inﬂdrdﬁdd: 5
$=0 8=0 r=0 iy |
o £ 2w y
= [r%dr [sin0d0 [ do
{r r{sm { X
-r3 " T n
=|I3|| [-eosell 1ol
: 0
r’ra‘
=| =] (2)(27)
ks / "

_ 3
V=—-nr,



Q.11:

Obtain the expression for the volume of a sphere of a radius a from the differential volume.

Solution:
The expression for the volume of a sphere of radius a can be obtained by integrating the differential volume element in spherical coordinates

The spherical coordinate system is ideal for this problem due to the spherical symmetry of the object.
From the fig.;

The differential volume element, dV, in The spherical coordinate system is given by:

dV = r?sin@ drd0d¢ -

Radial distance (r): The distance from the origin ranges from 0 to the radius of the sphere, so 0<r<a.
Polar angle (6): The angle from the positive z-axis must sweep from the top pole to the bottom pole, so 0<0<m.
Azimuthal angle (¢): The angle in the xy-plane must complete a full circle, so 0<$p<2n

'i-“' 7
x dv =r? 5in6 dr d6 d¢

) a3 as .
= sin0 (? — O) = ?sme Spherical

2T o a
V=j J Jrzsinﬁdrdﬁdd)
o Jo Jo /

a

3
1. Integrate with respect to r: foa r2sinfdr = sin® [r?]
0

3 3 3 3 3 3
2. Integrate with respect to 6: f;%sinﬁdﬁ = a? [—cosB]g = a? (—cosmt — (—co0s0)) = a? (-1(-1)+1) = a? (2) = 2%
4mad

3

3 3 3
3. Integrate with respect to ¢: foznz%dQ = 2% [@]3™ = 2% 2m—0) =

4
V = Ena3 m3



Q.12:

Use the cylindrical coordinate system to find the area of the curved surface of a right circular cylinder,

where: p = 2m,h = Sm and 30 < ¢ < 120. See the following figure.

Solution:
From the figure;
Radius: p = 2m
hight: z = 5m
m 2T
Angle: ¢ = E (30°) to £y (120°)
The area of the curved surface of a right circular cylinder can be found by integrating the differential area element dA in

the cylindrical coordinate system.
The differential area element for the curved surface is given by

dA = pdddz

The area A is given by the double integral of the differential area element over the specified ranges:

5 21'[/3
A =j f 2dd dz
2=0-0="/¢

First, we integrate with respect to ¢:
5

A= [~ mdz

Next, we integrate with respect to z:

A = 51t m?
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