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Instructor:  

Uday Jabbar Quaez      and   Ruqaya  Ibrahim 

Academic Year: 2024-2025 

Department of Mathematics, College of Education, Al-Mustansiriyah University 

Lecture 10.: Mathematical Foundations: Anti-symmetric relations , 

Equivalence Relations and Partitioning of sets   

Introduction 

Relations are a key concept in mathematics, used to describe connections 

between elements within a set. This lecture focuses on anti-symmetric 

relations, which limit mutual connections, and equivalence relations, which 

classify elements into distinct groups based on shared properties. These 

classifications naturally lead to partitioning sets, dividing a set into non-

overlapping subsets. Together, these concepts provide a foundation for 

understanding mathematical structures and their applications. 

 

Anti-Symmetric Relation:   

A relation 𝓡 on a set 𝐴 is called anti-symmetric if for any 𝑎, 𝑏 ∈ 𝐴 then 𝓡 

satisfies the statements  

𝑎~𝑏 ∧ 𝑏~𝑎 ⟹ 𝑎 = 𝑏 

Examples: 3.15.  let 𝐴 = {1,2,3}. Are the following relations on a set A anti 

symmetric?  

𝑅1  =  {(1,1), (1,2), (2,1), (2,2), (3,3)}     not anti symmetric 

𝑅2  =  {(1,1)}    anti symmetric  

𝑅3  =  {(1,1), (1,2), (2,2), (3,3)}      

𝑅4  =  ∅      

𝑅5  =  {(1,1), (1,3), (3,2), (2,2), (3,3)}      
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Examples: 3.16.  let 𝐴 = 𝑍. Are  the following relations on a set A reflexive ?  

Symmetric? Anti-symmetric?  

1)  𝑎~𝑏 ⇔ 𝑎 = 𝑏 + 1 

Reflexive  since for any a ∈ Z , 𝑎~𝑎 ⇔ 𝑎 ≠ 𝑎 + 1 then the relation is not 

reflexive. 

Symmetric  since ∀a, b ∈  Z  , 𝑎~𝑏 ⟺  a = b + 1 but b  ≠ 𝑎 + 1  then 

(𝑏, 𝑎) ∉ 𝑅  then the relation is not symmetric. 

Anti-symmetric  Since ∀a, b ∈ Z  If 𝑎~𝑏 ∧ 𝑏~𝑎 ⟹ 𝑎 = 𝑏 + 1 ∧ 𝑏 = 𝑎 + 1 ⟹

𝑎 = 𝑏 then the relation is not anti-symmetric. 

2) 𝑎~𝑏 ⇔ 𝑎|𝑏 

Reflexive  since for any a ∈ Z , 𝑎~𝑎 ⇔ 𝑎|𝑎   (𝑎 = 1 × 𝑎) then the relation is 

reflexive. 

Symmetric  since ∀a, b ∈  Z , 𝑎~𝑏 ⟺  𝑎|𝑏  but not  nessary 𝑏|𝑎  

For example  2|4   but 4|2  then the relation is not symmetric. 

Anti-symmetric  Since ∀a, b ∈ Z  If 𝑎~𝑏 ∧ 𝑏~𝑎 ⟹ 𝑎|𝑏  ∧ 𝑏|𝑎  ⟹ ∃𝑘1, 𝑘2 ∈

𝑍 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑏 = 𝑘1𝑎  𝑎𝑛𝑑 𝑎 = 𝑘2𝑏 ⟹ 𝑘1, 𝑘2 = 1 

⟹ 𝑒𝑡ℎ𝑒𝑟 𝑘1 = 𝑘2 = 1 𝑜𝑟 𝑘1 = 𝑘2 = −1 

⟹ 𝑎 = 𝑏 𝑜𝑟 𝑎 = −𝑏  then the relation is not anti-

symmetric. 

3) 𝑎~𝑏 ⇔ 𝑎 − 𝑏 = 2𝑘  , 𝑘 ∈ 𝑍    (H.W.)  

4) 𝑎~𝑏 ⇔ 𝑎 = 2𝑏 

Theorem 3.6. :  A relation 𝓡 on a set A is anti-symmetric iff ℛ ∩ ℛ−1 ⊆ IA.   

