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Introduction

In mathematics, the complement and difference of sets are fundamental
operations in set theory. These concepts allow us to analyze relationships
between sets and their elements. Understanding these operations helps in
various mathematical applications, including logic, probability, and

computer science.

Definition of Difference of Sets:
For two sets A and B, the difference A and B denoted by A — B is a set of all

elements that belong to A but not to B. U ” 5
Formally: A— B ={x € AAx & B} 7 ' DC ’
=

Examples: 2.10. LetA = N and B = {1, 2,3}. Then

A—B=1{456,..}

A—-0=A
A—A=0

U
Definition 2.7. The complement of a set A, within a AT

universal set X, includes all the elements in X that are not
in A. It is denoted by A°or X — A and is defined as:

A={xeXANx¢A}
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Examples: 2.11.1) Let X = N and A = {1, 2,3}. Then
A€ ={4,56,..}

2)LetX=Nand A= N.Then A° =0

3)LetX = Rand A = @. Then A° =R

4)LetX = N,A ={1,2},B = {2,3,4}. Then
A=N-A=1{345,..}

B°=N-B={1567..}
(ANB)*=N-(AnB)=N—-{2}={1,345,..}
(AUB)*=N-(AUB)=N —-{1,2,3,4} ={56,7, ...}
AN B¢ =1{567, ..}

A°UB¢=1{1,345,..}

Theorem 2.7. Let A, B and C be any sets in universal set X. Then

0° = X
ANA =0
AUA =X
(46)° = A

(AUB)¢ = A°n B°
(AN B)¢ = A° U B®

A ©€ B & B¢ C A°
AC BeANB‘=0

NN AE WD

Proof: 1. Assume that @€ # X, 3x,x € X A x & ¢
x € XA x € @ thisis C!

~pf=X

2. Assume that AN A€ # @

IXeEX,x €E ANA° = x € AANx € A° (Def.of Nn)

= x € AANx € A (Def.ofComplement set)
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thisis C! = ~ANA =0

3. Assume that AU A° # X

dx€eEX AN x & AUA®

x € AUA°= x &€ A AN x & A° (Def.of Uand De — morgan Lows )
This is contradiction with the definition of complement set.

~AUAC =X

4. (A°)° = A toprove A S (A°)€ and (A°)€ cA
Letx € A= x & A° (Def.ofComplement set)
= x €)' =~A4AcA) .. (1

Letx € (A°)° = x & A°(Def.ofComplement set)
= x EA= (A9 CA .. (2)

From (1) and (2), we have (A°) = A

5.(AUB)¢ = AN B¢ toprove (AUB)¢ € AN B and A° N B° € (AU B)*
Letx € (AUB) = x € A U B (Def.ofComplement set)
= x €& AN x & B (Defof V)
= X € A° A X € B® (Def.ofComplement set)
= X € A° n B¢ (Def.of N)
~(AUB) CcA°nB° .. (1)
Similarity, we prove AN B¢ < (AU B)¢ .. (2)

From (1) and (2), we have (AU B)¢ = A° N B¢

Page 3



Foundations of Mathematics AL-Mustansiriyah University Lecture 7:

6.(ANB)¢ = A° U B
to prove (AN B)¢ € A°U B and A° U B¢ € (AN B)¢
Letx € (ANB) = x € A N B (Def.ofComplement set)
= x & AV x &€ B (Def.of Nand De — morgan Lows)
= X € A° V x € B¢ (Def.ofComplement set)
= X € A° U B¢ (Def.of V)
~(ANB) CcA°UB° .. (1)
Similarity, we prove AU B¢ € (AN B)¢ .. (2)

From (1) and (2), we have (A N B)¢ = A° U B¢

7.A € B & B¢ € A° (=)

Suppose that A € B, to prove B¢ € A€

Letx € B¢= x & B (Def.ofComplement set)
SinceA € B=x & A (Def.ofsubset)

~X € A° (Def.ofComplement set)

~ B¢ € A°

(<) Suppose that B¢ < A°,toprove A € B
Letx €A = x € A° (Def.ofComplement set)
Since B¢ € A°=x & B¢ (Def.ofsubset)

~X € B (Def.ofComplement set)

~A S B
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Theorem 2.8. Let A, B and C be any sets in universal set X. Then

