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Chapter Three

Relations

Lecture 8.: Cartesian Product

Introduction

The Cartesian product is a fundamental concept used to build many ideas in
mathematics, engineering, and programming. It is defined as the operation
that produces a set of ordered pairs, where the first element of each pair
comes from the first set, and the second element comes from the second set.

Ordered pair:

Ordered pair is a mathematical concept used to represent two elements
arranged in a specific order where the order of elements is important. It is
written in the form (a, b) where a is the first element and b is the second
element.

Properties of Ordered Pairs:

Let a, b, cand d be elements. Then:
l1.(ab) = (c,d) ® a=cAb=4d
2.(a,b) = (b,a)ifa#b

Cartesian Product:
If A and B are two sets, their Cartesian product is denoted by A X B and is
defined as :

A x B={(a,b);a€A A b€ B}
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The size of Cartesian product is calculated as: if A has n elements and B has
m elements then A X Bhasm X n elements.

Examples: 3.1. let A = {1,2}and B = {3,4}
A x B=1{(1,3),(1,4),(2,3),(2,4), }
AxA={(1,1),(0,2),02,1),02,2), }
B xA={3,1),3,2),41),4,2), }
AX Q=0
Theorem 3.1. Let A, B, D and C be any sets in universal set X. Then

1.IfA= @ orB= @ then A X B =0
2AXB=BXA < A=8B
3AXxBnC =MAxB)N(AXxXO0

4 AXx (BUuC =AXxXxBU(MLXO
5.Ax (B-C)=(AXxB)—(Ax 0
6.(AXB)n(CxD)=((AnC x (BnD)
7.f A€ CandB<SDthenA Xx BEC X D

Proof:1. Suppose that A X B # @, thismeans3 (a,b) € A X B =
a€AANDb€eB (Defof A X B)

= A= 0 A B= @, thisimplies to C!

~AXB =290

2. (=) Supposethat A X B = B X A toprove A = B
Foreach(x,y) E AX B = x € AAy € B (Def.of A X B)
xy) EBXA=x€eBAy€eA (AXB=BXxA)
= ACBABCA

— A =B

(&) Supposethat A=B toprove A X B =B X A
Let(x,y) EAXB e x€ AAny € B (Def.of A x B)
S xeEBAyeA (A=B)
< (x,y) €EBXA
~AXB=BXA

Page 2


http://en.wikipedia.org/wiki/File:U+21D0.svg

Foundations of Mathematics AL-Mustansiriyah University Lecture 8:

3. ToproveA X (BN C) = (A XxB)n (A xC(C

Let(x,y ) EAX (BnNnCexeAAyeBnl (Def.of A X B)
= x € AN (y EBAy €C) (Def.ofn)
= (x € ANy €B) A(x € ANy € C) (Adistributives on A)
= (x,y) € A XB A(x,y) € A xC (Def.of Cartesian Product)
< (x,y) € (A x B)n (A x C) (Def.of n)

~AX (BNC =MAXxBN(AXO0

5, AX (B—-C) = (A XB)-(AxQ0
Let(x,y) € AX (B—C) e x € ANy € (B—C) (Def.of Cartesian Product)
=x€EAAN(yeBAy & C) (Def of difference)
S xXeEAANYyEB)AXEAANY & C)
(A distributives on A)
© (xy) EAXBA(Kxy € AXxC
© xXeEAANYyEB)AXXEAANY & C) (dist. Aon A)
S (xy) € AXBA(xy) € A X C (Def. of Cartesian Product
< (x,y) € (A X B)— (A x C) (Def. of difference)
~“AX (B-C=(AXxB)-(Ax0

6. AXB)nNn(CxD)=(ANC x (BnD

Let (x,y) € (A x B)n (C x D)
& xy)EAXBAXyYy ECXD (Def.of N)
& (xeEAANy€EB)A(XECAYyY € D) (Def. of Cartesian Product
© (x€E AAx€EC)A(y e BAy € D) (Acommut. and associ.)
< x€(ANnC)Ay €e(BnD (Def.of N)
< (x,y) E(ANC) x (BnD) (Def. of Cartesian Product

Definition 3.1. If A, A,,A,, ..., A, aresets in X, then
LA =A X Ay X oo X Ay ={(X1, X, s Xn); X1 EALAX; EAZ A AKX, EAL Y
A"=AX AX..X A
Examples: 3.2. 1)let A = {1,2},B = {1} and C = {3,4}. Then
A x BxC=1{(1,1,3),(1,1,4),(2,1,3),(2,1,4) }
A2=Ax A={(1,1),(1,2),(2,1),(2,2) }

2) let R be a set of real numbers. Then
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R? =

RX R

RE=RX Rx R

Exercises

Exercise 1: Prove or disprove the following
1.AXB=AxCeB=C
2.AXx(BxC)=(AxB)xC

Exercise 2: Prove or disprove the following

1. P(A x B) € P(A) x P(B)
2.P(AUB) = P(A) UP(B)
Exercise 3: LetA = {x € N\:2 < x < 4}, B = {2,3,6} and C= N.

FindAx (BuC) , Ax(Bn(QC)

References

1.

Rosen, K. H., & Krithivasan, K. (1999). Discrete mathematics and its
applications (Vol. 6). New York: McGraw-hill.

Enderton, H. B. (1977). Elements of set theory. Academic press.

Shoenfield, ]J. R. (2000). *Mathematical Logic*. A K Peters. ISBN:
9781568811352.

Hrbacek, K. & Jech, T. (2017).Introduction to set theory, revised and
expanded. Crc Press.

Fraenkel, A. (1973). Foundations of Set Theory. Amsterdam: North-Holland.

Page 4



