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Introduction

Relations are a key concept in mathematics, used to describe connections
between elements within a set. This lecture focuses on anti-symmetric
relations, which limit mutual connections, and equivalence relations, which
classify elements into distinct groups based on shared properties. These
classifications naturally lead to partitioning sets, dividing a set into non-
overlapping subsets. Together, these concepts provide a foundation for
understanding mathematical structures and their applications.

Anti-Symmetric Relation:
A relation R on a set A is called anti-symmetric if for any a,b € Athen R
satisfies the statements

a~bANb~a=a=»b

Examples: 3.15. let A = {1,2,3}. Are the following relations on a set A anti
symmetric?

R, = {(1,1),(1,2),(2,1),(2,2),(3,3)} notanti symmetric
R, = {(1,1)} anti symmetric

Ry = {(1,1),(1,2),(2,2), (3,3)}

R, =0

Rs = {(1L,1),(1,3),(3,2),(2,2), (3,3)}
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Examples: 3.16. let A = Z. Are the following relations on a set A reflexive ?
Symmetric? Anti-symmetric?

1) a~b ®a=b+1

Reflexive since for anya € Z,a~a & a # a + 1 then the relation is not
reflexive.

Symmetric since Va,b € Z , a~b< a=b+1butb #a+1 then
(b,a) € R then the relation is not symmetric.

Anti-symmetric SinceVa,b€Z Ifa~bAb~a=a=b+1Ab=a+1=
a = b then the relation is not anti-symmetric.

2)a~b < alb

Reflexive since foranya € Z,a~a < ala (a = 1 X a) then the relation is
reflexive.

Symmetric since Va,b € Z,a~b < a|b butnot nessary bla
For example_ 2|4 but 4|2 then the relation is not symmetric.

Anti-symmetric SinceVa,b € Z Ifa~bAb~a = alb Abla = 3k, k, €
Z such that b = k;a and a = k,b = ki, k, =1

= etherk, =k, =1o0rk, =k, =-1

= a=bora=—-b then the relation is not anti-
symmetric.

3)a~b ©®a—b =2k ,keZ (HW)
4)a~b ©a=2b
Theorem 3.6.: Arelation R on a set A is anti-symmetriciff R N R~ C 1,.
Proof: (=) Suppose that R is anti-symmetric TP.RN R C 1,
Let (a,b) ERNR T = (a,b) € RA (a,b) € R7! (Def. of N)
= (a,b) e RA(b,a) € R (Def.of R™1)

= a = b (R is anti-symmetric)
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= (a,b) €1,
= (a,b) ERA(b,a) ER
= a=b (Risanti symmetric)
= (a,b) €l
(<) Supposethat RN R~ € I, T.P. R is anti-symmetric
Let (a,b) ERA(b,a) ER = (a,b) E RA(a,b) € R"! (Def.of R71)
= (a,b) ERNRT (Def ofnN)
= (a,b) €1, (Byhyp)
= a=>»b
R is anti-symmetric.

Equivalence Relation:
A relation R on a set A is called equivalence relation if and only if it satisfies
reflexive, symmetric and transitive properties.

Examples: 3.16. let A=7Z. Are the following relations on a set A
Equivalence?

1) a~b ®a+b=2k,keZ
2)a~b & alb
Solution: (H.W.)

Partition of a Set:
A collection of subsets {A;:i € ] © N}of A is called partition of A iff it
satisfies the following conditions :

1.A; # @ Vi €]

22AiNA =0 Vi #]

3. UiE]Ai == A
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Examples: 3.17. 1) letA=Z and E and O are even and odd numbers
respectively,

1.E # @andO # @

2EN0 =20
33)EU0 =17
then p = {E, O} is a partition of A
2) A = (0,4) find Partition of A?
Let A, = (0,1),A, = (1,2),A; = (2,3),A; = (3,4),As = {1,2,3}. Then
1.A; # 0 Vi €] ={1,2,3,4,5}
2AiNA =0 Vi #j
3. Ui A; = A

3) find the another partition of A in 2) (H.W.)

4) A = [—1,5) find three different Partitions of A?

Exercises
Exercise 1: Let A = Zand defineaRb < |a| = |b|,Vab € Z
Is R symmetric? Anti-symmetric?
Exercise 2: LetA = Z anddefineaRb < a=1,Va€e Z
R ={(1,b); b € Z}. Is R equivalence?
Exercise 3: LetR = {(a,b) € Z X Z:b = 1 — a}.Is R symmetric ? Anti-
symmetric? .

Exercise 4: Let A = R and definea~b < ab< 0 Vab € R

[s the relation equivalence?
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Exercise 5: Let A =Zand R = {(a,b) € Z X Z:a — b = 5k, k € Z}.

Show that R is an equivalence relation?
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