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Foundations of Mathematics 

Instructor: Dr. Uday Jabbar Quaez 

Academic Year: 2024-2025 

Department of Mathematics, College of Education, Al-Mustansiriyah University 

Lecture 7.: Complement of a Set and Difference of Sets 

Introduction 

In mathematics, the complement and difference of sets are fundamental 

operations in set theory. These concepts allow us to analyze relationships 

between sets and their elements. Understanding these operations helps in 

various mathematical applications, including logic, probability, and 

computer science. 

 

Definition of Difference of Sets:  

For two sets A and B, the difference A and B denoted by 𝐴 − 𝐵 is a set of all 

elements that belong to A but not to B.  

Formally: 𝐴 − 𝐵 = {𝑥 ∈ 𝐴 ∧ 𝑥 ∉ 𝐵}  

 

 

Examples: 2.10.   Let 𝐴 = 𝑁 𝑎𝑛𝑑 𝐵 = {1, 2, 3}. Then  

 𝐴 − 𝐵 = {4,5,6, … } 

𝐴 − ∅ = 𝐴  

𝐴 − 𝐴 = ∅  

Definition 2.7. The complement of a set A, within a 

universal set X, includes all the elements in X that are not 

in A. It is denoted by 𝐴𝑐or 𝑋 − 𝐴 and is defined as: 

𝐴𝑐 = {𝑥 ∈ 𝑋 ∧ 𝑥 ∉ 𝐴} 
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Examples: 2.11. 1) Let 𝑋 = 𝑁 and  𝐴 = {1, 2, 3}. Then 

𝐴𝑐 = {4,5,6, … }  

2) Let 𝑋 = 𝑁 and  𝐴 = 𝑁. Then 𝐴𝑐 = ∅ 

3) Let 𝑋 = 𝑅 and  𝐴 = ∅. Then 𝐴𝑐 = 𝑅 

4) Let 𝑋 = 𝑁, 𝐴 = {1, 2}, 𝐵 = { 2,3,4}. Then 

 𝐴𝑐 = 𝑁 − 𝐴 = {3,4,5, … } 

𝐵𝑐 = 𝑁 − 𝐵 = {1,5,6,7, … }  

(𝐴 ∩ 𝐵)𝑐 = 𝑁 − (𝐴 ∩ 𝐵) = 𝑁 − {2} = {1,3,4,5, … }  

 (𝐴 ∪ 𝐵)𝑐 = 𝑁 − (𝐴 ∪ 𝐵) = 𝑁 − {1,2,3,4} = {5,6,7, … } 

𝐴𝑐 ∩ 𝐵𝑐 = {5,6,7, … }  

 𝐴𝑐 ∪ 𝐵𝑐 = {1,3,4,5, … } 

Theorem 2.7.  Let 𝐴, 𝐵 𝑎𝑛𝑑 𝐶 be any sets in universal set X. Then 

1. ∅𝑐 = 𝑋 

2. 𝐴 ∩ 𝐴𝑐 = ∅ 

3. 𝐴 ∪ 𝐴𝑐 = 𝑋 

4. (𝐴𝑐)𝑐 = 𝐴 

5. (𝐴 ∪ 𝐵)𝑐 = 𝐴𝑐 ∩ 𝐵𝑐 

6. (𝐴 ∩ 𝐵)𝑐 = 𝐴𝑐 ∪ 𝐵𝑐 

7. 𝐴 ⊆  𝐵 ⟺  𝐵𝑐  ⊆  𝐴𝑐     

8. 𝐴 ⊆  𝐵 ⟺ 𝐴 ∩ 𝐵𝑐 = ∅ 

 Proof: 1. Assume that ∅𝑐 ≠ 𝑋, ∃x, x ∈  X ∧  x ∉  ∅𝑐   

   x ∈  X ∧  x ∈  ∅  this is  C! 

∴ ∅𝑐 = 𝑋  

 2. Assume that 𝐴 ∩ 𝐴𝑐 ≠ ∅  

∃x ∈ X , x ∈  𝐴 ∩ 𝐴𝑐 ⟹  x ∈  𝐴 ∧ x ∈ 𝐴𝑐   (𝐷𝑒𝑓. 𝑜𝑓 ∩ )  

⟹  x ∈  𝐴 ∧ x ∉ 𝐴   (𝐷𝑒𝑓. 𝑜𝑓𝐶𝑜𝑚𝑝𝑙𝑒𝑚𝑒𝑛𝑡 𝑠𝑒𝑡 )  
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 this is  C!  ⟹  ∴ 𝐴 ∩ 𝐴𝑐 = ∅   