1. A—A=Q0andA—-X=0

2. A—@0=Aand@—A=0¢

3. A—BCA

4. A€ BSSA-B=90

5. A—-B)NB =9

6. ANB=¢0 < (A—B = A)A (B—A = B)

7. A—(BUC)=A-B)n@A-0)

8. A—-(BNnC)=A-B)uU A4-0)

9. A—A°=A and A° — A = A
Proof: 1.Toprove A—A=0
Supposethat A —A # = 3IxeX,x € A—A
—=x € ANx & A (Def.ofdif ference set)

This implies to contradiction. = A —A =0

3. Toprove A—BC A
Letx € A—B—=x € AANx & B (Def.ofdif ference set)

X €A (pAT=0p)

4, Toprove A S B&SA-B=0

(=)Supposethat A € BtoproveA—B =0

Assume thatA — B +# p=3x€X,x € A—B

= x € ANx & B (Def.ofdif ference set )

But,A € B = x € AAx & A. This implies to contradiction. = A —B =0

(<) Suppose thatA— B = @, to prove A € B
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AssumethatA € B=3x€X,x € AAx &B (Def.of subset)
~x € A—B (Def.ofdifference set)
=A — B # @ This implies to contradiction. - A € B
5.Assumethat A—B)N B #  =3Ix,x € (A—B) N B
= x € A—B A x € B(Def.of n)
= (x €E ANX & B) Ax € B (Def.ofdifference set)
= X € AAN(X€E&BAXx € B) (Aisassociative)
= x € A A F thisimplies that the proposition is false (p A F = F)
= ~(A-B)NB =20
6. (=)LetANB =0, toprove A—B=AAB—-A =8B
LetxEA—Box € AAx & B (Def.ofdifference set)
©x €AANT (sincedn B = Q)
x €A (pAT = p)
~A—B = A

In the Similar method, we prove that B — A = BType equation here.
(¢)LetA—B = AAB—-—A =B, toprove ANB =20
AssumethatA N B # = 3xeX,x € AN B= x € A A x € B (Def.ofn)

= 3Ix,x E A—-BAx€B (A—B = A)

=3Jx,x € A—BAx €B

=3Ix,(x E AANxXx &€ B)AXx €EB

=3Ix,x € AN (x € B A x € B) (A isassociative)

=3Ix,x EAANF=F (pAF=F)
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8. ToproveA—-(BNC)=(A-B)u A-0)

LetxeA—(BNC) = x€e€AANx & (B NC) (Def.ofdifferenceset)
=x € ANKXEBVXx&C) (Def.of Nand De — morgan Lows )
Sk e ANx € B)v(x € AAx € C)  (Adistributives on V)
©x€eE(A-B)vxeA-0) (Def.ofdif ference set)

ox€@—-B)U@A-C)  (Defof L)

Definition of Symmetric Difference Sets:

The symmetric difference between two sets A and B is denoted by AAB and is
defined as follows:

AAB = (A—B)U (B—A4)

=(AUB)—(ANB)

Examples: 2.12.

Let A= Nand B = {1,2,3}. Then ALe
AAB=(AUB)—(AnB)=N-{1,2,3}= {456,...}
ANMp=(AUP)—(ANnP)=A
ANA =@
Theorem 2.9. Let 4, B and C be any sets in universal set X. Then

ABA =0 AABAC

AAB = BAA
AAB =0 < A =B
AA(BAC) = (AAB)AC

i
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5. An (BAC) = (AnB)AA N C)
Exercises

Exercise 1: Prove or disprove the following
1.AUB=ANB© A=8B
2A—-(BuC) =0 > Ac(BU()

Exercise 2: Prove or disprove the following

1.P(AnB) € P(A) n P(B)
2. (A —B) = BU A
Exercise 3: LetA = {x € N:1 < x < 5}, B ={2,4,6} and C = N.

FindA—(BuUC) , A—(BnQ()

Exercise 4: If A = @ then find P(4) and P(A° n A)
Exercise 5: Let ANB = 0@.IsA— B = B — A, Explain that?

Exercise 6: Let X = {An An
'U;ll=1(A1 - An)

(=,3); n € N} Find N{y(A; — Ay

n

Exercise 7: LetA = {x € E: —8 < x < 9} and B ={1, 2, 4, 6} Find
AAB.
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