Foundations of Mathematics AL-Mustansiriyah University Lecture 6:

Foundations of Mathematics

Instructor: Dr. Uday Jabbar Quaez
Academic Year: 2024-2025
Department of Mathematics, College of Education, Al-Mustansiriya University

Chapter Two

Set Theory

Lecture 6.: Set Theory - Concepts and Applications

Introduction

In this lecture, we explore the fundamentals of set theory, a cornerstone of
modern mathematics. Set theory provides the language for describing
collections of objects, enabling us to study their properties and relationships.
This lecture includes definitions, examples, and applications related to sets...

Definition of a Set:
A set is a collection of distinct objects, called elements or members of the set.

Sets are denoted using curly braces { }. For example, A = {1, 2, 3}.

Methods for Representing Sets:
- Listing elements: All elements are listed explicitly, e.g., A = {1, 2, 3}.

- Set-builder notation: The property characterizing the set is given, e.g., A = {x
| x > 0}.

Remark 2.1.
1. The capital letters usually used to represents sets such as A, B, C,...etc.

2. The small letters such as a, b, c, d,...etc are used to represents the
members or the elements of the set.

3. Membership in a set is denoted as follows: a € A denotes that a belongs
toasetA
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4. Non-membership to a set is denoted as follows: a € A denotes that a
does not belong to a set A

Special Types of Sets
- Empty Set: A set with no elements, denoted by { } or empty set ®.

- Subsets: A set A is a subset of B if all elements of A are also elements of B
denoted by AC B.

AC BifandonlyifVvxeA->x€B
AZBifandonlyifixe ANxé&B
Venn Diagrams

Venn diagrams are graphical representations of sets and their relationships,

such as unions and intersections. m

Examples: 2.1.

1)LetA={49}and B={x € N;1 < x <10}

. Determine whether AC B or A< B

Solution: AS B but A£€B since3€B A3 ¢&A
2)LetA={x€N;x>3}and B={x € N;x*>4}. IsACS B orAZ B?
Solution: letx € A>x>3->x*>9 »x>>4 >x€B then ACB
Since3 >4 —->3€B but3 ¢ AthenB € A.

Theorem 2.2. Let A, B and C be any sets, then

1.0c A
2.AC A
3.IfAC€BandB <€ CthenAcC

Proof: 1. € Ameans VX€E@® - x€A
F->(TorF)=T

2.Letx € A—> x €A, thismeansA € A

Page 2



Foundations of Mathematics AL-Mustansiriyah University Lecture 6:

3.ToProve, f ACS BandB € CthenA4A € C
LetxEA—>x€B (sinceA € B)

x € C(sinceB € C)

Then, A € C

Definition 2.1. A set A is called a proper subset of B and denoted by (A c B)
ifand only if A € B and there exist an element x € B thatis x & A.

AcBeoASBAIxEBAx€EA

Examples: 2.2.A={x E Norx? —16 =0},B = {x € N and x* — 16 = 0}
Determine if A € B or B C A.

Solution: A = {1, 2, 3, ...} U {4, -4} and B ={4}. Itis clear that B c A because B
C Aand dy={1,2,3,5,...}EAANY€EB

Definition 2.2. Two sets A and B are equal if they both have the same
elements or, equivalently, if each is contained in the other.

A=BeoAC BABCA

Definition 2.3. Universal set U is the set that contains all the elements or the
sets we have under discussion.

Examples: 2.3. LetA =1{1,23},B ={15,7},C ={1,11,20} then U =N is
possible to have a Universal set.

Definition 2.4. Family of sets is a set that have other sets as members.
Examples: 2.4. Let A = {{1}, {2,3}},8 ={0},C = {C}
E={AcN},M={{12..,n},n €N}

Definition 2.5. The power set of a set X is the set of all possible subsets of X,
including the empty set and the set itself and denoted by P(X).