 

3. Assume that  𝐴 ∪ 𝐴𝑐 ≠ 𝑋 

 ∃𝑥 ∈ 𝑋 ∧  𝑥 ∉  𝐴 ∪ 𝐴𝑐   

𝑥 ∉  𝐴 ∪ 𝐴𝑐 ⟹  𝑥 ∉  𝐴 ∧  𝑥 ∉  𝐴𝑐   (𝐷𝑒𝑓. 𝑜𝑓 ∪ 𝑎𝑛𝑑 𝐷𝑒 − 𝑚𝑜𝑟𝑔𝑎𝑛 𝐿𝑜𝑤𝑠 ) 

This is contradiction with the definition of complement set.  

 ∴ 𝐴 ∪ 𝐴𝑐 = 𝑋 

 

4. (𝐴𝑐)𝑐 = 𝐴  to prove 𝐴 ⊆ (𝐴𝑐)𝑐 and (𝐴𝑐)𝑐 ⊆A 

Let 𝑥 ∈  𝐴 ⟹  𝑥 ∉ 𝐴𝑐    (𝐷𝑒𝑓. 𝑜𝑓𝐶𝑜𝑚𝑝𝑙𝑒𝑚𝑒𝑛𝑡 𝑠𝑒𝑡 ) 

 ⟹  𝑥 ∈ (𝐴𝑐)𝑐 ⟹ ∴ 𝐴 ⊆ (𝐴𝑐)𝑐   …  (1) 

Let 𝑥 ∈  (𝐴𝑐)𝑐 ⟹  𝑥 ∉ 𝐴𝑐(𝐷𝑒𝑓. 𝑜𝑓𝐶𝑜𝑚𝑝𝑙𝑒𝑚𝑒𝑛𝑡 𝑠𝑒𝑡 ) 

⟹  𝑥 ∈ 𝐴 ⟹ ∴ (𝐴𝑐)𝑐 ⊆A   …  (2) 

From (1) and (2), we have  (𝐴𝑐)𝑐 = 𝐴   

 

5. (𝐴 ∪ 𝐵)𝑐 = 𝐴𝑐 ∩ 𝐵𝑐  to prove (𝐴 ∪ 𝐵)𝑐  ⊆ 𝐴𝑐 ∩ 𝐵𝑐 and 𝐴𝑐 ∩ 𝐵𝑐 ⊆ (𝐴 ∪ 𝐵)𝑐 

Let x ∈  (𝐴 ∪ 𝐵)𝑐  ⟹  x ∉  A ∪  B   (𝐷𝑒𝑓. 𝑜𝑓𝐶𝑜𝑚𝑝𝑙𝑒𝑚𝑒𝑛𝑡 𝑠𝑒𝑡 ) 

                       ⟹  x ∉  A ∧    x ∉  B     (𝐷𝑒𝑓 𝑜𝑓 ∪)  

                       ⟹  x ∈  𝐴𝑐  ∧  x ∈  𝐵𝑐    (𝐷𝑒𝑓. 𝑜𝑓𝐶𝑜𝑚𝑝𝑙𝑒𝑚𝑒𝑛𝑡 𝑠𝑒𝑡 )  

                       ⟹  x ∈  𝐴𝑐  ∩  𝐵𝑐          (𝐷𝑒𝑓. 𝑜𝑓 ∩)  

∴ (𝐴 ∪ 𝐵)𝑐  ⊆ 𝐴𝑐 ∩ 𝐵𝑐   …  (1) 

Similarity,  we prove 𝐴𝑐 ∩ 𝐵𝑐 ⊆ (𝐴 ∪ 𝐵)𝑐    …  (2) 

From (1) and (2), we have  (𝐴 ∪ 𝐵)𝑐 = 𝐴𝑐 ∩ 𝐵𝑐 
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6. (𝐴 ∩ 𝐵)𝑐 = 𝐴𝑐 ∪ 𝐵𝑐 

  to prove (𝐴 ∩ 𝐵)𝑐  ⊆ 𝐴𝑐 ∪ 𝐵𝑐 and 𝐴𝑐 ∪ 𝐵𝑐 ⊆ (𝐴 ∩ 𝐵)𝑐 

Let x ∈  (𝐴 ∩ 𝐵)𝑐  ⟹  x ∉  A ∩  B   (𝐷𝑒𝑓. 𝑜𝑓𝐶𝑜𝑚𝑝𝑙𝑒𝑚𝑒𝑛𝑡 𝑠𝑒𝑡 ) 

