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Introduction

Mathematical proof is the foundation of all mathematical reasoning. It is a formal
argument that establishes the truth of a mathematical statement using logical steps.
In this lecture, we will explore different methods of proving mathematical
statements, including direct proof and proof by contradiction. We will also examine
conditional statements and introduce the concept of open sentences and truth sets,
all of which are crucial for understanding how mathematical assertions are
validated..

Methods of Proving Mathematical Statements (or Theorems):

1. Direct Proof of a conditional statement p = q
A direct proof is a logical process that starts from the assumption of the hypothesis
and works step by step to reach the conclusion.

Definition 1.5. An integer x is called even if there exists k such that x = 2k.
Definition 1.6. An integer x is called odd if there exists k such that x = 2k + 1.
Theorem 1.4. If x is an odd natural number, then x? is odd.
Proof: Assume that x is an odd natural number. We must prove x2 is odd.
Since x is odd, then x = 2k + 1 for some k € N.
x2=xx= 2k + Dk + 1) = 4k? + 4k + 1
= 2(2k* + 2k) + 1
Lets = 2k? + 2k € N, thenx? =2s + 1

Hence, x2 is an odd number.
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Theorem 1.5. (Homework): If x is an even natural number, then x? is even.
Theorem 1.6. (Homework): The sum of two even natural numbers is even.

2. Direct Proof of a conditional statement p & q
To prove a proposition in the form p < g, we prove its equivalence. i.e.,

poq=(pP->qAN(Q-p)
Theorem 1.7. x is odd number if and only if x + 1 is an even number.
Proof: Letp:xisodd number and q:x+1isan even number
Toprovep—>qandq—p
Provep — q
Letx€ O thenx =2k + 1,k€E Z
x+1=2k+2=202k+ 1) ,k+1€Z
Assume thatr = k+1then x+1=2r ;, reZ
x+1€E
Prove q — p:
Letx+1 € E Toprovex €O
x+1=2k,keZ
x=2k-1 - (1)
Sincek €Z, thenr=k—1€Z
k=r+1 - (2)
Substitute (2)in (1), x=2(r+1)—-1=2r+1€0
Theorem 1.8. (Homework): x is an even number if and only if x? is even number.
Theorem 1.9.(a) (Homework): x is an odd number if and only if x? is odd number.
Theorem 1.9.(b) Prove thatifx # 0, thenx™! # 0
Proof Let p:x #0,q:x 1 # 0

we have to prove p — q is true statement, assume ~ (p — q) is true statement
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since ~ (p - q) =pA ~(,then pA ~ q istrue statement

-1 1

x . x=0butx ".x =1 thisimpels 1=0 which is a contradiction C!

So ~ (p — q)is false statement .

Therefore, p — q is true statement.

Proof by Contradiction
Proof by contradiction involves assuming the opposite of what you want to prove,
and then showing that this assumption leads to a contradiction.

Theorem 1.10. prove that if x is an odd number, then x? is odd.

Proof: Assume that x2is odd number. To prove x is an odd number by contradiction.
Assume thatx € E

Then x = 2k ,ke€Z
x? = 4k?=2%2Kk? ,2k*€Z
x? € E this is contradiction with assumption. This implies x is an odd number.

Theorem 1.11. Prove that: If n = ab where a and b are positive integers, then a a <

Vnvb<yn .

Proof: Let p: n = ab where a and b are positive integer (hypothesis)

g:a <+vn Vb <+/n (conclusion)

Assume that the conclusion is false this means ~ (a < vn v b <+/n)) is true.

But~(a<vn vb<vn)=~(a<vn)A~(b<+n) [DeMorgan’slaw]
=(a>vn)A (b>+n)

Therefore, ab > n this implies to contradiction with the hypothesis.

Thus, a < Vn Vb < Vnis true.

Proof by mathematical induction

The principle of mathematical induction is one of the methods of mathematical
proof. By using it, we can prove the validity of a statement p(n)for every natural
number n, starting with verifying it for a base case and then proving that if it holds
forn = k,italso holds forn = k + 1.
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This process involves the following steps:

1. Check that p(n)is true for n=1.

2. Assume that p(n) is true forn = k (wherek > 1).
3. Prove that p(n) is true forn = k + 1.

If the statement holds for n=1 and if p(n) being true for n = k implies it is also true
forn = k + 1 , then by induction, p(n) is true foralln > 1.

Examples: 1.11. prove that the following statement is true by mathematical

induction.
1) 1+2+,,,+n:n(n2+1)
2) 12 + 22 4 ... 4 p2 = 2orUENHD
6
3 3 4. 3 _ (n@+1))?
3) 13423+ +n_( 2)

Solution 1)

To prove the statement is true we use the mathematical induction

If n=1 then 1:@ is true

Assume that the statement is true when n = k + 1, to prove the statement is true
when n=k+1

2
k(k+1) tk+1= k(k+1)+2k+2 _ k4+3k+2 _ (k+1)(k+2)

1424 +k+k+1=
2 2 2 2

Therefore, the statement is true for all values of n.

Definition 1.7. (Variable) An alphabetic letter x, y, z, ... which represents a number
that is either arbitrary or unknown.

Definition 1.8. (Open Sentence) A sentence is called open sentence (or
propositional function), if it contains one or more variables. Open sentence is
denoted by p(x), q(x), g(x)...etc.

Examples: 1.12. The following are open sentences:
p(x): x is an odd number.

qlx,y)=x+y=5,x,y €N
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Examples: 1.13. Let the open sentence p(x),x > 5. What are the truth value of
p(7) and p(0)? Which values x € N that make p(x) true?

Solution: p(7) : 7>5 isatrue proposition
p(0): 0> 5 is a false proposition
p(x) is a true statement for x € {6,7,8, ... }.

Examples: 1.14. Let the open sentence q(x,y,z):x+y =z, x,y,z € Z. What are
the truth values of q(1,1,2) and q(—1,1,5)?

Solution: q(1,1,2):1+ 1 =2 isa true proposition
q(-=1,1,5):—=1+1 =5 isa false proposition

Definition 1.9. (Solution Set or Truth Set) Let p(x) be an open sentence and let A
be a set. The solution set denoted by T, is the set of all elements x of A for which

p(x)istrue. T, = {x € A:p(x) is true }
Examples: 1.15. Find the solution set for each of the following open sentences:

1. p(x),x+2>7andA=N
2. qx),x+2=0andA=N
3. r(x),x+5>1andA=N

Solution: 1. T, = {6,7,8, ...}

2.T,=0
3.T, =N
Exercises

Exercise 1: Assume we have the following statement: "x < —3 or x = 6". Which
values of x € N that make the statement true? Which values of x that make the
statement false?

Exercise 2: Assume we have the following statement: "x > 2 and x < 5". Which
values of x € N that make the statement true? Which values of x that make the

statement false? Discuss all the possible cases.
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Exercise 3: Find the following solution sets. Also determine p(x) and A for each
solution set

1.T,={x€N,-2<x<2}

2T, ={x€Z-1<x<1}
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