PX) ={AtAcS X}, Ae€PX)  AcX

If a set X contains n elements, the total number of subsets or elements of the
power set is 2".
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Examples: 2.5. Let X = {1,2,3}. Then
P(X) = {A,0,{1},{2},{3},{1,2},{1,3},{2,3}},
Theorem 2.3. Let X and Y be two sets. Then
X cYoPX) S PY)
Proof: (—) suppose that X C Y to prove P(X) € P(Y)
Let A€ P(X) > Ac X (Def.of power set)
But X S Y->ACY—-AE€eP(®) (Def. of power set)
Then P(X) € P(Y)
(<) Suppose that P(X) € P(Y) toproveX CY
Let x € X - {x} € X - {x} € P(X) (Def. of power set)
But P(X) € P(Y) - {x} € P(Y) - {x} € Y (Def. of power set)
XEY,thenX €Y
Algebra of Sets
% Union of Sets
Let A, B € X. Then,
AUB={x€eX;x€e Avx € B}
ileexAUB=x¢AANx &B
Examples: 2.6. letA={x€N;2<x<7}andB={x€N;4 <x <9}
AUB = {2,3,4,5,6,7,8}
BUA = {2,3,4,5,6,7,8}
AUA = {2,3,4,5,6}
Definition 2.6.If A, A,, ..., A, are any sets in X, then

r A =A,UA4, U.. UA,
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Ui2:4;=4; U4, U.. UA, U..

Examples: 2.7. 1) LetA, ={n+ 1,n € N}

Ui_14, = A, UA, UA; = {2} U{3}U{4} = {2,3,4}

Upz1Ap = A1 U4, U ={2}U{3}U..=1{234,..}

2) Let A, = {(—n,n),n € N}

Us—14n, =4, UA, Uds = (1,1 U(-2,2) U(=3,3) = (-3,3)
Upz14, =A4; U4, U.. =(-1,1)U(-22)U..=R

Theorem 2.4. Let A, B and C be any sets in universal set X . Then

AU® =A (Identity law)
AUA=A (Identity law)
AUX =X (Domination law)
AUB =BUA

(AUB)UC =AUB UC)
ACBse AUB =B
ACAUB andB<S AUB
P(A) UP(B) € P(AUB)

PN AE WD

Proof: 1. Toprove AUPCSANACAUD
LetxEAUP=x€AVxXx€EQD (def ofu)
—x€AVF

= x€A (pvF=p)
~AUQCA . (1)
LetxeA=x€AVF (sincepV F=p)
= XEAVXED
= xE€EAUQ (def. of U)
~ACAUQ . (2)

From (1) & (2),AUQ@=A
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2. Toprove AUACANACAUA
Letx€eAUA=x€AVx€EA (def ofu)
= x€EA (pV p=p)
~AUACA . (1)
LetxeA=x€AV x€A (pV p=p)
= x€EAUA (def of L)
~ACAUA - (2)
From (1) &(2),AUA=A
3. Toprove AUXS XA XCSAUX
LetxEAUX=x€AVx€eEX (def ofu)
= x€XVx€EX (SincedcU)
= x€X (PvP=P)
~AUXCEX . (1)
LetxeX=>xeXVvx€eA (SinceTVP=T)
= x€AUX (def of U)
~XCAUX -(2)
From (1) & (2),Au X=X
5. Toprove AUBSBUAABUACAUB
LletxeAUB=x€AVx€eB (def ofU)
= x€BVx€eA (Viscommutative)
x€EBUA (def. of U)
~AUBCBUA (1)

Similarly, showthat BUAC AUB ..(2)
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From (1) and (2), AUB=BUA
6. Toprove ACB< AUB=B
(=) Letxe AUB=x€AVx€E€B (def ofU)
= x€BVx€B (byhypo.ACB)
= XxEB (p vV p=p)
~AUBCRB (1)
LetxeB=x€B V x€A (SinceTV p=T)
= x€AUB (def. of U)
~BCAUB «(2)
From (1) and (2), AUB=B
(&) Letxe A= x€A V x€B (Since TV P=T)
= x€EAUB (def. of U)
= XEB (by hypo. AU B =B)
~ACB
8. LetX e P(A) U P(B) To prove X € P(AU B)

X€EPA)UPB)=X€eP(A) vV XeEP(B) (def. ofu)