                       ⟹  x ∉  A ∨    x ∉  B     (𝐷𝑒𝑓. 𝑜𝑓 ∩ 𝑎𝑛𝑑 𝐷𝑒 − 𝑚𝑜𝑟𝑔𝑎𝑛 𝐿𝑜𝑤𝑠 ) 

                       ⟹  x ∈  𝐴𝑐  ∨  x ∈  𝐵𝑐    (𝐷𝑒𝑓. 𝑜𝑓𝐶𝑜𝑚𝑝𝑙𝑒𝑚𝑒𝑛𝑡 𝑠𝑒𝑡 )  

                       ⟹  x ∈  𝐴𝑐  ∪  𝐵𝑐          (𝐷𝑒𝑓. 𝑜𝑓 ∪)  

∴ (𝐴 ∩ 𝐵)𝑐  ⊆ 𝐴𝑐 ∪ 𝐵𝑐   …  (1) 

Similarity,  we prove 𝐴𝑐 ∪ 𝐵𝑐 ⊆ (𝐴 ∩ 𝐵)𝑐    …  (2) 

From (1) and (2), we have  (𝐴 ∩ 𝐵)𝑐 = 𝐴𝑐 ∪ 𝐵𝑐  

 

7.  𝐴 ⊆  𝐵 ⟺  𝐵𝑐  ⊆  𝐴𝑐     (⟹)  

Suppose that 𝐴 ⊆  𝐵 , to prove  𝐵𝑐  ⊆  𝐴𝑐                 

Let x ∈  𝐵𝑐 ⟹  x ∉   B   (𝐷𝑒𝑓. 𝑜𝑓𝐶𝑜𝑚𝑝𝑙𝑒𝑚𝑒𝑛𝑡 𝑠𝑒𝑡 ) 

Since 𝐴 ⊆  𝐵⟹ x ∉   A   (𝐷𝑒𝑓. 𝑜𝑓𝑠𝑢𝑏𝑠𝑒𝑡 ) 

∴ x ∈  𝐴𝑐    (𝐷𝑒𝑓. 𝑜𝑓𝐶𝑜𝑚𝑝𝑙𝑒𝑚𝑒𝑛𝑡 𝑠𝑒𝑡 ) 

∴ 𝐵𝑐  ⊆  𝐴𝑐 

(⇐) Suppose that 𝐵𝑐  ⊆  𝐴𝑐  , to prove  𝐴 ⊆  𝐵 

 Let x ∈ 𝐴  ⟹  x ∉   𝐴𝑐   (𝐷𝑒𝑓. 𝑜𝑓𝐶𝑜𝑚𝑝𝑙𝑒𝑚𝑒𝑛𝑡 𝑠𝑒𝑡 ) 

Since 𝐵𝑐  ⊆  𝐴𝑐⟹ x ∉   𝐵𝑐   (𝐷𝑒𝑓. 𝑜𝑓𝑠𝑢𝑏𝑠𝑒𝑡 ) 

∴ x ∈  𝐵    (𝐷𝑒𝑓. 𝑜𝑓𝐶𝑜𝑚𝑝𝑙𝑒𝑚𝑒𝑛𝑡 𝑠𝑒𝑡 ) 

∴ 𝐴 ⊆  𝐵 

 

http://en.wikipedia.org/wiki/File:U+21D0.svg
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Theorem 2.8.  Let 𝐴, 𝐵 𝑎𝑛𝑑 𝐶 be any sets in universal set X. Then 

1. 𝐴 − 𝐴 = ∅ and 𝐴 − 𝑋 = ∅ 

2. 𝐴 − ∅ = 𝐴 and ∅ − 𝐴 = ∅ 

3. 𝐴 − 𝐵 ⊆ 𝐴 

4. 𝐴 ⊆  𝐵 ⟺ A − B = ∅ 

5. (𝐴 − 𝐵) ∩ 𝐵 = ∅ 

6. 𝐴 ∩  𝐵 =  ∅ ⟺  (𝐴 − 𝐵 =  𝐴 ) ∧  (𝐵 − 𝐴 =  𝐵)  

7. 𝐴 − (𝐵 ∪  𝐶)  =  (𝐴 − 𝐵)  ∩  (𝐴 − 𝐶)   

8. 𝐴 − (𝐵 ∩  𝐶)  =  (𝐴 − 𝐵)  ∪  (𝐴 − 𝐶)  