Proof:   (⟹)  Suppose that 𝓡 is anti-symmetric  T.P. ℛ ∩ ℛ−1 ⊆ IA 

Let (𝑎, 𝑏) ∈ ℛ ∩ ℛ−1 ⟹ (𝑎, 𝑏) ∈ ℛ ∧ (𝑎, 𝑏) ∈ ℛ−1 (Def. of ∩) 

⟹ (𝑎, 𝑏) ∈ ℛ ∧ (𝑏, 𝑎) ∈ ℛ    (Def. of ℛ−1)          

⟹ 𝑎 = 𝑏   (ℛ is anti-symmetric) 



Foundations of Mathematics                            AL-Mustansiriyah University                                                       Lecture 10: 

Page 3 

⟹ (𝑎, 𝑏) ∈ IA    

                ⟹ (𝑎, 𝑏) ∈ 𝑅 ∧ (𝑏, 𝑎) ∈ 𝑅  

                                ⟹ 𝑎 = 𝑏    (𝓡 is anti symmetric)  

                                ⟹ (𝑎, 𝑏) ∈ 𝐼𝐴  

(⇐)   Suppose that ℛ ∩ ℛ−1 ⊆ IA T.P. 𝓡 is anti-symmetric   

Let (𝑎, 𝑏) ∈ ℛ ∧ (𝑏, 𝑎) ∈ ℛ ⟹  (𝑎, 𝑏) ∈ ℛ ∧ (𝑎, 𝑏) ∈ ℛ−1   (Def. of ℛ−1)          

⟹  (𝑎, 𝑏) ∈ ℛ ∩ ℛ−1    (Def. of ∩) 

⟹  (𝑎, 𝑏) ∈ IA      (By hyp.) 

⟹  𝑎 = 𝑏 

𝓡 is anti-symmetric. 

Equivalence Relation:   

A relation ℛ on a set A is called equivalence relation if and only if it satisfies  

reflexive, symmetric and transitive properties.  

Examples: 3.16.  let 𝐴 = 𝑍 . Are the following relations on a set A 

Equivalence?  

1)  𝑎~𝑏 ⇔ 𝑎 + 𝑏 = 2𝑘 , 𝑘 ∈ 𝑍  

2) 𝑎~𝑏 ⇔ 𝑎|𝑏 

Solution:  (H.W.) 

Partition of a Set:   

A collection of subsets  {𝐴𝑖: 𝑖 ∈  𝐽 ⊆  𝑁} of 𝐴 is called partition of 𝐴 iff it 

satisfies the following conditions : 

1. Ai  ≠  ∅   ∀i ∈  J  

2. Ai  ∩  Aj  =  ∅   ∀ i ≠  j    

3. ⋃ Aii∈J = A 
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Examples: 3.17.  1)  let 𝐴 = 𝑍  and E and O are  even and odd numbers 

respectively,  

1. E ≠  ∅ and O ≠  ∅  

2. E ∩  O =  ∅     

3. E ∪  O =  Z 

then p = {E, O} is a partition of A  

2) 𝐴 = (0,4) find Partition of A? 

Let A1 = (0,1), A2 = (1,2), A3 = (2,3), A3 = (3,4), A5 = {1,2,3}. Then  

1. Ai  ≠  ∅   ∀i ∈ J = {1,2,3,4,5}  

2. Ai  ∩  Aj  =  ∅   ∀ i ≠  j    

3. ⋃ Aii∈J = A 

3)  find the another partition of A  in 2) (H.W.) 

4) A = [−1,5) find three different Partitions of A? 

 

Exercises 

Exercise 1: Let 𝐴 =  𝑍 and define 𝑎 ℛ 𝑏 ⟺  |𝑎| =  |𝑏| , ∀a, b ∈  𝑍  

Is ℛ symmetric? Anti-symmetric?   

Exercise 2:  Let 𝐴 =  𝑍 and define 𝑎 ℛ 𝑏 ⟺ 𝑎 = 1, ∀a ∈  𝑍   

ℛ = {(1, 𝑏); 𝑏 ∈ 𝑍}.  Is ℛ  equivalence?    

Exercise 3: Let R =  {(a, b) ∈  Z ×  Z: b =  1 −  a}. Is 𝑅 symmetric ? Anti-

symmetric?  .   

Exercise 4: Let 𝐴 =  𝑅 and define 𝑎~𝑏 ⟺  ab ≤  0   ∀a, b ∈  R   

Is the relation equivalence? 
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Exercise 5: Let 𝐴 =  𝑍  and 𝑅 =  {(𝑎, 𝑏)  ∈  𝑍 ×  𝑍: 𝑎 −  𝑏 =  5𝑘, 𝑘 ∈  𝑍}. 

Show that 𝑅 is an equivalence relation?  
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