= XCAV XCB (def. of P(A4))
= XCAUB (def. of U)
= X€P(AUB) (def. of P(A U B))

~ P(A)UP(B) S P(AUB)

++ Intersection of Sets

Let A, B € X. Then, A

ANB={x€eX;x € ANx € B}

Page 7

ANB

Lecture 6:


http://en.wikipedia.org/wiki/File:U+21D0.svg

Foundations of Mathematics AL-Mustansiriyah University Lecture 6:

ileex€ANB=x¢AVx¢&B
Examples: 2.8. letA={x€N;2<x<7}andB={x€N;4 <x <9}
ANB ={4,5,6}
BNB =1{4,5,6}
ANA=1{2345,}
Definition 2.7. If A;, A,, ..., A,, are any sets in X, then
A=A N4 N.. N4,
N2, 4, =4, N4, N... N4, N ..
Examples: 2.7. 1) LetA, ={n+ 1,n € N}
Nicidn = A NA; NA; ={2)NBIN4 =0
Np=14, =4 N4, N...=0
2) LetA,, = {(—n,n),n € N}
N3_14, =4:NA4; N4; =(-1,1)N(=2,2)N(-3,3) = (-1,1)
N1 Ap =A1NAN ... =(-1,1)N(=22)N..=(-1,1)
Theorem 2.5. Let A4, B and C be any sets in universal set X . Then

AN®=¢@ (Domination law)
ANA=A (Idempotent law)
ANX=A (Identity law)
ANB =BNA

(ANB)NC =ANB NC)
AUBNC)=(AUB)NAUC)
ANB UC)=(ANB)UMNC)
ACBs ANB =A

ANB € AandANB € B
10.P(A)NP(B) =P(ANB)

O 0N A

Proof: 2. Foreachx€E A& x€EANX€EA (pAp=p)
x€EAS xEANB (def. of N)
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3. Toprove ANXCSANACANX

Let xEANX=Xx€EA A Xx€EX (def ofN)
= x€A

~ANXC A (1)

LetxeA = x€A N xEX [since A CX]
=x€eANX ..(2)

From (1) and (2), AnX=A

5.letxe(ANnB)NnCeoxe(ANB)Ax€EC (def. of N)
S (xeANxeEB)Axe(C (def.ofN)
ox€AN(x€EBAx€e() (Aisassoc.)
SxeEAANxEBNC (def. of N)

©xeEAN(BNCO) (def. of N)
~(ANB)NC=An(BNC)

7. LetxeAN(BUC)eoxeEANXxEBUC (def. of N)
©x€EAN(x€EBVxe() (def ofv)
S (xeEANxEB)V(xeANxEC(C) (distribute Aonv)
© x€EANBVxeANC (def. of N)
© x€E(ANB)U(ANCO) (def. of L)

8. Toprove ACB&S ANB=A

(=)LetxeANB=x€ AANX€EB (def. of N)
= x€ A
~ANBCA ..(1)
Letx€A = x€ AANxEB [ACB]
= x€ANB
= ACANB..(2)
From (1) and (2), AnNB=A

(&) LetAn B =A,toprove ASCB
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LetxeEA=x€ANB (byhyp)
XEANB= x€AAx€EB

~XEB—=ACBH

Exercises

Exercise 1: Let 4, = {(—,2),n € N}. Find U$_34,, Ui, 4, and N3, 4,

)
n n

Exercise 2: Let A, = {(n,n+ 1),n € N}.Find U3_, 4,, and U, A,

Exercise 3: Let A={x€Z:-2<x<10}, B={x€Z v x2+ 9 =0}. Determine if A C
B or B C A.
Exercise 4: Let A={-2,3}, B={x € Z: x3- x2- 6x = 0}. Determine whether A € B
orBc A?
Exercise 5: Let A = {x€ N: x 24} and B = {x € N : x < 9}. Determine whether A € B
orB € A?
Exercise 6: Let X = {An; An={n-2,n-1,n};n € N}.Find N;~1 4, ,Up=14,
Exercise 7: Let X ={An; An={n3+1};n € Z}. Find
1. N34,
2. n?ﬁ:l An
3. P(Up=14n)
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