9. 𝐴 − 𝐴𝑐 = 𝐴   𝑎𝑛𝑑 𝐴𝑐 − 𝐴 = 𝐴𝑐  

Proof: 1.To prove  𝐴 − 𝐴 = ∅  

Suppose that 𝐴 − 𝐴 ≠ ∅⟹ ∃x ∈ X , x ∈  𝐴 − 𝐴 

⟹ x ∈  𝐴 ∧ 𝑥 ∉ A (𝐷𝑒𝑓. 𝑜𝑓𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 𝑠𝑒𝑡 ) 

This implies to contradiction. ∴  𝐴 − 𝐴 = ∅ 

 

3. To prove  𝐴 − 𝐵 ⊆ 𝐴 

Let x ∈  𝐴 − 𝐵⟹ x ∈  𝐴 ∧ 𝑥 ∉ B (𝐷𝑒𝑓. 𝑜𝑓𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 𝑠𝑒𝑡 ) 

∴ x ∈  𝐴       (𝑝 ∧ 𝑇 = 𝑝) 

 

4. To prove   𝐴 ⊆  𝐵 ⟺ A − B = ∅ 

(⟹)Suppose that 𝐴 ⊆  𝐵 to prove A − B = ∅  

Assume that 𝐴 − 𝐵 ≠ ∅⟹∃x ∈ X , x ∈  𝐴 − 𝐵 

⟹ x ∈  𝐴 ∧ 𝑥 ∉ B (𝐷𝑒𝑓. 𝑜𝑓𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 𝑠𝑒𝑡 ) 

But, 𝐴 ⊆  𝐵  ⟹ x ∈  𝐴 ∧ 𝑥 ∉ A.  This implies to contradiction. ∴  𝐴 − 𝐵 = ∅ 

(⇐) Suppose that A − B = ∅ , to prove  𝐴 ⊆  𝐵 

http://en.wikipedia.org/wiki/File:U+21D0.svg
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Assume that 𝐴 ⊈  𝐵⟹∃x ∈ X , x ∈  𝐴 ∧ 𝑥 ∉ B     (𝐷𝑒𝑓. 𝑜𝑓 𝑠𝑢𝑏𝑠𝑒𝑡 ) 

∴ x ∈  𝐴 − 𝐵    (𝐷𝑒𝑓. 𝑜𝑓𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 𝑠𝑒𝑡 ) 

⟹𝐴 − 𝐵 ≠ ∅    This implies to contradiction. ∴  𝐴 ⊆  𝐵   

5. Assume that (A − B ) ∩  B ≠  ∅  ⟹ ∃x, x ∈  (A − B)  ∩  B  

⟹  x ∈  A − B ∧  x ∈  B (𝐷𝑒𝑓. 𝑜𝑓 ∩ ) 

⟹ (x ∈  A ∧  x ∉  B)  ∧  x ∈  B    (𝐷𝑒𝑓. 𝑜𝑓𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 𝑠𝑒𝑡 )                              

⟹  x ∈  A ∧  (x ∉  B ∧  x ∈  B)      (∧ is associative)  

⟹ x ∈  A ∧  F     this implies that the proposition is false  (𝑝 ∧ F = 𝐹)  

⟹    ∴ (𝐴 − 𝐵)  ∩  𝐵 =  ∅  

6.  (⟹) Let A ∩  B =  ∅, 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞   A − B =  A ∧  B − A =  B  

Let 𝑥 ∈ A − B ⟺ x ∈  A ∧  x ∉  B    (𝐷𝑒𝑓. 𝑜𝑓𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 𝑠𝑒𝑡 )                              

                                      ⟺ x ∈  A ∧  T      (since 𝐴 ∩  𝐵 =  ∅)  

                                      ⟺ x ∈  A    (p ∧  T =  p)  

                                           ∴ 𝐴 − 𝐵 =  𝐴  

In the Similar method, we  prove that 𝐵 − 𝐴 =  𝐵𝑇𝑦𝑝𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 ℎ𝑒𝑟𝑒.  

(⇐)Let A − B =  A ∧  B − A =  B,    𝐭𝐨 𝐩𝐫𝐨𝐯𝐞  A ∩  B =  ∅  

Assume that A ∩  B ≠  ∅ ⟹ ∃𝑥∈X, 𝑥 ∈  𝐴 ∩  𝐵 ⟹  𝑥 ∈  𝐴 ∧  𝑥 ∈  𝐵  (Def. of ∩)  

                     ⟹ ∃x, x ∈  A − B ∧  x ∈  B   (A − B =  A)  

                    ⟹ ∃x, x ∈  A − B ∧  x ∈  B  

                   ⟹ ∃x, (x ∈  A ∧  x ∉  B )  ∧  x ∈  B  

                   ⟹ ∃x, x ∈  A ∧  (x ∉  B  ∧  x ∈  B)   (∧  is associative) 

                  ⟹ ∃x, x ∈  A ∧  F =  F     (p ∧  F =  F)  

 ∴ A ∩  B =  ∅  

http://en.wikipedia.org/wiki/File:U+21D0.svg
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8.  To prove 𝐴 − (𝐵 ∩  𝐶)  =  (𝐴 − 𝐵)  ∪  (𝐴 − 𝐶) 

Let 𝑥 ∈ 𝐴 − (𝐵 ∩  𝐶)  ⟺  𝑥 ∈  𝐴 ∧  𝑥 ∉  (𝐵 ∩  𝐶)       (𝐷𝑒𝑓. 𝑜𝑓𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 𝑠𝑒𝑡 )  

⟺ x ∈  A ∧  (x ∉  B ∨  x ∉  C)  (𝐷𝑒𝑓. 𝑜𝑓 ∩ 𝑎𝑛𝑑 𝐷𝑒 − 𝑚𝑜𝑟𝑔𝑎𝑛 𝐿𝑜𝑤𝑠 )  

⟺(x ∈  A ∧ x ∉  B) ∨ (x ∈  A ∧ x ∉  C)      (∧ 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑣𝑒𝑠 𝑜𝑛 ∨) 

 ⟺ x ∈ (𝐴 − 𝐵)  ∨ x ∈ (𝐴 − 𝐶)           (𝐷𝑒𝑓. 𝑜𝑓𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 𝑠𝑒𝑡 ) 

⟺ x ∈ (𝐴 − 𝐵)  ∪ (𝐴 − 𝐶)          (𝐷𝑒𝑓 𝑜𝑓 ∪) 

 

Definition of Symmetric Difference Sets:  

 

The symmetric difference between two sets 𝐴 and 𝐵 is denoted by A∆B and is 

defined as follows:  

    𝐴 ∆ 𝐵 =  (𝐴 − 𝐵) ∪  (𝐵 − 𝐴) 

= (𝐴 ∪  𝐵) − (𝐴 ∩  𝐵)  

 

Examples: 2.12.  

Let 𝐴 = 𝑁 𝑎𝑛𝑑 𝐵 = {1, 2, 3}. Then  

 𝐴∆𝐵 = (𝐴 ∪  𝐵) − (𝐴 ∩  𝐵) = 𝑁 − {1, 2, 3} =  {4,5,6, … } 

𝐴∆∅ = (𝐴 ∪  ∅) − (𝐴 ∩  ∅) = 𝐴  

𝐴∆𝐴 = ∅  

Theorem 2.9. Let 𝐴, 𝐵 𝑎𝑛𝑑 𝐶 be any sets in universal set X. Then 

1. 𝐴∆𝐴 = ∅  

2. 𝐴∆𝐵 = 𝐵∆A 

3. A ∆ B =  ∅ ⟺  A =  B  

4. A ∆ (B ∆ C)  =  (A∆B)∆ C       
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5. A ∩  (B ∆ C)  =  (A ∩  B)∆(A ∩  C)    

Exercises 

Exercise 1: Prove or disprove the following  

1. A ∪ B = A ∩ B ⇔ A = B 

2. A − (B ∪ C) = ∅  ⇒   A ⊆ (B ∪ C) 

Exercise 2: Prove or disprove the following 

1. P(A ∩ B) ⊆ P(A) ∩ P(B) 

2. (A − B)c = B ∪ Ac 

Exercise 3: Let A =  {x ∈  N: 1 ≤  x <  5}, 𝐵 =  { 2, 4, 6}  and  𝐶 =  𝑁.    

𝐹𝑖𝑛𝑑 A − (B ∪ C)    ,   A − (B ∩ C) 

 

Exercise 4: If 𝐴 = ∅ then find 𝑃(𝐴) and 𝑃(𝐴𝑐 ∩ 𝐴) 

Exercise 5: Let   A ∩ B = ∅. Is A − B = B − A, Explain that?   

Exercise 6: Let  𝑋 = {𝐴𝑛; 𝐴𝑛 = (
−1

n
,

1

n
),; 𝑛 ∈ 𝑁}. Find ⋂ (A1 − An)4

n=1     

,⋃ (A1 − An)4
n=1    

Exercise 7: Let A =  {x ∈  E: − 8 ≤  x <  9}  and  𝐵 = {1, 2, 4, 6}  Find 

𝐴∆𝐵.   
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